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Abstract. A version of the Dynamical Systems Method for solving ill-posed nonlinear monotone
operator equations is studied in this paper. A discrepancy principle is proposed and justified. A
numerical experiment was carried out with the new stopping rule. Numerical experiments show
that the proposed stopping rule is efficient.

1. Introduction

In this paper we study a version of the Dynamical Systems Method (DSM) for
solving the equation
F(u) =f, (1)
where F' is a nonlinear, Fréchet differentiable, monotone operator in a real Hilbert space
H , and equation (1) is assumed solvable, possibly nonuniquely. Monotonicity means
that
(F(u) — F(v),u—v) >0, VYu,veH. (2)

It is known (see, e.g., [7]), that the set A" := {u : F(u) = f } is closed and convex if
F is monotone and continuous. A closed and convex set in a Hilbert space has a unique
minimal-norm element. This elementin .4~ we denote by y, F(y) = f , and call it the
minimal-norm solution to equation (1). We assume that

sup [ (u)[| < Mi(R), (3)
lu—uo| <R

where uy € H is an element of H, R > 0 is arbitrary, and f = F(y) is not known
but fs, the noisy data, are known, and |fs — f| < 6. If F'(u) is not boundedly
invertible then solving equation (1) for u given noisy data fs is often (but not always)
an ill-posed problem. When F' is a linear bounded operator many methods for stable
solution of (1) were proposed (see [5]-[7] and references therein). However, when F
is nonlinear then the theory is less complete.
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DSM consists of finding a nonlinear map @(z, u) such that the Cauchy problem
= q)(ta M)7 M(O) = Uo,

has a unique solution for all 7 > 0, there exists lim,_, oo u() := u(00), and F(u(c0)) =
f )
N u(r) V=0 Ju(oo); F(u(c0)) =f. 4)
Various choices of @ were proposed in [7] for (4) to hold. Each such choice yields a
version of the DSM.
The DSM for solving equation (1) was extensively studied in [7]-[15]. In [7], the
following version of the DSM was investigated for monotone operators F:

its = —(F'(us) + a(t)]) " (Fus) + a(t)us — f5), us(0) = uo. (5)

The convergence of this method was justified with some a apriori choice of stopping
rule. A DSM gradient method was formulated and justified in [4].
In this paper we consider a version of the DSM for solving equation (1):

5 = —(F(us) + a(tyus —fs), us(0) = uo, (6)

where F is a monotone operator.

The advantage of this version compared with (5) is the absence of the inverse
operator in the algorithm, which makes the algorithm (6) less expensive than (5). On
the other hand, algorithm (5) converges faster than (6) in many cases. The algorithm
(6) is cheaper than the DSM gradient algorithm proposed in [4].

The convergence of the method (6) for any initial value ug is proved for a stopping
rule based on a discrepancy principle. This a posteriori choice of stopping time s is
justified provided that a(z) is suitably chosen.

The advantage of method (6), a modified version of the simple iteration method,
over the Gauss-Newton method and the version (5) of the DSM is the following:
neither inversion of matrices nor evaluation of F’ is needed in a discretized version of
(6). Although the convergence rate of the DSM (6) maybe slower than that of the DSM
(5), the DSM (6) might be faster than the DSM (5) for large-scale systems due to its
lower computation cost.

In this paper we investigate a stopping rule based on a discrepancy principle (DP)
for the DSM (6). The main results of this paper are Theorem 17 and Theorem 19 in which
a DP is formulated, the existence of a stopping time 5 is proved, and the convergence
of the DSM with the proposed DP is justified under some natural assumptions.

2. Auxiliary results
The inner productin H is denoted (u,v) . Letus consider the following equation
F(Vs)4+aVs —fs =0, a>0, (7)

where a = const. It is known (see, e.g., [7], [16]) that equation (7) with monotone
continuous operator F has a unique solution for any fs € H.
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Let us recall the following result from [7]:

LEMMA 1. Assume that equation (1) is solvable, y is its minimal-norm solution,
assumption (2) holds, and F is continuous. Then

lim [[Va =] =0,
where V, solves (T) with § = 0.

Clearly, under our assumption (3), F is continuous.

LEMMA 2. If(2) holds and F is continuous, then ||Vs| = O(%) as a — oo, and
Jim [[F(Vs) —fsll = [F(0) = fs]l- (8)
Proof. Rewrite (7) as
F(Vs) —F(0) +aVs + F(0) — fs = 0.
Multiply this equation by Vs, use inequality ( F(Vs) — F(0), Vs —0) > 0 and get:
allvs|* < Ifs = FO)[[[[ Vs |-
Therefore, |
IVsll = 0(2).

This and the continuity of F imply (8). O

Let @ = a(t) be a strictly monotonically decaying continuous positive function on
[0,00), 0 < a(t) \, 0, and assume a € C'[0, 00). These assumptions hold throughout
the paper and often are not repeated. Then the solution Vs of (7) is a function of 7,
Vs = Vs(t) . From the triangle inequality one gets:

1F(Vs(0)) = fsll = [IF(0) = f51l — [[F(V5(0)) — F(O)]].

From Lemma 2 it follows that for large a(0) one has:

IF(v3(0) — FO)] < 31 v5(0)] = 0 55 ):
a(0)
Therefore, if ||[F(0) — fs|| > CJ, then |[F(Vs(0)) — fs|| = (C — €)d, where € > 0 is
sufficiently small and a(0) > 0 is sufficiently large.
Below the words decreasing and increasing mean strictly decreasing and strictly
increasing.

