
Operators
and

Matrices

Volume 9, Number 2 (2015), 241–275 doi:10.7153/oam-09-15

SPECTRAL GAP ESTIMATES FOR SOME BLOCK MATRICES

IVAN VESELIĆ AND KREŠIMIR VESELIĆ

Abstract. We estimate the size of the spectral gap at zero for some Hermitian block matrices.
Included are quasi-definite matrices, quasi-semidefinite matrices (the closure of the set of the
quasi-definite matrices) and some related block matrices which need not belong to either of these
classes. Matrices of such structure arise in quantum models of possibly disordered systems with
supersymmetry or graphene like symmetry. Some of the results immediately extend to infinite
dimension.
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[3] E. CANCÈS, V. EHRLACHER, Y. MADAY, Periodic Schrödinger operators with local defects and

spectral pollution, SIAM Journal on Numerical Analysis, 50 (2012) 3016–3035.
[4] J. CHAPMAN, G. STOLZ, Localization for random block operators related to the XY spin chain,

http://arxiv.org/abs/1308.0708.
[5] R. J. DUFFIN, A minimax theory for overdamped networks, J. Rational Mech. Anal. 4 (1955), 221–

233.
[6] J. ERXIONG, Bounds for the smallest singular value of a Jordan block with an application to eigen-

value perturbation, LAA 197 (1994) 697–707.
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[12] W. KIRSCH, B. METZGER, P. MÜLLER, Random block operators, J. Stat. Phys. 143 (2011) 1035–

1054.
[13] G. A. MEZINCESCU, Internal Lifschitz singularities for one dimensional Schrödinger operators,

Comm. Math. Phys. 158 (1993) 315–325.
[14] T. RUSTEN, R. WINTHER, A preconditioned iterative method for saddlepoint problems, SIMAX 13

(1992) 887–904.
[15] M. A. SAUNDERS, Solution of sparse rectangular systems using lsqr and craig, BIT 25 (1995) 588–

604.
[16] S. SCHMITZ, Representation theorems for indefinite quadratic forms and applications, PhD thesis

University of Mainz 2014.
[17] R. THALLER, The Dirac Equation, Springer 1992.

c© � � , Zagreb
Paper OaM-09-15

http://dx.doi.org/10.7153/oam-09-15


242 I. VESELIĆ AND K. VESELIĆ

[18] R. C. THOMPSON, The Eigenvalues of a partitioned Hermitian matrix involving a parameter, LAA 9
(1974) 243–260.
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A. Some auxiliary computations

Proof of equation (??)

Since the matrices of the type (??) appear to be the source of many illustra-
tive examples we here give an explicit formula for their eigenvalues (which come in
plus/minus pairs). We put

A =
[

a+ a
a a−

]
, B =

[
b+ b
±b b−

]
,

so that in the case of the minus sign in B the diagonal elements b± are purely imaginary.
A straightforward calculation gives

(
λ 2)

1,2 =
s
2
±

√
s2 −|a+a−−b+b−− |a|2 + |b|2|2−|a+b−−b+a−−2ℜ ab|2.

with

s =
a2

+ +a2−+ |b+|2 + |b−|2
2

+ |a|2 + |b|2.

Proof of equation (??)

We derive the formula (??). Substituting x j = Acos jα +Bsin jα in (??) we get

Acos jα cosα + Asin jα sinαBsin jα cosα −Bcos jα sinα
+ κ(Acos jα +Bsin jα)

+Acos jα cosα − Asin jα sinαBsin jα cosα +Bcos jα sinα
= 0

or
(Acos jα +Bsin jα)(cosα + cosα + κ) = 0

thus implying
κ = −2cosα.

The boundary conditions (??) yield

A = −Acosα −Bsinα,

Acos(m+1)α +Bsin(m+1)α = Acosmα +Bsinmα,

which is a homogeneous linear system

(1+ cosα)A+Bsinα = 0,

A(cos(m+1)α − cosmα)+B(sin(m+1)α − sinmα) = 0,

so its determinant must vanish:

(1+ cosα)2cos
(2m+1)α

2
sin

α
2

+2sinα sin
(2m+1)α

2
sin

α
2

= 0,
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or equivalently,

0 = cos
α
2

cos
(2m+1)α

2
+ sin

α
2

sin
(2m+1)α

2
= cos

(
α
2
− (2m+1)α

2

)
= cosmα.

Hence

α = αk =
2k+1
2m

π

and (??) follows.
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