athematical

&

nequalities
pplications

Volume 29, Number 2 (2026), 183-199 doi:10.7153/mia-2026-29-11

THREE WEIGHTS HARDY-TYPE INEQUALITIES

R. OINAROV, L. E. PERSSON™, B. K. OMARBAYEVA AND H. SINGH

Abstract. In this paper we derive some new weighted iterated discrete Hardy-type inequalities
with three independent weight sequences and various parameter ranges. In a special case, the
operator reduces to the classical Hardy-type operator. Although integral analogues of such in-
equalities have been widely studied, the discrete setting has only recently attracted significant
attention, including extensions to classes of matrix operators. The aim of the paper is to estab-
lish necessary and sufficient conditions for the validity of these inequalities in cases where the
parameter p does not exceed one. The obtained results complement known criteria, extend them
to new parameter ranges, and provide new insights into borderline cases. Some applications of
Hardy-type inequalities are pointed out.

Mathematics subject classification (2020): 26D10, 26D15, 26D20, 47B38.
Keywords and phrases: Inequalities, Hardy-type operator, weighted sequences, discrete Lebesgue

spaces, quasilinear operators.

[1]

[2]
[3]

[4]
[5]
[6]
[7]
[8]
[9]
[10]

[11]

[12]
[13]

[14]

REFERENCES

F. G. AYCHEAH, L. E. PERSSON, M. F. YIMER AND G. A. AYELE, On the prehistory, history, and a
convexity approach to prove Hardy-type inequalities, Research Report, Uppsala Univ., (2025), 15 pp.,
(submitted).

G. BENNETT, Some elementary inequalities, 111, Quart. J. Math. Oxford Ser. (2) 42 (1991), no. 166,
149-174.

V. I. BURENKOV AND R. OINAROV, Necessary and sufficient conditions for boundedness of the
Hardy-type operator from a weighted Lebesque space to a Morrey-type space, Math. Inequal. Appl.
16 (2013), no. 1, 1-19.

A. GOGATISHVILI, M. KREPELA, R. OL’HAVA AND L. PICK, Weighted inequalities for discrete
iterated Hardy operators, Mediterr. J. Math. 17 (2020), no. 4, Paper 132, 20 pp.

A. GOGATISHVILI, R. MUSTAFAYEV AND L.-E. PERSSON, Some new iterated Hardy-type inequal-
ities: the case 6 =1, J. Inequal. Appl. 2013, 2013:515, 29pp.

A. GOGATISHVILIAND R. MUSTAFAYEV, Weighted iterated Hardy-type inequalities, Math. Inequal.
Appl. 20 (2017), no. 3, 683-728.

G. H. HARDY, Notes on some points in the integral calculus, LX. An inequality between integrals,
Messenger of Math. 54 (1925), 150-156.

G. H. HARDY, J. E. LITTLEWOOD AND G. POLYA, Inequalities, Cambridge Univ. Press, Cambridge,
(1969).

A. A. KALYBAY, Weighted estimates for a class of quasilinear integral operators, Sib. Math. J. 60
(2019), no. 2, 291-303.

A. A. KALYBAY AND N. ZHANGABERGENOVA, On iterated discrete Hardy type operators, Oper.
Matrices 17 (2023), no. 1, 79-91.

A. A. KALYBAY AND R. OINAROV, Bounds for a class of quasilinear integral operators on the set of
nonnegative and nonnegative monotone functions, Izv. Ross. Akad. Nauk Ser. Math. 83 (2019), no. 2,
61-82.

A.A.KALYBAY, A. M. TEMIRKHANOVA AND N. ZHANGABERGENOVA, On iterated discrete Hardy
type inequalities for a class of matrix operators, Anal. Math. 49 (2023), no. 1, 137-150.

V. K. KOKILASHVILI, A. MESKHI AND L. E. PERSSON, Weighted Norm Inequalities for Integral
Transforms with Product Weights, Nova Science Publishers, Inc., New York, (2009).

A. KUFNER, L. MALIGRANDA AND L. E. PERSSON, The Hardy Inequality About its History and
Some Related Results, Vydavatelsky Servis Publishing House, Pilsen, 2007.

© ey, Zagreb

Paper MIA-29-11


http://dx.doi.org/10.7153/mia-2026-29-11

184

[15]
[16]
[17]
[18]
[19]
[20]
[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]
[30]
[31]
[32]
[33]
[34]
[35]

[36]

[37]

[38]

R. OINAROV, L. E. PERSSON, B. K. OMARBAYEVA AND H. SINGH

A. KUFNER, L. MALIGRANDA AND L. E. PERSSON, The prehistory of the Hardy inequality, Amer.
Math. Monthly 113 (2006), no. 8, 715-732.

