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Abstract. In this paper, by proving some monotonicity theorems of certain combinations of the
arc lemniscate sine function and elementary functions, we obtain two classes of exponential
type inequalities for the arc lemniscate sine function. As applications, sharp bounds for the
lemniscatic mean in terms of the arithmetic, harmonic and geometric means are given, which
extend some previously known results.
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[13] R. KLÉN, M. VUORUNEN, X. H. ZHANG, Inequalities for the generalized trigonometric and hyper-

bolic functions, J. Math. Anal. Appl., 409, 1 (2014), 521–529.
[14] H. KOBAYASHI, S. TAKEUCHI, Applications of generalized trigonometric functions with two param-

eters, Commun. Pure Appl. Anal., 18, 3 (2019), 1509–1521.
[15] J. LANG, D. E. EDMUNDS, Eigenvalues, Embeddings and Generalised Trigonometric Functions, in:

Lecture Notes in Mathematics 2016, Springer, Berlin, 2011.

c© � � , Zagreb
Paper JMI-17-33

http://dx.doi.org/10.7153/jmi-2023-17-33


518 F. ZHANG, M.-K. WANG, W.-M. QIAN, Y.-M. CHU AND H.-Z. XU

[16] E. NEUMAN, On Gauss lemniscate functions and lemniscatic mean, Math. Pannon., 18, 1 (2007),
77–94.

[17] E. NEUMAN, On Gauss lemniscate functions and lemniscatic mean II, Math. Pannon., 23, 1 (2012),
65–73.

[18] E. NEUMAN, On lemniscate functions, Integral Transforms Spec. Funct., 24, 3 (2013), 164–171.
[19] R. NISHIMURA, New properties of the lemniscate function and its transformation, J. Math. Anal.

Appl., 427, 1 (2015), 460–468.
[20] F. W. J. OLVER, D. W. LOZIER, R. F. BOISVERT, C. W. CLARK (Eds), NIST Handbook of Mathe-

matical Functions, Cambridge Univ. Press, Cambridge, 2010.
[21] S. PONNUSAMY, M. VUORINEN, Asymptotic expansions and inequalities for hypergeometric func-

tions, Mathematika, 44, 2 (1997), 278–301.
[22] S. TAKEUCHI, Generalized Jacobian elliptic functions and their application to bifurcation problems

associated with p-Laplacian, J. Math. Anal. Appl., 385, 1 (2012), 24–25.
[23] S. TAKEUCHI, Multiple-angle formulas of generalized trigonometric functions with two parameters,

J. Math. Anal. Appl., 444, 2 (2016), 1000–1014.
[24] M. K. WANG, Y. M. CHU, Y. Q. SONG, Asymptotical formulas for Gaussian and generalized hyper-

geometric functions, Appl. Math. Comput., 276, (2016), 44–60.
[25] M. J. WEI, Y. HE AND G. D. WANG, Shafer-Fink type inequalities for arc lemniscate functions, Rev.

R. Acad. Cienc. Exactas Fı́s. Nat. Ser. A Mat. RACSAM, 114, 2 (2020), Article No. 54, 14 pages.
[26] E. T. WHITTAKER, G. N. WATSON, A Course of Modern Analysis (4th. ed.), Cambridge Univ. Press,

Cambridge, 1996.
[27] L. YIN, X. L. LIN, Monotonicity and inequalities related to the generalized inverse Lemniscate func-

tions, Rev. R. Acad. Cienc. Exactas Fı́s. Nat. Ser. A Mat. RACSAM, 116, 1 (2022), Article No. 52, 13
pages.

[28] T. H. ZHAO, W. M. QIAN, Y. M. CHU, On approximating the arc lemniscate functions, Indian J.
Pure Appl. Math., 53, 2 (2021), 316–329.

[29] T. H. ZHAO, Z. H. SHEN, Y. M. CHU, Sharp power mean bounds for the lemniscate type means, Rev.
R. Acad. Cienc. Exactas Fı́s. Nat. Ser. A Mat. RACSAM, 115, 4 (2021), Article No. 175, 16 pages.

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