LEMMA 3. Assume ||[F(0) —fs| > 0. Let 0 < a(t) \, 0, and F be monotone.
Denote

w(@) = IVs@ll, o) = alw(®) = [IF(Vs() = f5],

where Vs(t) solves (7) with a = a(t). Then ¢(t) is decreasing, and y (t) is increasing.
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Proof.  Since ||[F(0) — fs|]| > 0, one has w(f) # 0,Vt > 0. Indeed, if
q/(t)’t:T =0, then Vs(7) = 0, and equation (7) implies ||[F(0) — fs|| = 0, whichis a
contradiction. Note that ¢(z) = a(¢)||Vs(?)|| . One has

0 < (F(Vs(n)) — F(Vs(r2)), Vs(t1) — Vs(r2))
= (—a(n)Vs(t1) + a(2)Vs(r2), Vs(t1) — Vs(t2)) )
= (a(h) +a(n2))(Vs (1), Vs (1)) — a(t)|[Vs(t)|* — a(r2) | Vs () [|*.

Thus,
0 < (a(t) + a(n2)){ Vs(n), Vs(2)) — a(t)|[Vs(n)|> — a(e2)[|Vs(22)|°

< (a(n) + a(@)|Vs () [[I|Vs(22) || — a(m)[[Vs(0)|* — a(e2)]|Vs(22) > (10)

= (a(t)[|Vs ()]l — a(r2)[[Vs (@) (Vs (r2)I] = [IVs ()l

= (0(11) — ¢(n2))(w(12) — w(11)).

If y(r) > w(r) then (10) implies ¢(r1) = ¢(z2), so
a(t)w(n) = a()w(n) > a()w(h).

Thus, if w(2) > w(t) then a(r;) < a(fy) and, therefore, #, > 11, because a(r) is
strictly decreasing.

Similarly, if y () < y(n) then ¢(t1) < ¢(z2). This implies a(r,) > a(#1), so
nh<t.

Suppose y(t;) = y(r2), i.e., |Vs(t1)| = ||Vs(z2)|| . From (9), one has

Vs ()P < (Vs(n), Vs(r2)) < [IVs(@)IVs(n)ll = (Vs ().

This implies Vs(71) = Vs(t2), and then equation (7) implies a(7;) = a(t;). Hence,
| = t;, because a(t) is strictly decreasing.
Therefore ¢(¢) is decreasing and y () is increasing. O

LEMMA 4. Suppose that ||F(0) — fs|| > C6, C > 1, and a(0) is sufficiently
' ' F(Vs(n)) —f5ll = C8.

Proof. The uniqueness of #; follows from Lemma 3 because ||F(Vs(?)) —fs]| =
¢(1), and ¢ is decreasing. We have F(y) =f , and

0= (F(Vs) +aVs —f5,F(Vs) —fs)
= [IF(Vs) = f5]* + a{ Vs — y, F(Vs) — f5) +a(y,F(Vs) —fs)
= [IF(Vs) = f51* + a{ Vs — y, F(Vs) = F()) + a(Vs—y.f —fs) + a(y,F(Vs)—f5)
> ||[F(Vs) = f5lI° + a{ Vs — y.f —fs) +a(y,F(Vs) —fs) -
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Here the inequality (Vs —y, F(Vs) — F(y)) > 0 was used. Therefore

|F(Vs) — fs]I* < —a(Vs —y.f —fs) —a(y,F(Vs) —fs)
< al|lVs = ylllf = fsll + alylllF(Vs) — fsl (11)
< ad||Vs =yl + allyl||1F(Vs) — fslI-

On the other hand, we have

=(F(Vs) —F(y)+aVs +f —f5,Vs — y)
=< F(Vs) = F(y),Vs —y) +al|Vs —=yII> + aly, Vs —y) + (f —fs,Vs —)
> allVs —ylI* +a(y. Vs —y) +{(f —fs.Vs — ¥),

where the inequality (Vs —y, F(Vs) — F(y)) > 0 was used. Therefore,
alVs —y|I> < alyllIVes — Il + 8[IVs — yll.

This implies
al|Vs =yl < allyl| + 8. (12)

From (11) and (12), and an elementary inequality ab < ea® + Z—i, Ve > 0, one gets:
1F(Vs) = 51> < 8% + allyl|8 + allyll|F(Vs) — fell
1
< 8 +alylls + el F(Vs) = f511* + -a* VI,

where € > 0 is fixed, independent of 7, and can be chosen arbitrary small. Let r — oo
and a = a(r) \, 0. Then (13) implies

i e (1~ F(V5) — fo]]> < 8

This, the continuity of F, the continuity of Vs(¢) on [0,00), and the assumption
|F(0) — fs]| > C& imply that equation ||F(Vs(t)) — fs|| = CS must have a solution
t; > 0. The uniqueness of this solution was already established. |

REMARK 5. From the proof of Lemma 4 one obtains the following result:
If t, /" oo then there exists a unique n; > 0 such that

[F(Vi1) = foll < €8 < [F(Vay) —fsll, Vi = Vs(ta).
REMARK 6. From Lemma 2 and Lemma 3 one concludes that
an|[Vall = |F(Va) = fsll < |F(0) = fsll,  an:=a(ta), Vn=0.
REMARK 7. Let V := Vs(1)|s=0, S0
F(V)4+a(t)V—-f =0.

Let y be the minimal-norm solution to equation (1). We claim that

QIO/;

Vs =Vl < (14)
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Indeed, from (7) one gets
F(Vs) = F(V)+a(Vs = V) =f —fs.
Multiply this equality with (Vs — V) and use the monotonicity of F to get
al[Vs = V|* < 8||Vs — V.

