
Operators
and

Matrices

Volume 11, Number 4 (2017), 1097–1117 doi:10.7153/oam-2017-11-76

RESONANCE FREE REGIONS AND NON–HERMITIAN SPECTRAL

OPTIMIZATION FOR SCHRÖDINGER POINT INTERACTIONS

SERGIO ALBEVERIO AND ILLYA M. KARABASH

Abstract. Resonances of Schrödinger Hamiltonians with point interactions are considered. The
main object under the study is the resonance free region under the assumption that the centers,
where the point interactions are located, are known and the associated “strength” parameters are
unknown and allowed to bear additional dissipative effects. To this end we consider the boundary
of the resonance free region as a Pareto optimal frontier and study the corresponding optimiza-
tion problem for resonances. It is shown that upper logarithmic bound on resonances can be
made uniform with respect to the strength parameters. The necessary conditions on optimality
are obtained in terms of first principal minors of the characteristic determinant. We demonstrate
the applicability of these optimality conditions on the case of 4 equidistant centers by computing
explicitly the resonances of minimal decay for all frequencies. This example shows that a reso-
nance of minimal decay is not necessarily simple, and in some cases it is generated by an infinite
family of feasible resonators.

Mathematics subject classification (2010): 35J10, 35B34, 35P15, 49R05, 90C29, 47B44.
Keywords and phrases: Exponential polynomial, Pareto optimal design, high-Q cavity, quasi-normal

eigenvalue, scattering pole, delta-interaction, zero-range.

RE F ER EN C ES

[1] S. ALBEVERIO, J. E. FENSTAD, R. HØEGH-KROHN, Singular perturbations and nonstandard anal-
ysis, Trans. Amer. Math. Soc. 252 (1979), 275–295.

[2] S. ALBEVERIO, F. GESZTESY, R. HØEGH-KROHN,The low energy expansion in nonrelativistic scat-
tering theory, in Annales de l’IHP Physique théorique, vol. 37, no. 1, 1982, 1–28.
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[37] B. MAES, J. PETRÁČEK, S. BURGER, P. KWIECIEN, J. LUKSCH, I. RICHTER, Simulations of high-

Q optical nanocavities with a gradual 1D bandgap, Optics express 21 (2013), 6794–6806.
[38] G. MORA, J. M. SEPULCRE, T. VIDAL, On the existence of exponential polynomials with prefixed

gaps, Bulletin of the London Mathematical Society 45 (6), (2013), 1148–1162.
[39] M. NOTOMI, E. KURAMOCHI, H. TANIYAMA,Ultrahigh-Q nanocavity with 1D photonic gap, Optics

Express 16 (15) (2008), 11095–11102.
[40] KAI OGASAWARA, The analysis of resonant states in a one-dimensional potential of quantum dots,

Honours Physics Bachelor thesis, University of British Columbia, 2014.
[41] B. OSTING, M. I. WEINSTEIN, Long-lived scattering resonances and Bragg structures, SIAM J.



NON-HERMITIAN SPECTRAL OPTIMIZATION FOR SCHRÖDINGER POINT INTERACTIONS 1099

Appl. Math. 73 (2013), 827–852.
[42] V. PIVOVARCHIK, H. WORACEK, Eigenvalue asymptotics for a star-graph damped vibrations prob-

lem, Asymptotic Analysis 73 (3), (2011), 169–185.
[43] M. REED, B. SIMON, Analysis of Operators, vol. IV of Methods of Modern Mathematical Physics,

Academic Press, New York, 1978.
[44] A. A. SHUSHKOV, Structure of resonances for symmetric scatterers, Theoretical and Mathematical

Physics 64 (1985), 944–949.
[45] R. SVIRSKY, Maximally resonant potentials subject to p-norm constraints, Pacific J. Math. 129

(1987), 357–374.
[46] B. R. VAINBERG, Eigenfunctions of an operator that correspond to the poles of the analytic contin-

uation of the resolvent across the continuous spectrum, (Russian) Mat. Sb. (N. S.) 87 (129) (1972),
293–308, English transl.: in Mathematics of the USSR-Sbornik, 16 (2) (1972).

[47] M. ZWORSKI, Sharp polynomial bounds on the number of scattering poles, Duke Math. J. 59 (1989),
311–323.

Operators and Matrices
www.ele-math.com
oam@ele-math.com

Operators and Matrices
www.ele-math.com
oam@ele-math.com


