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ON 2×2 POSITIVE MATRICES OF τ –MEASURABLE OPERATORS

BAHARGUL NURAHEMET AND MYRZAGALI N. OSPANOV ∗

Abstract. Let M be a semi-finite von Neumann algebra. We proved the following inequalities
are hold and equivalent:

(i) If x,y ∈ Llog+(M ) are self-adjoint operators such that ±y � x , then y �log x .

(ii) If a,b ∈ M , x,y ∈ Llog+(M ) and

(
x z
z∗ y

)
� 0 , then

a∗zb+b∗z∗a �log a∗xa+b∗yb.

(iii) If x,y,z ∈ Llog+(M ) and

(
x z
z∗ y

)
� 0 , then z∗ + z �log x+ y .

(iv) If x,y ∈ Llog+(M ) are positive operators, then x− y �log x+ y .

(v) If x,y,z ∈ Llog+(M ) and

(
x z
z∗ y

)
� 0 , then z∗ ⊕ z �log x⊕ y .

(vi) If x,y∈Llog+(M ) are normal operators and z∈Llog+(M ) is positive operator, then for any contraction
a ∈ M ,

|za(x+ y)a∗z| �log za(|x|+ |y|)a∗z.
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[5] T. FACK, Sur la notion de valeur caractéristique, J. Operator Theory 7, 2 (1982), 307–333.
[6] T. FACK AND H. KOSAKI, Generalized s -numbers of τ -measurable operators, Pac. J. Math. 123, 2

(1986), 269–300.
[7] C. H. FITZGERALD AND R. A. HORN, On the structure of Hermitian-symmetric inequalities, J.

London Math. Soc. s2-15, 3 (1977), 419–430.
[8] Y. HAN, On the Araki-Lieb-Thirring inequality in the semifinite von Neumann algebra, Ann. Funct.

Anal. 7, 4 (2016), 622–635.
[9] Y. HAN, Submajorization and p-norm inequalities associated with τ -measurable operators, Linear

and Multilinear Algebra 65, 11 (2017), 2199–2211.

c© � � , Zagreb
Paper OaM-17-45

http://dx.doi.org/10.7153/oam-2023-17-45


694 B. NURAHEMET AND M. N. OSPANOV

[10] R. A. HORN AND R. MATHIAS, Cauchy-Schwarz inequalities associated with positive semidefinite
matrices, Linear Algebra Appl. 142, December (1990), 63–82.

[11] S. JUNIS AND A. OSHANOVA, On submajorization inequalities for matrices of measurable operators,
Adv. Oper. Theory 6, Article 8 (2021).

[12] M. LIN, Inequalities related to 2-by-2 block PPT matrices, Oper. Matrices 9, 4 (2015), 917–924.
[13] W. RUDIN, Real and Complex Analysis, third edition, McGraw-Hill, New York, 1987.
[14] B. K. SAGEMAN AND T. N. BEKJAN, On some inequalities for norms of commutators, Acta Anal.

Funct. Appl. 9, 1 (2007), 21–28.
[15] F. SUKOCHEV, Completeness of quasi-normed symmetric operator spaces, Indag. Math. 25, 2 (2014),

367–388.
[16] O. E. TIKHONOV, Continuity of operator functions in topologies connected to a trace on a von Neu-

mann algebra, Izv. Vyssh. Uchebn. Zaved. Mat (Soviet Math.) (31), 1 (1987), 77–79 (110–114).
[17] Q. XU, Analytic functions with values in lattices and symmetric spaces of measurable operators, Math.

Proc. Camb. Phil. Soc. 109, 3 (1991), 541–563.

Operators and Matrices
www.ele-math.com
oam@ele-math.com