This implies (14).
Similarly, multiplying the equation

F(V)4+aV —F(y) =0,

by V —y one derives the inequality:

IVIF< Dyl (15)
Similar arguments one can find in [7].
From (14) and (15), one gets the following estimate:
0 0
Vsl < ||V — < —. 16
Vsl < IV + 2 < I+ 2 (16)
LEMMA 8. Suppose a(t) = (cft)b , 0(t) = Ot@ds where b € (0,1], d and ¢
are positive constants. Then
d 2b s e?)
—|1—-— d vi>0, 06=1—-b>0. 17
2( c"d)/o (s+c)? S<(c+t)b’ s ” (17)
Proof. We have
o) = [ 5gds = g (e 0 =) =plew i — i, ()
b 2(c+ )P 2(1—b) 3

where 0 :=1—b, p:= %, C; := pcY. One has

d ep(cht)G peep(cht)e bep(cht)e

di (c+1)f ~ (c+0)P1=0  (c+r)bt!

Cerlen” g b
e+ )P \2(c+1)P e+t

0

ePlett) d : 2b
> —(1-==).
(c+1)22(c+1)? < ced>

2b t pplcts)? t plcts)?
-2 [ L e [,
2 ) Jo (s+c)? o ds(c+s)P
)6 epce ep(c+t

Therefore,

eplett )0

ST— 3 STt/
(c+1)b b (c+1)P

Multiplying this inequality by ¢~ and using (18), one obtains (17). Lemma 8 is

proved.

O
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LEMMA 9. Let a(r) = ﬁ and @(t) := Ot@ds where d,c >0, b € (0, 1]

and ¢'="d > 6b. One has

t
, 1
e“”’)/ Oa(s)|[|Vs(s)llds < 5a@IVs(@),  1>0. (19)
0
Proof. From Lemma 8§, one has
1 2b ! d? d
(122 o) __ =T g (1) Ye,b>0, 6=1—-b>0.
2( d)/ Gror® =~ xp  TOP7H g
(20)
Since ¢!=%d > 6b or % < 1, one has
2b 4b 4b
-2 > —— s = 0.

cd ~ cbd 7 (c+s)t-bd’

This implies

a*(s) 2b d? 2b 4db
—_— = _ > — . > )
2 (1 Ced) 2(6‘ +S)2b <1 CedZ) = Z(C +S)b+1 2‘“(5‘)‘7 520
o)

Multiplying (20) by ||Vs(#)||, using inequality (21) and the fact that ||Vs(z)|| is in-
creasing, one gets, for all # > 0, the following inequalities:

o(1) " o) a(s) 2b " o),
e™a(t)||Vs(1)]| > e Vsl (1= g )ds =2 [ la(s)[[|Vs(s)l|ds.

This implies inequality (19). Lemma 9 is proved. O
Let us recall the following lemma, which is basic in our proofs.
LEMMA 10. ([7], p. 97) Let o.(t), B(t), v(t) be continuous nonnegative functions
on [fy,00), ty = 0 is a fixed number. If there exists a function

peCli,00), u>0, limp(r) = oo,

such that ) p
0<a(r><%[v—%} = (22)
1 f(r)
By < 5. |r - 5] 23)
1(0)g(0) <1, (24)
and g(t) = 0 satisfies the inequality
§(t) < —y()g(r) + an)g* (1) + B(r), 1> 1o, (25)
then g(t) exists on [ty, 00) and
1
O<g(t)<m—>0, as t— oo. (26)

If inequalities (22)—(24) hold on an interval [ty, T), then g(t) exists on this interval
and inequality (26) holds on [ty,T).
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LEMMA 11. Suppose M, and c; are positive constants and 0 #y € H. Then
there exist a number A > 0 and a function a(t) € C'[0,00), 0 < a(t) \, 0, such that

and the following conditions hold

ja@)] _ a(t) ja(
< A r) — ’
o <2 |9 a0
A
—g(0) <1
a(o)g( ) <
Proof. Take
1
N=——, 0<b<z, 2b<c'7Pd, c>1
Cl( ) (C + t)b7 < 27 4 ) c
Note that |a| = —a. We have
W_ b b 1
a  d(c+n)'= T del=b T 27
Hence,
a(r) ja(r)]
=L Lalt) — )
2 a(t) a(?)
Thus, inequality (28) is satisfied. Take
M,
P ITATR
Iyl

then (27) is satisfied. For any given g(0), choose a(0) sufficiently large so that

Therefore, inequality (30) is satisfied.

Choose k > 1 such that
(43,C1b >
K > max 1.

d2

Define
V(1) = xa(1), A == KA.
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Note that (28) holds for a(r) = v(r), A = A, since (32) holds as well under this
transformation, i.e.,

v(®) [v(®)]
— < V() — —. 36
Using the inequalities (34) and ¢ > 1 and the definition (35), one obtains
[v(®)] b b
dAc1—~ = d4hcl———— <4Aci—5 < 1.
VA0 V(e + 1) -2 T
This implies
. 2 .
LV v, 2]
v(e) ~ 4Ae T 2A v

Thus, one can replace the function a(z) by v(¢) = ka(r) and A by A, = KA in the
inequalities (27)—(30). O

LEMMA 12.  Suppose M, c¢; and & are positive constants and 0 # y € H.
Then there exist a number A > 0 and a sequence 0 < (a,)>°, \, 0 such that the
following conditions hold

aﬂ
<2, 37
ap+1 ( )
ag
Ifs — FO) < 2, (3%)
M,
ML
7 < bl (39)

a, Qa, ap,— apn Any1
— —— 1 < . 40
A A LA (40)

Proof. Letusshow thatif ap > 0 is sufficiently large, then the following sequence
aop 1

= . b==, 41
“ (14+n)t 2 (41)

satisfies conditions (38)—(40) if
M,
> L
¥l
Condition (37) is satisfied by the sequence (41). Inequality (39) is satisfied since (42)
holds. Choose a(0) so that

