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THE BEREZIN RADIUS AND THE BEREZIN NORM
ASSOCIATED WITH THE TENSOR PRODUCT

MOJTABA BAKHERAD* AND MUBARIZ GARAYEV

Abstract. The Berezin range of a bounded operator A acting on a reproducing kernel Hilbert

space . is the set Ber(A) := {(Ak;,k;) : T € ©}, where k; is the normalized reproducing ker-

nel for 7 at T € ©. The Berezin radius (number) and the Berezin norms of an operator A are

defined by ber (A) := sup|(A/A<,,/A<,> s N1Allper.1 := sup }<Al}17i€’u> cand [|A[pepn = supHA/},H
T€O T,UEO T€O

respectively. In this paper, we obtain some Berezin radius upper bounds for Hilbert space op-
erators involving the tensor product. Moreover, the obtained upper bounds have been compared
with the previously known bounds to demonstrate their reliability.

Mathematics subject classification (2020): 47A30, 47A63, 15A60.
Keywords and phrases: Berezin radius, Berezin norm, reproducing kernel, Cauchy-Schwarz inequal-

REFERENCES

N. ARONZAIN, Theory of reproducing kernels, Trans. Amer. Math. Soc. 68 (1950), 337-404.

M. BAKHERAD AND F. KITTANEH, Some estimations of the Berezin radius and the Berezin norm,
Rend. Circ. Mat. Palermo (2) 74 (2025), no. 4, Paper No. 119, 16 pp.

M. BAKHERAD AND F. KITTANEH, Improved Berezin radius inequalities for certain operator matri-
ces, Rend. Circ. Mat. Palermo (2) 73 (2024), no. 8, 3229-3240.

R. BHATIA, Matrix Analysis, Springer Science & Business Media, 1996.

P. BHUNIA, A. SEN, S. BARIK AND K. PAUL, Berezin number and Berezin norm inequalities for
operator matrices, Linear Multilinear Algebra 72 (2024), no. 16, 2749-2768.

M. L. BUZANO, Generalizzazione della diseguaglianza di Cauchy-Schwarz (Italian), Rend. Sem. Mat.
Univ. e Politech Torino 31 (1974), 405-409.

C. C. COWEN AND CH. FELDER, Convexity of the Berezin range, Linear Algebra Appl. 647 (2022),
47-63.

T. FURUTA, Invitation to Linear Operators, Taylor and Francis, London, 2001.

T. FURUTA, J. MICIC HOT, J. PECARIC AND Y. SEO, Mond Pecari¢ method in operator inequalities,
Zagreb, 2005.

M. GARAYEV, H. GUEDIRI AND N. ALTWAIJRY, Reverse inequalities for the Berezin number of
operators, Proc. Inst. Math. Mech. Natl. Acad. Sci. Azerb. 48 (2022), no. 2, 179-189.

M. T. GARAYEV, M. GURDAL AND S. SALTAN, Hardy type inequality for reproducing kernel Hilbert
space operators and related problems, Positivity 21 (4) (2017), 1615-1623.

V. GUILLEMIN, Toeplitz operators in n-dimensions, Integr. Equ. Oper. Theory 7 (2) (1984), 145-205.
M. GARAYEV, M. BAKHERAD AND R. TAPDIGOGLU, The weighted and the Davis-Wielandt Berezin
number, Oper. Matrices 17 (2023), no. 2, 469-484.

V. GURDAL AND M. B. GURDAL, A-Davis-Wielandt-Berezin radius inequalities, Commun. Fac. Sci.
Univ. Ank. Ser. Al. Math. Stat. 72 (2023), no. 1, 182-198.

M. GURDAL AND R. TAPDIGOGLU, New Berezin radius upper bounds, Proc. Inst. Math. Mech. Natl.
Acad. Sci. Azerb. 49 (2023), no. 2, 210-218.

M. HAJMOHAMADI, R. LASHKARIPOUR AND M. BAKHERAD, Improvements of Berezin number
inequalities, Linear Multilinear Algebra 68 (2020), no. 6, 1218-1229.

© ey, Zagreb
Paper OaM-19-21


http://dx.doi.org/10.7153/oam-2025-19-21

322

[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]

[27]

M. BAKHERAD AND M. GARAYEV

G. H. HARDY, J. E. LITTLEWOOD AND G. POLYA, Inequalities, 2nd ed., Cambridge Univ. Press,
Cambridge (1988).

M. B. HUBAN, H. BASARAN AND M. GURDAL, Berezin number inequalities via convex functions,
Filomat 36 (2022), no. 7, 2333-2344.

M. T. KARAEV, On the Berezin symbol, Zap. Nauch. Semin. POMI, 270 (2000), 80-89 (Russian);
Translated from Zapiski Nauchnykh Seminarov POMI, 270 (2003), 2135-2140.

M. T. KARAEV, Berezin symbol and invertibility of operators on the functional Hilbert spaces, J.
Funct. Anal. 238 (2006), 181-192.

M. T. KARAEV, Reproducing kernels and Berezin symbols techniques in various questions of operator
theory, Complex Anal. Oper. Theory 7 (2013), no. 4, 983-1018.

T. KATO, Notes on some inequalities for linear operators, Math. Ann. 125 (1952), 208-212.

N. E. MAHDIABADI, M. BAKHERAD, M. HAJMOHAMADI AND M. PETRUSHKA, The weighted
Davis-Wielandt Berezin number for reproducing kernel Hilbert space, Operators. J. Inequal. Appl.
2025, Paper No. 24, 13 pp.

M. E. OMIDVAR AND H. R. MORADI, New estimates for the numerical radius of Hilbert space
operators, Linear Multilinear Algebra 69 (2021), no. 5, 946-956.

A. SEN, P. BHUNIA AND K. PAUL, Bounds for the Berezin number of reproducing kernel Hilbert
space operators, Filomat 37 (2023), no. 6, 1741-1749.

G. P. H. STYAN, Hadamard product and multivariate statistical analysis, Linear Algebra Appl. 6,
1973, 217-240.

K. ZHu, Operator Theory in Function Spaces, Marcel Dekker, 2nd. ed. 2007.

Operators and Matrices
www.ele-math.com
oam@ele-math.com



