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SHIFTED CHEBYSHEV SPECTRAL-COLLOCATION
METHOD FOR SOLVING OPTIMAL CONTROL OF
FRACTIONAL MULTI-STRAIN TUBERCULOSIS MODEL

NASSER SWEILAM AND SEHAM AL-MEKHLAFI

Abstract. In this paper, optimal control for a novel fractional multi-strain Tuberculosis model
is presented. The proposed model is governed by a system of fractional differential equations,
where the fractional derivative is defined in the Caputo sense. Modified parameters are intro-
duced to account for the fractional order. Four controls variables are proposed to minimize the
cost of interventions. Necessary and sufficient conditions that guarantee the existence and the
uniqueness of the solution of the resulting systems are given. The optimality system is approxi-
mated by shifted Chebyshev polynomials which transformed the system of differential equations
to a nonlinear system of algebraic equations with unknown coefficients. The convergence analy-
sis and an upper bound of the error of the derived formula are given. Newton’s iteration method is
used to solve this system of nonlinear algebraic equations. The value of the objective functional
which is obtained by the proposed method are compared with those obtained by the generalized
Euler method. It is found that, Shifted Chebyshev spectral-collocation method is better than the
generalized Euler method.
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Keywords and phrases: Tuberculosis model, emerging multi-drug resistant, extensively drug-resistant,

fractional order model, Caputo definition, optimal control problem, shifted Chebyshev spectral-collocation
method.

[1]

[2]

[3]
[4]
[5]
[6]
[7]
[8]
[9]

REFERENCES

A.J. ARENAS, G. GONZALEZ-PARRA, B. M. CHEN-CHARPENTIERC, Construction of nonstandard
finite difference schemes for the SI and SIR epidemic models of fractional order, Mathematics and
Computers in Simulation 121, 48-63, (2016).

J. ARINO, I. A. SOLIMAN, A model for the Spread of Tuberculosis with Drug-Sensitive and Emerging
Multidrug-Resistant and Extensively Drug Resistant Strains, Mathematical and Computational Mod-
elling, Wiley, 1-120, D0I:10.1002/9781118853887 . ch5, (2015).

J. P. APARICIO, AND C. CASTILLO-CHAVEZ, Mathematical Modelling of Tuberculosis Epidemics,
Mathematical Biosciences and Engineering 6 (2), 209-237, (2009).

O. P. AGRAWAL, On a general formulation for the numerical solution of optimal control problems,
International Journal of control 50, 627-638, (1989).

O. P. AGRAWAL, Formulation of Euler-Lagrange equations for fractional variational problems, Jour-
nal of Mathematical Analysis and Applications 272, 368-379, (2002).

O. P. AGRAWAL, A formulation and numerical scheme for fractional optimal control problems, Jour-
nal of Nonlinear Dynamics 38, 323-337, (2004).

O. P. AGRAWAL, A Formulation and Numerical Scheme for Fractional Optimal Control Problems,
Journal of Vibration and Control 14, 1291-1299, (2008).

O.P. AGRAWAL, O. DEFTERLI AND D. BALEANU, Fractional optimal control problems with several
state and control variables, Journal of Vibration and Control 16, 1967-1976, (2010).

D. BALEANU, K. DIETHELM, E. SCALAS, AND J. J. TRUJILLO, Fractional Calculus Models and
Numerical Methods. Series on Complexity, Nonlinearity and Chaos, World Scientific Publishing Co.
Pte. Ltd., Hackensack, NJ, USA, (2012).

© ey, , Zagreb
Paper FDC-08-01


http://dx.doi.org/10.7153/fdc-2018-08-01

[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]

[19]

[20]
[21]

[22]

[23]
[24]
[25]
[26]
[27]
[28]
[29]

[30]

[31]

[32]

[33]

[34]

N. SWEILAM AND S. AL-MEKHLAFI

R. K. BISWAS AND S. SEN, Numerical method for solving fractional optimal control problems, pro-
ceeding of the ASME 2009 International Design Engineering Technical conference & Computers and
Information in Engineering conference IDETC/CIE (San Diego) California, USA, 2009 August 30-2
September (2009).

W. W. BELL, Special Functions for Scientists and Engineers, Great Britain, Butler and Tanner Ltd,
Frome and London, (1968).