(42)

ap 2 /|Ifs — F(0)[|A, (43)

then (38) is satisfied.
Assume that (a,)5°, and A satisfy (37), (38) and (39). Choose k > 1 such that

1 ACl )
KZ>2max | ——, —5 |- 44
(5500\/5 oL 44)
It follows from (44) that
1 A
<a, “<a (45)

~
Kaogy/2 Kay
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Define
(bn)io = (Kan):2y, Ak = KA. (46)
For all n > 0 one has
2 2 2 2 @ a
ap — Ap+1 _ a4y, — Apiy Ay — Qyyq _ ntl ~ nt2 _ 1 < 1
a% a,%(an + an+1) = 2an+1aﬁ 24 i ap2v/n +2 h (102\/§
Vn+2 n+1
(47)
Since a, is decreasing, one has
An — An+1 _ ay — aﬁﬂ
a%anJrl a%anJrl ((1,, + an+1)
a2 — a2 i _ i 1 (48)
n 5 2n+1 — nJrla2 ;12+2 < —, Vn 2 0.
2anan+l 2 ﬁ ﬁ 2a0
Using inequalities (47) and (45), one gets
2(an - an+1) 1 ~
< < é. 49
K@ 4
Similarly, using inequalities (48) and (45), one gets
M —an)er Ao g (50)

2 = 2
Ka;an+1 Kao

Inequalities (49) and (50) imply

by — bpy1 by — by p— ap — Apt1 dp — Ap+t1 c
Ax buy1 ! A An+1 !
B ka2(a, — any1)  Ka2 2A(a, — ani1)cy
S22 Ka? 2A KaZa,
< Kaﬁo?—l— Kaﬁ& _ Kald _ ﬁcb,%.
24 24 A Ak

Thus, inequality (40) holds for a, replaced by b, = Ka, and A replacedby A, = kA,
where K satisfies (44). Inequalities (37)—(39) hold as well under this transformation.
Thus, the choices a, = b, and A = Kﬁ , where k satisfies (44), satisfy all the
conditions of Lemma 12. O

REMARK 13. The constant ¢; , used in Lemmas 11 and 12, will be used in Theorems
17 and 19. This constant is defined in equation (62). The constant ¢ , used in Lemma 12,
is the one from Theorem 19. This constant is defined in (89).

REMARK 14. Using similar arguments one can show that the sequence a, =
(C%)h ,where c > 1,0 < b < %, satisfy all conditions of Lemma 4 provided that d is
sufficiently large and A is chosen so that inequality (42) holds.



A NEW VERSION OF THE DYNAMICAL SYSTEMS METHOD 11

REMARK 15. 1In the proof of Lemmas 11 and 12 the numbers ap and A can
be chosen so that % is uniformly bounded as § — O regardless of the rate of growth
of the constant M, = M;(R) from formula (3) when R — o0, i.e., regardless of the
strength of the nonlinearity F(u).

To satisfy (42) one can choose A = M, ﬁ . To satisfy (43) one can choose

a0 = VA(If = FO)I + 71D = VAlfs — FO)l,

where we have assumed without loss of generality that 0 < ||fs — f|| < |If||. With
this choice of ag and A , the ratio % is bounded uniformly with respect to § € (0, 1)
and does not depend on R. The dependence of ay on O is seen from (43) since f5
depends on § . In practice one has ||fs —f || < ||f]|. Consequently,

Vifs = FO)IA < v/(If = FO)Il + If DA

Thus, we can practically choose a(0) independent of § from the following inequality

ao = V/A(lf = FO)I + £ 1.

Indeed, with the above choice one has ¢ < ¢(1 + VA~!) < ¢, where ¢ > 0 is a
constant independent of §, and one can assume that A > 1 without loss of generality.

This Remark is used in the proof of the main result in Section 3. Specifically, it
is used to prove that an iterative process (88) generates a sequence which stays in the
ball B(uo, R) forall n < ng+ 1, where the number ny is defined by formula (99) (see
below), and R > 0 is sufficiently large. An upper bound on R is given in the proof of
Theorem 19, below formula (112).

REMARK 16. One can choose uy € H such that

I1F(0) /]

ao

80 := [luo — Vol| <

Indeed, if, for example, uy = 0, then by Remark 6 one gets

aol| Vol _ [1£(0) — /sl
ap = ap ’

g0 = [IVoll =

If (38) and (51) hold then go < .

3. Main results

3.1. Dynamical systems method

Assume: A0) ()
.oal(t a(t
0 < Cl([) \ 0, t1~1>n01> m = 0, <

Let us(t) solve the following Cauchy problem:

s = —|F(us) + a(t)us — fs], us(0) = up. (53)
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THEOREM 17. Assume that F : H — H is a monotone operator, condition
(3) holds, and uq is an element of H, satisfying inequality (83) (see below). Let

a(t) satisfy conditions of Lemma 11. For example, one can choose a(t) = ﬁ,

where b € (0, %], c > 1 and d > 0 are constants, and d is sufficiently large.
Assume that equation F(u) = f has a solution y € B(ug,R), possibly nonunique,
and y is the minimal-norm solution to this equation. Let f be unknown but fs be
given, fl < 8. Then the solution us(t) to problem (53) exists on an interval
[0, Ts], lims_oTs = oo, and there exists t5, ts € (0,Ts), not necessarily unique,
such that

IFluslis)) 5l = 8%, lim 1y = o, (54
where C; > 1 and 0 < § < 1 are constants. If { € (0,1) and ts satisfies (54), then

tim Jus(15) — ] = 0. (55)

REMARK 18. One can easily choose u satisfying inequality (83). Note that
inequality (83) is a sufficient condition for (86) to hold. In our proof inequality (86)
is used at r = 5. The stopping time ?5 is often sufficiently large for the quantity
e~ ?s)hy to be small. In this case inequality (86) with t = #5 is satisfied for a wide
range of u.

