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THE OPERATOR EQUATION AXB = X AND

THE FUGLEDE–PUTNAM TYPE PROPERTY

EUNGIL KO AND YOONKYEONG LEE

Abstract. In this paper, we study some connections between solutions A and B satisfying the
operator equation AXB = X . We also investigate several properties between such solutions A
and B . In particular, we show that if A has the single valued extension property, then so does B
when X is injective. Moreover, we consider the (weak) Fuglede-Putnam type property (defined
below) and investigate the local spectral properties between the solutions A and B under the
Fuglede-Putnam type property.
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[3] I. COLOJOARA AND C. FOIAŞ, Theory of generalized spectral operators, Gordon and Breach, New
York, 1968.

[4] S. CLARY, Equality of spectra of quasi-similar hyponormal operators, Proc. Amer. Math. Soc. 53
(1975), 88–90.

[5] R. G. DOUGLAS, On majorization, factorization, and range inclusion of operators on Hilbert space,
Proc. Amer. Math. Soc. 17 (1996), 413–415.

[6] R. G. DOUGLAS, On the operator equation S∗XT = X and related topics, Acta Sci. Math. (Szeged)
30 (1969), 19–32.

[7] B. P. DUGGAL, Putnam-Fuglede theorem and the range-kernel orthogonality of derivations, IJMMS
27, 9 (2001), 573–582.

[8] B. P. DUGGAL, A remark on generalised putnam-Fuglede theorems, Proc. Amer. Math. Soc. 129,
no. 1 (2000), 83–87.

[9] P. R. HALMOS, A Hilbert space problem book, Second edition, Springer Verlag, New York-Berlin,
1982.

[10] D. J. HARTFIEL, The matrix equation AXB = X , Pacific J. Math. 36, no. 3 (1971), 659–669.
[11] T. B. HOOVER, Quasisimilarity of operators, Illinois J. Math. 16 (1972), 678–686.
[12] T. JIANG AND M. WEI, On solutions of the matrix equations X−AXB =C and X−AXB =C , Linear

Alg. Its Appl., 367 (2003), 225–233.
[13] S. JO, Y. KIM, AND E. KO, On Fuglede-Putnam properties, Positivity 19 (2015), 911–925.
[14] I. B. JUNG, E. KO, AND C. PEARCY, Aluthge transforms of operators, Inter. Equ. Oper. Th. 37

(2000), 449–456.
[15] I. B. JUNG, E. KO, AND C. PEARCY, Spectral pictures of Aluthge transforms of operators, Inter. Equ.

Oper. Th. 40 (2001), 52–60.
[16] S. JUNG, E. KO, AND J. E. LEE, On scalar extensions and spectral decompositions of complex

symmetric operators, J. Math. Anal. Appl. 384 (2011), 252–260.

c© � � , Zagreb
Paper OaM-18-26

http://dx.doi.org/10.7153/oam-2024-18-26


428 E. KO AND Y. LEE

[17] D. KE, Another generalization of Anderson’s theorem, Proc. Amer. Math. Soc. 123 (1995), 2709–
2714.

[18] E. KO, On a Clary theorem, Bull. Kor. Math. Soc., 33 (1996), 29–33.
[19] K. LAURSEN AND M. NEUMANN, An introduction to local spectral theory, Clarendon Press, Oxford,

2000.
[20] R. LANGE AND S. WANG, New approaches in spectral decomposition, Contemporary Math. 128,

A.M.S., 1992.
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