O. V. BELOV, O. CHULUUNBAATAR, M. I. KAPRALOVA, N. H. SWEILAM, The role of the Bac-
terial Mismatch Repair System in SOS-Induced Mutagenesis: A theoretical background, Journal of
Theoretical Biology 332, 3041, (2013).

1. P. BOYD, Chebyshev and Fourier Spectral Methods, 2" ed., Mineola: Dover, (2001).

E. BROOKS-POLLOCK, G. O. ROBERTS, M. J. KEELING, A dynamic Model of Bovine Tuberculosis
Spread and Control in Great Britain, Nature (Letters), 511, 228-231, (2014).

C. CASTILLO-CHAVEZ, AND Z. FENG, To Treat or Not to Treat: the Case of Tuberculosis, J. Math.
Biol. 35 (6), 629-656, (1997).

T. COHEN, M. MURRAY, Modeling Epidemics of Multidrug-Resistant M. Tuberculosis of Heteroge-
neous Fitness, Nat. Med. 10 (10), 1117-1121, (2004).

C. CANUTO, A. QUARTERONI, M. Y. HUSSAINI, T. A. ZANG, Spectral Methods: Fundamentals in
Single Domains, Springer, (2006).

T. CHAO, Tuberculosis Becoming More Drug-Resistant Worldwide, ABC News Medical UNIT,
(2012).

C. DYE, G. P. GARNETT, K. SLEEMAN, B. G. WILLIAMS, Prospects for Worldwide Tuberculosis
Control under the Who Dots Strategy. Directly observed short-course therapy, Lancet 352 (9144),
18861891, (1998).

M. E. KRUK, N. R. SCHWALBE, C. A. AGUIAR, Timing of Default from Tuberculosis Treatment: A
Systematic Review, Tropical Medicine and International Health 13, 703-712, (2008).

M. DALIR, M. BASHOUR, Applications of fractional calculus, Applied Mathematic Science 4, 1021—
1032, (2010).

D. DEL-CASTILLO-NEGRETE, B. A. CARRERAS, V. E. LYNCH, Front dynamics in reactiondi dif-
fusion systems with Lévy flights: A fractional diffusion approach, Physical Review Letters 91 (1),
18301-18304, (2003).

K. DIETHELM, A fractional calculus based model for the simulation of an outbreak of dengue fever,
Nonlinear Dynamics 6, 1-7, (2012).

K. DIETHELM, N. FORD, Analysis of fractional differential equations, Journal of Mathematical Anal-
ysis and Applications 265 (2), 229-248, (2002).

K. DIETHELM, N. FORD, A. D. FREED, A predictor-corrector approach for the numerical solution
of fractional differential equations, Nonlinear Dynamics 29 (1-4), 3-22, (2002).

Global Tuberculosis Report 2014, Geneva, World Health Organization, 2014, http://www.
who.int/tb/publications/global_report/en/.

A. A. KILBAS, H. M. SRIVASTAVA, J. J. TRUJILLO, Theory and applications of fractional differen-
tial equations, Elsevier, San Diego, (2006).

M. M. KHADER AND S. S. HENDY, An efficient numericalscheme for solving fractional optimal
control problems, International journal of Nonlinear Science 14, 287-296, (2012).

A. LOTFI, M. DEHGHAN AND A. S. YOUSEFI, A numerical technique for solving fractional optimal
control problems, Journal of Computers and Mathematics with applications 62, 1055-1067, (2011).
H. JAFARI AND H. TRAJADODI, Fractional order optimal control problems via the operational ma-
trices of Bernstein polynomials, University Politehnica of Bucharest Scientific Bulletin series A 76,
115-128, (2014).

J. C. MASON, D. C. HANDSCOMB, Chebyshev Polynomials, New York, NY, CRC, Boca Raton:
Chapman and Hall, (2003).

J. C. MASON, Chebyshev Polynomials of the Second, Third and Fourth Kinds in Approximation,
Indefinite Integration, and Integral Transforms, J. Computational and Applied Mathematics 49, 169—
78, (1993).

Z. ODIBAT AND S. MOMANTI, An Algorithm for the Numerical Solution of Differential Equations of
Fractional Order, Appl. Math. Inf. Sci 26, 15-27, (2008).