Proof. [Proof of Theorem 17] Denote

C:= 56
Let
wi=us — Vs, g(t):=[wl.
One has
W= —Vs — [F(us) — F(Vs) + a(t)w]. (57)
Multiplying (57) by w and using (2) one gets
8¢ < —ag’ + || Vs|g. (58)
Let ty > O be such that
0 1
—_— = C>1. 59
= c> (59)

This #, exists and is unique since a(¢) > 0 monotonically decays to 0 as ¢ — oo. By
Lemma 4, there exists #; such that

IF(Vs(n1)) = f5ll = €8, F(Vs(n1)) +a(t))Vs(n1) —f5 = 0. (60)

We claim that #; € [0, 1] .
Indeed, from (7) and (16) one gets

w=wmwmmw%wu£ﬁ=wmwm,cw,
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¥ o
a(ty)|ly
0 < .
C—-1
Thus,
5 _ bl _ 8

a(ty) S C—1 alt)’
Since a(z) \, 0, the above inequality implies #; < fy. Differentiating both sides of (7)
with respect to ¢, one obtains

AuVs = —aVs, A=F'(Vs), A,:=A+al

This implies
sl < lal||A < la| ‘ | ‘ | ! Ve <
Vsl < lallAg Vsl < —=lIVs]l < ||y\|+ — {1+ z= ) ¥<w
(61)
Since g > 0, inequalities (58) and (61) imply
, ()| 1
< - = — ).
g < —a(t)g(t) + a(t) c, ca=|yl{1+ C_1 (62)
Inequality (62) is of the type (25) with
YO =al), ) =0, B0)=alyll,
Let us check assumptions (22)—(24). Take
u() = ?) A = const.

By Lemma 11 there exist A and a(¢) such that conditions (22)—(24) hold. Thus,
Lemma 10 yields

g() < ?, vt < 1. (63)
Therefore,
[F (us () — f5ll <IF(us(r)) = F(Vs ()l + [[F(Vs(2)) — sl
<Mg(1) + [|F(Vs(1)) —fs (64)
M E ) ~fol. Vi<

It follows from Lemma 3 that ||F(Vs(7)) — fs|| is decreasing. Since #; < 7o, one gets
1F(Vs(10)) = f5ll < IF(Vs(t1)) —fsll = Cb. (65)

This, inequality (64), the inequality 2L < [|y[| (see (33)), the relation (59), and the
definition C; = 2C — 1 (see (56)) imply

Mla(to) 1+ Cs

M@w 1)
Allyll

1F(us(t0)) —fsll <
(66)
+C8 < (2C—1)8 = 8.
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Thus, if
1F(us(0)) —f5ll = €18°, 0< <1,

then there exists 75 € (0,1) such that

|F(us(ts)) — 5] = C18° (67)

for any given § € (0, 1], and any fixed C; > 1.
Let us prove (55). If this is done, then Theorem 17 is proved.
First, we prove that limg_,¢ %5) =0.

From (64) with ¢ = t5, and from (16), one gets

t,
€5° <M 28 ) Vi)

a(ts)
A

<M== + |Iylla(ts) + 8.

Thus, for sufficiently small §, one gets
~ M ~
co < ati) (% + b1). €0

where C < C 1 is a constant. Therefore,

5 8¢ (M,
lim — < lim —— 0, 1.
fm oy < dm S (7 +b1) =0, 0<¢< )
Secondly, we prove that
lim 75 = oc. (69)

Using (53), one obtains:

d . . .
dt( (us) + aus —fg) = Ajlls + aus = an(F(ug) + aug ff(;) + ausg,

where A, := F'(us) + a. This and (7) imply:

d
dt

Denote

[F(us) — F(Vs) +a(us — Vs)] = —Aa[F(us) — F(Vs) + a(us — Vs)| + aus. (70)

v:=F(us) — F(Vs) +a(us — Vs), h=||.

Multiplying (70) by v and using monotonicity of F, one obtains
hh = —(Av,v) + (v,a(us — Vs)) +a(v,Vs) 1)
—ha+hlal|us — Vs + laln|[Vs|l, — h>0.

Again, we have used the inequality ( F'(us)v,v) > 0 which follows from the mono-
tonicity of F'. Thus,

h < —ha+alllus — Vs|| + ||| Vs |- (72)



A NEW VERSION OF THE DYNAMICAL SYSTEMS METHOD

Since ( F(us) — F(Vs),us — Vs) > 0, one obtains two inequalities
allus — Vs[> < (v,us — Vs) < |lus — Vs||h,

and
|F(us) — F(Vs)|I* < (v, F(us) — F(Vs)) < h||F(us) — F(Vs)]|.

Inequalities (73) and (74) imply:
allus = Vsl < h,  [|F(us) = F(Vs)| < h.
Inequalities (72) and (75) imply

h < —h(a— i') + |al|| Vs.

a

ld

15

(76)

Since a — = > § by the last inequality in (52), it follows from inequality (76) that

. a .
h< s Jall| Vs
Inequality (77) implies:

_ [T as) s _ [Tap s 1 s a(é)
o) < w0l B0 B [l S v e
0

o(1) ::/0 @ds.

1F(us (1)) — F(Vs(0)]l < h(0)e™ " + e*“’“)/o ?Wla(s)|| Vs (s)llds.

