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EXISTENCE AND STABILITY RESULTS FOR A PANTOGRAPH

PROBLEM WITH SEQUENTIAL CAPUTO–HADAMARD DERIVATIVES
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Abstract. In the current paper, we look at the existence, uniqueness, and stability of solutions
for a new pantograph problem with three sequential derivatives of Caputo-Hadamard type. The
proposed problem admits the third-order pantograph problem as a limiting case. So, based on
Banach contraction principle and Leray-Schauder fixed point theorems, two main theorems are
proved. Another main result for the Ulam-Hyers stability of solutions for the problem is es-
tablished. Furthermore, an illustrative example is presented to show the applicability of the
existence and uniqueness result as well as the Ulam stability one.
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[7] EL. EL-HADY, S. ÖGREKÇI, On Hyers-Ulam-Rassias stability of fractional differential equations
with Caputo derivative, J. Math. Computer Sci., 2021, (22), 325–332.

[8] A. EL-SAYED, Z. EL-RAHEEM, S. SALMAN, Discretization of forced Duffing system with fractional-
order damping, Advances in Difference Equations, 2014, 66 (2014).

[9] R. GEORGE, M. HOUAS, M. GHADERI, S. REZAPOUR, S. K. ELAGAN, On a coupled system of
pantograph problem with three sequential fractional derivatives by using positive contraction-type
inequalities, Results in Physics, 2022, 39, 105–687.

[10] A. GRANAS, J. DUGUNDJI, Fixed point theory, New York: Springer Science and Business Media,
2013.

[11] K. GUIDA, L. IBNELAZYZ, K. HILAL, S. MELLIANI, Existence and uniqueness results for sequen-
tial  -Hilfer fractional pantograph differential equations with mixed nonlocal boundary conditions,
AIMS Math. 2021, 6 (8): 8239–55.

[12] H. GUITIAN, L. MAO-KANG, Dynamic behavior of fractional order Duffing chaotic system and its
synchronization via singly active control, Appl. Math. Mech. Engl. Ed, 2012, 33 (5), 567–582.

c© � � , Zagreb
Paper FDC-14-02

http://dx.doi.org/10.7153/fdc-2024-14-02


22 A. ABDELNEBI AND Z. DAHMANI

[13] M. HOUAS, Sequential fractional pantograph differential equations with nonlocal boundary condi-
tions: Uniqueness and Ulam-Hyers-Rassias stability, Results in Nonlinear Analysis, 2022, no. 1,
29–41.

[14] M. HOUAS, Existence and stability of fractional pantograph differential equations with Caputo-
Hadamard type derivative, Turkish J. Ineq., 2020, 4 (2), 29–38.

[15] M. HOUAS, A. DEVI, A. KUMAR, Existence and stability results for fractional-order pantograph dif-
ferential equations involving Riemann-Liouville and Caputo fractional operators, International Jour-
nal of Dynamics and Control, 2023, 11, 1386–1395.

[16] M. HOUAS, K. KAUSHIK, A. KUMAR, A. KHAN, T. ABDELJAWAD, Existence and stability results
of pantograph equation with three sequential fractional derivatives, AIMS Mathematics, 2023, 8 (3),
5216–5232.

[17] R. W. IBRAHIM, Stability of A Fractional Differential Equation, International Journal of Mathemati-
cal, Computational, Physical and Quantum Engineering, 2013, 7 (3), 300–305.

[18] F. JARAD, T. ABDELJAWAD, D. BELEANU, Caputo-type modification of the Hadamard fractional
derivative, Advances in Difference Equations 2012, 142.

[19] M. B. A. KHAN, T. ABDELJAWAD, K. SHAH, G. ALI, H. KHAN, A. KHAN, Study of a nonlinear
multi-terms boundary value problem of fractional pantograph differential equations, Adv Difference
Equ., 2021, 1–15.

[20] A. A. KILBAS, H. M. SRIVASTAVA, J. J. TRUJILLO, Theory and Applications of Fractional Differ-
ential Equations, Elsevier, Amsterdam, 2006.

[21] V. LAKSHMIKANTHAM, A. S. VATSALA, Basic theory of fractional differential equations, Nonlinear.
Anal., 2008, 69, 2677–2682.

[22] M. A. LATIF, J. C. CHEDJOU, K. KYAMAKYA, The paradigm of non-linear oscillators in image
processing, Transp. Inf. Group, 2009, 1–5.

[23] K. S. MILLER AND B. ROSS, An Introduction to the Fractional Calculus and Fractional Differential
Equations, Wiley, New York, 1993.

[24] O. NIKANA, Z. AVAZZADEH, Numerical simulation of fractional evolution model arising in vis-
coelastic mechanics, Applied Numerical Mathematics, 2021, 169, 303–320.

[25] O. NIKANA, Z. AVAZZADEH, J. A. TENREIRO MACHADO, Numerical approach for modeling frac-
tional heat conduction in porous medium with the generalized Cattaneo model, Appl. Math. Model.,
2021, 100, 107–124.

[26] J. R. OCKENDON, A. B. TAYLER, The dynamics of a current collection system for an electric loco-
motive, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 1971, 322 (1551): 447–68.

[27] I. PODLUBNY, Fractional Differential Equations, Academic Press, New York, 1999.
[28] W. SHAMMAKH, A study of Caputo-Hadamard-Type fractional differential equations with nonlocal

boundary conditions, Journal of Function Spaces, 2016.
[29] V. E. TARASOV, Fractional dynamics: application of fractional calculus to dynamics of particles,

fields and media, Berlin: Springer, 2011.
[30] D. VIVEK, K. KANAGARAJAN, S. SIVASUNDARAM,Dynamics and stability of pantograph equations

via Hilfer fractional derivative, Nonlinear Stud., 2016, 23, 685–698.
[31] D. VIVEK, E. M. ELSAYED, K. KANAGARAJAN, Existence and Ulam stability results for a class

of boundary value problem of neutral pantograph equations with complex order, SEMA J., 2021, 77,
243–256.

[32] A. ZADA AND S. O. SHAH, Hyers-Ulam stability of first-order non-linear delay differential equations
with fractional integrable impulses, Hacettepe J. Math. Stat., 2018, 47, 5, 1196–1205.

[33] Y. ZHANG, L. LI, Stability of numerical method for semi-linear stochastic pantograph differential
equations, J. Inequal. Appl. 2016, 1–11.

Fractional Differential Calculus
www.ele-math.com
fdc@ele-math.com