F. NYABADZA, D. WINKLER, A simulation Age-Specific Tuberculosis Model for the Cape Town
Metropole, South African Journal of Science 109, (9/10), 1-7, (2013).



[35]
[36]

[37]
[38]

[39]

[40]
[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]
[50]

[51]

SHIFTED CHEBYSHEV SPECTRAL-COLLOCATION METHOD 3

World Health Organization, Multidrug and Extensively Drug-Resistant TB (M/XDR-TB): 2012 Global
Report on Surveillance and Response, World Health Organization, (2012).

A. M. PEREZ, M. P. WARD. A. CHARMANDARIAN, V. RITACCO, Simulation Model of Within-Herd
Transmission of Bovine Tuberculosis in Argentine dairy herds, Prev. Vet. Med 4 (4), (2002).

1. PODLUBNY, Fractional Differential Equations, Academic Press, New York, (1999).

C. M. A. PINTO, A. R. M. CARVALHO, Fractional Modeling of Typical Stages in HIV Epidemics
with Drug-Resistance, Progr. Fract. Differ. Appl. 1 (2), 111-122, (2015).

S.Z. RIDA, A. M. A. EL-SAYED, AND A. M. A. ARAFA, Effect of Bacterial Memory Dependent
Growth by Using Fractional Derivatives Reaction-Diffusion Chemotactic Model, J. Stat. Phys. 140,
797-811, (2010).

T. L. SZABO, J. WU, A model for longitudinal and shear wave propagation in viscoelastic media,
Journal of the Acoustical Society of America 107 (5), 2437-2446, (2000).

M. A. SNYDER, Chebyshev Methods in Numerical Approximation, Prentice-Hall, Inc. Englewood
Cliffs, N. J. (1966).

N. H. SWEILAM, S. M. AL-MEKHLAFI, On the Optimal Control for Fractional Multi-
Strain TB Model, Optim. Control Appl. Meth. Published online in Wiley Online Library
(wileyonlinelibrary.com), DOI: 10.1002/oca.2247, (2016).

N. H. SWEILAM, S. M. AL-MEKHLAFI, Comparative Study for Multi-Strain Tuberculosis (TB)
Model of Fractional Order, Journal of Applied Mathematics and Information Sciences 10 (4), 1403—
1413, (2016).

N. H. SWEILAM, S. M. AL-MEKHLAFI, Numerical Study for Multi-Strain Tuberculosis (TB) Model
of Variable-Order Fractional Derivatives, Journal of Advanced Research 7 (2), 271-283, (2016).

N. H. SWEILAM, I. A. SOLIMAN, S. M. AL-MEKHLAFI, Nonstandard Finite Difference Method

for Solving the Multi-Strain TB Model, Journal of the Egyptian Mathematical Society, (2017),

http://dx.doi.org/10.1016/j. joems.2016.10.004.

N. H. SWEILAM, M. M. KHADER, A. M. S. MAHDY AND N. K. ABDEL MONIEM, Numerical
Simulation for the Fractional SIRC Model and Influenza A, Journal of Applied Mathematics and In-
formation Sciences 8 (3), 1-8, (2014).

C. TRICAUD AND Y. Q. CHEN, An approximate method for numerically solving fractional order
optimal control problems of general form, Computers and Mathematics with Applications 59, 1644—
1655, (2010).

P. J. WHITE, G. P. GARNETT, Mathematical Modelling of the Epidemiology of Tuberculosis, in:
Modelling Parasite Transmission and Control, E. Michael, R. C. Spear (Eds), 673, 127-140, (2010).
http://www.indexmundi.com/EGYPT/life_expectancy_at_birth.html.

P. VAN DEN DRIESSCHE AND J. WATMOUGH, Reproduction numbers and subthreshold endemic
equilibria for compartmental models of disease transmission, Math. Biosc. 180, 29-48, (2002).

Z. WANG, X. HUANG, AND J. ZHOU, A numerical method for delayed fractional order differential
equations: Based on G-L Definition, Appl. Math. Inf. Sci. 7 (2L), 525-529, (2013).

Fractional Differential Calculus

www.ele-math.com Fractional Differential Calculus
fdc@ele-math.com www.ele-math.com

fdc@ele-math.com