Denote

From (78) and (75), one gets

Therefore,

1F(us () = fsll = 1F(Vs(2) = f5] = [1F(Vas(1)) = F(us(@))]]

t
> )| Va(0)] ~ hO)e 0 — e [ e Vs
0

From Lemma 9 it follows that there exists an a(r) such that

1 t
7aOIVs(@)ll > 67“’(”/ e?Vlal|| Vs (s)l|ds.
0

For example, one can choose
d 1

a(t) = ——, be(0,

de'=" > 6b
(C+t)b7 C b

where d,c > 0. Moreover, one can always choose 1y such that

H0) = [F(w) +al0uo 5] < 7al0)[Vs(0)]

(77)

(78)

(79)
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because the equation
F(up) +a(0)ug —f5 =0
is solvable.
If (83) holds, then

1
h(0)e™? < 2a(0)[Vs(0) =,

N
\V4
(e
—
0
=~
=

If (82) holds, ¢ > 1 and 2b < d, then it follows that
e ?Ma(0) < a(r). (85)

Indeed, inequality a(0) < a(t)e?" is obviously true for = 0, and (a(t)e"’“)); >0,
provided that ¢ > 1 and 2b < d.
Inequalities (84) and (46) imply

e0h(0) < 7a)VoO) < 7a@ Vs, 130, (86)

1

4
where we have used the inequality ||Vs(¢)|| < ||Vs(¢')| for ¢+ < ¢, established in
Lemma 3. From (67) and (80)—(86), one gets

a(ts)||Vs(ts)||-

ENJS,

C8¢ = ||F(us(ts)) — f5] =

Thus,
lim a(ts)||Vs(ts)|| < lim 4C8% = 0.
61 oa( S)H 6(6)” 51 0

Since ||Vs(#)| is increasing, this implies lims_oa(ts) = 0. Since 0 < a(f) \, 0, it
follows that (69) holds.
From the triangle inequality, inequalities (63) and (14), one obtains

lus(ts) — vl < llus(ts) — Vsl + [[V(ts) — Vs(ts)|| + [[V(ts) — vl
alts) 8 (87)

7T alis) +1|V(ts) — yll-

<

From (68), (69), inequality (87) and Lemma 1, one obtains (55). Theorem 17 is proved.
g
3.2. An iterative scheme
Let V,, 5 solve the equation:
F(Vn,gj) +a,Vys —fs =0.

Denote V,, :=V, 5.
Consider the following iterative scheme:

Upi1 = Uy — O [F(uy) + anty — f5],  uo = uo, (88)



A NEW VERSION OF THE DYNAMICAL SYSTEMS METHOD 17

where ug is chosen so that inequality (51) holds, and {a,}2°, is a positive sequence
such that

2
o<a<o, { —, My = sup ||F'(u)|. 89
ot 0L T a) oo |F' ()| (89)
It follows from this condition that
Il —o,(Jp +an)]|= sup |1—opA] <1— oga,. (90)

anSASM, +an

Here, J, is an operator in H such that J, > 0 and ||J,|| < My, Yu € B(up,R). A
specific choice of J,, is made in formula (96) below.

Let a, and A satisfy conditions (37)-(40). Assume that equation F(u) = f has
a solution y € B(ug, R), possibly nonunique, and y is the minimal-norm solution to
this equation. Let f be unknown but fs5 be given, and ||fs —f|| < 8. We prove the
following result:

THEOREM 19.  Assume a, = (Ci#n)b where ¢ > 1,0 < b < %, and d is

sufficiently large so that conditions (37)—(40) hold. Let u, be defined by (88). Assume
that ug is chosen so that (51) holds. Then there exists a unique ngs such that

1F (uns) = f5]| < €185, C18° < |F(wa) —fsll, n <ns, o1

where C; > 1,0< { < 1.
Let 0 < (0)22, be a sequence such that 8, — 0. If the sequence {n, :=
ns, foet 1S bounded, and {ny,; }7°, is a convergent subsequence, then

lim u,,, = @, (92)

J—o0

where it is a solution to the equation F(u) =f . If

lim n,, = oo, (93)
where § € (0,1), then
lim ||uy,, —y|| = 0. (94)
Proof. Denote
C 1
c=97" (95)
2
Let
Ip = Uy — Vm &n ‘= ||Z"H
One has .
Flu) = F(G) =dz o= [ Flu+ Ga)dE. (%)
0

Since F'(u) > 0, Vu € H and ||F'(u)|| < My,Yu € B(uo, R), it follows that J, > 0
and ||J,|| < M, . From (88) and (96) one obtains
Zn+l = Zn — an[F(un) - F(Vn) + anZn] - (Vn+1 - Vn)

= (1 - an(]n + an))Zn - (VnJrl - Vn) (97)
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From (97) and (90), one gets

gni1 < gulll = 0 (Jn + )| + (| Va1 — Vil

98
< &l — awan) + | Vagr — Val|- ( )
Since 0 < a, \, 0, for any fixed § > 0 there exists ny such that
o 1 o
> > —, Cc>1. 99
oy STl 1yl an (99)
By (37), one has - < 2, Vn > 0. This and (99) imply
2 20 o 1 o
e — > — > > — > —, C>1. 100
> 2> s ol > (100
Thus,
2 >3 wn<ne+t (101)
c_ W=y, TrsmTh

The number ng, satisfying (101), exists and is unique since a, > 0 monotonically
decays to 0 as n — oo. By Remark 5, there exists a number n; such that

1F (Vi 11) = fsll < €8 < [F(Va) = 5], (102)

where V, solves the equation F(V,) 4+ a,V, —fs = 0.
We claim that ny € [0, no)].
Indeed. one has [[F(V,,) — /s = an [V | and [V, || < Y]] + 22 (cf. (16)). 50

CO < an, ||V || < a, <|y|| + ;) =a,|y|+68, C>1. (103)
Therefore,
Ay
5 < clﬂyln' (104)
Thus, by (100),
% < % < am% (105)

