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COMPLEMENTARY AND REFINED INEQUALITIES FOR THE

CAUCHY–SCHWARZ INEQUALITY INVOLVING MEANS

MOJTABA BAKHERAD, FUAD KITTANEH ∗ AND MARIO KRNIĆ

Abstract. Let (H ,〈·, ·〉) be a complex Hilbert space. The well-known Cauchy-Schwarz in-
equality for the inner product asserts that

∣
∣〈x,y〉∣∣ � ‖x‖‖y‖ for all x,y ∈ H . In this paper, by

using the consent of means, we obtain a refinement of the Cauchy-Schwarz inequality. Among
other results, it is shown that, if x,y ∈ H ,  , ∈ [0,1] , and p,q > 0 with 1

p + 1
q = 1 , then
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Moreover, we present a refinement of the classical Cauchy-Schwarz inequality. Furthermore, we
obtain some numerical radius inequalities for the product of operators, which are interpolations
of some earlier inequalities. For instance, if T is an operator on a Hilbert space H , then we
have

w2r(T ) � 1
2+1p

wr(1−)(T 2)
∥
∥|T |2r + |T ∗|2r

∥
∥


+
1

22− p
wr (T 2)

∥
∥|T |2r + |T ∗|2r

∥
∥

1−
+

1
4

∥
∥|T |2r + |T ∗|2r

∥
∥

� 1
2

∥
∥|T |2r + |T ∗|2r

∥
∥

for r � 1 ,  , ∈ [0,1] , and p,q > 0 with 1
p + 1

q = 1 .

Mathematics subject classification (2020): Primary 47A12; Secondary 47A30, 47A83.
Keywords and phrases: Cauchy-Schwarz inequality, numerical radius, mean.

RE F ER EN C ES

[1] D. AFRAZ, R. LASHKARIPOUR, AND M. BAKHERAD, Further norm and numerical radius inequal-
ities for sum of Hilbert space operators, Filomat 38 (2024), no. 9, 3235–3242.

[2] M. W. ALOMARI, On Cauchy-Schwarz type inequalities and applications to numerical radius in-
equalities, Ric. Mat. 73 (2024), no. 3, 1493–1510.

[3] J. AUJLA AND F. SILVA, Weak majorization inequalities and convex functions, Linear Algebra Appl.
369 (2003), 217–233.

[4] P. BHUNIA, S. S. DRAGOMIR, M. S. MOSLEHIAN, AND K. PAUL, Lectures on Numerical Radius
Inequalities, Infosys Science Foundation Series in Mathematical Sciences. Springer, Cham, 2022.

[5] M. L. BUZANO, Generalizzazione della diseguaglianza di Cauchy-Schwarz (Italian), Rend Sem Mat
Univ e Politech Torino 31 (1974), 405–409.

[6] S. S. DRAGOMIR, Power inequalities for the numerical radius of a product of two operators in Hilbert
spaces, Sarajevo J. Math. 5 (2009), 269–278.

[7] T. KATO, Notes on some inequalities for linear operators, Math. Ann., 125 (1952), 208–212.
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