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MEANS AND NONREAL INTERSECTION

POINTS OF TAYLOR POLYNOMIALS

ALAN HORWITZ

Abstract. Suppose that f ∈Cr+1(0,∞) , and let Pc denote the Taylor polynomial to f of order
r at x = c ∈ [a,b] . In [2] it was shown that if r is an odd whole number and f (r+1)(x) �= 0 on
[a,b] , then there is a unique x0 , a < x0 < b , such that Pa(x0) = Pb(x0) . This defines a mean
Mr

f (a,b) ≡ x0 . In this paper we discuss the real parts of the pairs of complex conjugate nonreal
roots of Pb−Pa . We prove some results for r in general, but our most significant results are for
the case r = 3 . We prove in that case that if f (z) = zp , where p is an integer, p /∈ {0,1,2,3} ,
then Pb −Pa has nonreal roots x1 ± iy1 , with a < x1 < b for any 0 < a < b . This defines the
countable family of means M3

zp (a,b) , where p = n ∈ Z−{0,1,2,3} . We construct a cubic
polynomial, g , whose real root gives the real part of the pair of complex conjugate nonreal roots
of Pb − Pa . Instead of working directly with a formula for the roots of a cubic, we use the
Intermediate Value Theorem to show that g has a root in (a,b) .

Mathematics subject classification (2010): 26E60, 26A06, 26C10.
Keywords and phrases: Mean, Taylor polynomial, nonreal roots.

RE F ER EN C ES

[1] P. S. BULLEN, Handbook of Means and Their Inequalities, Kluwer, 2003.
[2] A. HORWITZ, Means and Taylor polynomials, J. Math. Anal. Appl. 149 (1990), 220–235.
[3] A. HORWITZ, Means and averages of Taylor polynomials, J. Math. Anal. Appl. 176 (1993), 404–12.
[4] A. HORWITZ, Illumination by Taylor Polynomials, International Journal of Mathematics and Mathe-

matical Sciences 27 (2001), 125–130.
[5] E. B. LEACH AND M. C. SHOLANDER, Extended mean values, Amer. Math. Monthly 85, 2 (1978),

84–90.
[6] J. M. STEELE, The Cauchy-Schwarz Master Class: An Introduction to the Art of Mathematical In-

equalities, Cambridge University Press, 2004.

Journal of Classical Analysis
www.ele-math.com
jca@ele-math.com

c© � � , Zagreb
Paper JCA-06-01

http://dx.doi.org/10.7153/jca-06-01