Here the last inequality is a consequence of (100). Since a, decreases monotonically,
inequality (105) implies n; < ng. One has

an+1||vn - VnJrIH2 = <(an+1 - an)Vn - F(Vn) + F(Vn+l)7 Vn - Vn+1>
< (an+1 - an)Vm Vn - Vn+1> (106)
(an — ans1)[|Valll[ Vi = Vi [|-

N IN

y (16), ||V, < ||| + 2, and, by (101), ai < ZM for all n < ng + 1. Therefore,

2
il < |y||(1+ﬁ), V<o + 1, (107)
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and, by (106),

api1 — Ap+1 2
Vo Vo || < Gty S Dty (1 2 ) v <ng1. (108
Va= Vit € 22 € 2y (1 2, e+ (108)

Inequalities (98) and (108) imply

g1 < (1 — opay)gn + MCI, Vn<ng+1, (109)
An+1
where the constant ¢, is defined in (62).
By Lemma4 and Remark 14, the sequence (a,)3° , , satisfies conditions (37)—(40),
provided that aq is sufficiently large and A > 0 is chosen so that (42) holds. Let us
show by induction that

<%, 0<n<n+ 1. (110)
Inequality (110) holds for n = 0 by Remark 16. Suppose (110) holds for some n > 0.
From (109), (110) and (40), one gets

ay ay — dpy1

g1 S (1 —opay)— 4+ ——
ms ( " n) A Ap+1
2
ona, ay ap — Ap+t1 111
B L ] (111)
AT T
Ap+1
B P

Thus, by induction, inequality (110) holds for all 7 in the region 0 < n <np+ 1.
From (16) one has ||V, < [ly|| + % . This and the triangle inequality imply

15}

o — vl < Nuoll + llzull + [Vall < llutoll + llzall + Iy + = (112)
Inequalities (107), (110), and (112) guarantee that the sequence u,, generated by
the iterative process (88), remains in the ball B(ug,R) for all n < ng + 1, where
R < 9+ |luoll + [lyll + %. This inequality and the estimate (101) imply that the
sequence u,, n < ng + 1, stays in the ball B(ug, R), where

C+1
R< 7 + ol + Iyl + Iyl 7= (113)
By Remark 15, one can choose ap and A so that % is uniformly bounded as § — 0
even if M|(R) — oo as R — oo at an arbitrary fast rate. Thus, the sequence u, stays
in the ball B(ug,R) for n < ng + 1 when 6 — 0. An upper bound on R is given
above. It does not dependon § as 6 — 0.

One has:
|F(un) = fs|| <|F(ua) — F(V)|| + |F(Va) =[5l
Mgy + |F(Va) — £ (114)
M n
(V) ~ S5l Vn<nmot 1,

A
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where (110) was used and M, is the constant from (3). Since ||F(V,) — fs| is
decreasing, by Lemma 3, and n; < ng, one gets

1F(Vags1) = foll < 1F(Via) —fsll < C8. (115)

From (39), (114), (115), the relation (99), and the definition C; =2C — 1 (see (95)),
one concludes that

Ma,
1) = fsl| < =525+ €3
(116)
Mili(f;n D1 cs<@c—1s=co.

Thus, if
|F(uo) — f5]| > C18%, 0< <1,

then one concludes from (116) that there exists ng, 0 < ns < ng + 1, such that
IF () = f5]| < C18° < ||F(wn) = 5], 0 <n<ns, (117)

Sor any given { € (0,1], and any fixed C, > 1.
Let us prove (92).
If n > 0 is fixed, then us, is a continuous function of f5. Denote

=iy = gin})u&nmj, (118)

where
lim n,,, = N.
J—00

From (118) and the continuity of F, one obtains:

1F(@) —fsll = lim |[Fun,,) —fsll < lim €,6° = 0.
Thus, # is a solution to the equation F(u) = f , and (92) is proved.
Let us prove (94) assuming that (93) holds.
From (91) and (114) with n = ng — 1, and from (117), one gets

C18° < M,

Ape—1 Aps—1
ni +an§71”Vn§71H <M ni + Hy||an571 +5

If 6 > 0 is sufficiently small, then the above equation implies

o M -
R - ) L

where € < C | is a constant. Therefore, by (37),

d 0 §'=¢ (M,
li <l <l — | —— =0, 1. 11
gy <dmp <l () =0 o<i<n an
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In particular, for § = §,,, one gets

-
lim
Sm—0 an,y,

= 0. (120)

From the triangle inequality and inequalities (14) and (110) one obtains

||u"m _yH < Hunm - V"mH + ||Vn - Vnm,OH + HVnm,O _y”
Ay, Sm

(121)
A + a

<

+ HV"m,O - yH
From (93), (120), inequality (121) and Lemma 1, one obtains (94). Theorem 19 is
proved. |

4. Numerical experiments

Let us do a numerical experiment solving nonlinear equation (1) with

3 1 3 X
1
F(u) := B(u) + = := / e ludy + L, F) =2 e C (122)
6 0 6 6
One can check that u(x) = 1 solves the equation F(u) = f . The operator B is compact
in H = L*[0, 1]. The operator u — > is defined on a dense subset D of of L?[0,1],
for example, on D := C[0,1]. If u,v € D, then

1
(0 =V u—v) :/0 (u® —v*)(u —v)dx > 0.

Moreover,
1

] 0 et/lx 2
B
¢ 77:/_00 1+ A2
Therefore, (B(u — v),u —v) >0, s0

(Flu—v),u—v) =20, Yu,v € D.