A. KUFNER, L. E. PERSSON AND N. SAMKO, Weighted Inequalities of Hardy Type, Second Edition,
World Scientific Publ., New Jersey, (2017).

V. G. MAZ’ YA, Sobolev Spaces: With Applications to Elliptic Partial Differential Equations, Springer,
(2011).

C. NICULESCU AND L. E. PERSSON, Convex Functions and Their Applications: A Contemporary
Approach, Third Edition, CMS Books in Math., Springer, Cham, (2025), (Second Edition, 2018).

L. NIKOLOVA, L. E. PERSSON AND S. VAROSANEC, Continuous Versions of Some Classical In-
equalities, Birkhduser/Springer, (2025).

R. OINAROV AND A. A. KALYBAY, Three-parameter weighted Hardy type inequalities, Banach J.
Math., (2008), no. 2, 85-93.

R. OINAROV AND A. A. KALYBAY, Weighted estimates of a class of integral operators with three
parameters, J. Funct. Spaces. 2016, Art ID 10 45459, 11 pp.

R. OINAROV, A. KALYBAY AND L. E. PERSSON, Oscillatory and spectral properties of a class of

fourth-order differential operators via a new Hardy-type inequality, Math. Inequal. Appl. 27 (2024),

no. 1, 63-83.

R. OINAROV, C. A. OKPOTI AND L. E. PERSSON, Weighted inequalities of Hardy type for matrix
operators: the case q < p, Math. Inequal. Appl. 10 (2007), no. 4, 843-861.

R. OINAROV, B. K. OMARBAYEVA AND A. M. TEMIRKHANOVA, Discrete iterated Hardy-type in-
equalities with three weights, Journal of Mathematics, Mechanics, Computer Science. 105 (2020), no.
1, 19-29.

R. OINAROV AND S. KH. SHALGYNBAEVA, A weighted adaptive estimate of a class of matrix op-
erators, Izv. Minist. Obraz. Nauki Resp. Kaz. Nats. Resp. Kaz. Ser. Fiz.-Mat. 7, 1 (2004), 39-49, (in
Russian).

B. OMARBAYEVA, Discrete iterated Hardy-type inequalities with three weights, Proceedings of the
International April Mathematical Conference at the Institute of Mathematics and Mathematical Mod-
eling, Almaty, Kazakhstan, 2020, 101-102, (in Russian).

B. K. OMARBAYEVA, L.-E. PERSSON, A. M. TEMIRKHANOVA, Weighted iterated discrete Hardy-
type inequalities, Math. Inequal. Appl. 23 (2020), no. 3, 943-959.

D. V. PROKHOROV, On a class of weighted inequalities containing quasilinear operators, Tr. Mat.
Inst. Steklova 293 (2016), 280-295: translation in Proc. Steklov Inst. Math. 293 (2016), no. 1, 271-
287.

D. V. PROKHOROV AND V. D. STEPANOV, On weighted Hardy inequalities in mixed norms, Proc.
Steklov Inst. Math. 283 (2013), no. 1, 149-164.

D. V. PROKHOROV AND V. D. STEPANOV, On weighted discrete Hardy and Riemann—Liouville in-
equalities, Math. Notes 117 (2025), no. 1, 138-153.

L. E. PERSSON AND N. SAMKO, On Hardy-type inequalities as an intellectual adventure for 100
years, J. Math. Sci. 280 (2024), 180-197.

H. SINGH, Some New Mathematical and Engineering Results Connected to Structural Problems, PhD
Thesis, UiT The Arctic University of Norway, (2021).

V. D. STEPANOV AND G. E. SHAMBILOVA, On weighted iterated Hardy-type operators, Anal. Math.
44 (2018), no. 2, 273-283.

A. M. TEMIRKHANOVA, Estimates for Discrete Hardy-type Operators in Weighted Sequence Spaces,
PhD thesis, Department of Mathematics, Luled University of Technology, 2015.

M. F. YIMER, Integral Equations and Inequalities with Refinements of Some Classical Results, PhD
Thesis, Addis Ababa Univ., Ethiopia, in collaboration with Karlstad and Uppsala Universities, (2024).
N. S. ZHANGABERGENOVA AND A. M. TEMIRKHANOVA, Iterated discrete Hardy-type inequalities
with three weights for a class of matrix operators, Bull. Karaganda Univ. Math. Ser., no. 4 (112),
(2023), 163-172.

N. ZHANGABERGENOVA AND A. M. TEMIRKHANOVA, [terated discrete Hardy-type inequalities,
Eurasian Math. J. 14 (2023), no. 1, 81-95.

N.ZHANGABERGENOVA AND A. M. TEMIRKHANOVA, Weighted inequalities for quasilinear matrix
operators, J. Math. Sci. 291 (2025), no. 1, 156-165.

Mathematical Inequalities & Applications

e-math.com

e-math.com