Note that D does not contain subsets, open in H = I? [0,1], i.e., it does not

contain interior points of H. This is a reflection of the fact that the operator G(u) = “—63
is unbounded on any open subset of H. For example, in any ball |u|| < C, C =

const > 0, where |[u|| := |Jul|;2p0,1], there is an element u such that |[u’| = co. As
such an element one can take, for example, u(x) = cx b, L <pb< % here ¢; > 0
is a constant chosen so that |ju|| < C. The operator u —— F(u) = G(u) + B(u) is
maximal monotone on Dy := {u:u € H, F(u) € H} (see [2, p.102]), so that equation
(7) is uniquely solvable for any fs € H .
The Fréchet derivative of F is:
u’h

F'(u)h = >t /0 e P h(y)dy. (123)
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If u(x) vanishes on a set of positive Lebesgue’s measure, then F’(u) is obviously not
boundedly invertible. If u € C[0, 1] vanishes even at one point xo, then F’(u) is not
boundedly invertible in H .

Let us use the iterative process (88):
Upt1 = Uy — an(F(un) + anu, 7f8)7 (124)
uy = 0.

We stop iterations at n := ng such that the following inequality holds

|F(tng) — f5]] < C8°,  ||Flun) —fs]| = C8°, n<nms, C>1, Ce(0,1).
(125)
Integrals of the form fol e~ n(y)dy in (122) and (123) are computed by using the
trapezoidal rule. The noisy function used in the test is

f5 ()C) :f(.X) + Kfnoise(x)> K > 0.

The noise level § and the relative noise level are determined by

0
6 = K“fnoise”7 (srel = W
In the test, x is computed in such a way that the relative noise level §,.; equals to some
desired value, i.e.,
o o SreleH

anoise || anoise ‘ |

We have used the relative noise level as an input parameter in the test.

The version of DSM, developed in this paper and denoted by DSMS, is compared
with the version of DSM in [3], denoted by DSMN. Indeed, the DSMN is the following
iterative scheme

K =

Upy1l = Up — An_l(F/(un) + ayup _f5)7 Up = U, nz0, (126)

where a, = 1‘% . This iterative scheme is used with a stopping time ns defined by
(91). The existence of this stopping time and the convergence of the method is proved
in [3].

As we have proved, the DSMS converges when a, = ﬁ, b € (0, %}, and ag
is sufficiently large. However, in practice, if we choose a( too large then the method
will use too many iterations before reaching the stopping time ns in (125). This means

that the computation time is large. Since
I1F(Vs) = fsll = a(n)||Vs]],
and [[Vs(ts) — us(t5)|| = O(a(is)), we have
€8 = ||F(us(15)) — fs| ~ alrs).

Thus, we choose
apg = C()Sg, Co > 0.
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The parameter ap used in the DSMN is also chosen by this formula.

In all figures, the x-axis represents the variable x. In all figures, by DSMS we
denote the numerical solutions obtained by the DSMS, by DSMN we denote solutions
by the DSMN and by exact we denote the exact solution.

In experiments, we found that the DSMS works well with ay = Cyd . G €
[0.5,2]. Indeed, in the test the DSMS is implemented with @, := oz, Co = 1
while the DSMN is implemented with @, := CoZp;, Cp = 1. For Cy > 3 the
convergence rate of DSMS is much slower while the DSMN still works well if Cy €
[1,4]. In all experiments, the noise function f,,s is a vector with random entries
normally distributed of mean O and variant 1.

Figure 1 plots the solutions using relative noise levels § = 0.01 and § = 0.001.
The exact solution used in these experiments is ¥ = 1. In the test the DSMS is
implemented with o, = 1, C = 1.01, { =0.99 and &, = 1, Yrn > 0. The number
of iterations of the DSMS for § = 0.01 and 6 = 0.001 were 98 and 99 while the
number of iteration for the DSMN are 10 and 10, respectively. The CPU time for the
DSMS are 0.0139 and 0.0147 second while the CPU time for the DSMN are 0.0153 and
0.0169 corresponding to &,,; = 0.01 and &,,; = 0.001. The number of node points
used in computing integrals in (122) and (123) was N = 100. Figure 1 shows that the
solutions by the DSMN and DSMS are nearly the same in this figure.

3§ =0.01,N=100 § =0.01,N=100
rel rel
1.06
DSMN 1.008 o Exact |
DSMS DSMN
1.04 o  Exact |{ 1.006 DSMS |

1.004

M PO e

TN | il
It

0.994
0.96
0.992
0.94 " " " " 0.99 " " " "
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 1. Plots of solutions obtained by the DSMN and DSMS
when N =100, u=1, x € (0, 1], 8,, = 0.01 (left)
and N=100, u=1, x€[0,1], 8, = 0.001 (right).

Figure 2 presents the numerical results when N = 100 with § = 0.01 u(x) =
sin(27x), x € [0,1] (left) and with § = 0.001, u(x) = sin(zx), x € [0,1] (right).
In these cases, the DSMN took 10 and 12 iterations to give the numerical solutions
while the DSMS took 56 and 67 iterations for 6 = 0.01 and § = 0.001, respectively.
The computation time for the DSMS are 0.0102 and 0.0132 second while those for the
DSMN are 0.0169 and 0.0186 second for 6 = 0.01 and 6 = 0.001, respectively. For
larger number of node points experiments show that the DSMS is much faster than the
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DSMN. Figure 2 show that the numerical results of the DSMS are better than those of
the DSMN.

§ =0.01,N=100 5 _ =0.001,N=100
rel ’ rel

Exact Exact
DSMN DSMN
’ DSMS | | 1 DSMS |1

0.8

0.6

0.4

0.2

-0.2
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X X
Figure 2. Plots of solutions obtained by the DSMN and DSMS

when N =100, u(x) = sin(27mx), x € [0, 1], 8, = 0.01 (left)

and N =100, u(x) = sin(nmx), x € [0,1], 8, = 0.001 (right).

In our experiments, the DSMS requires about the same or less time of computation
than the DSMN. For larger number of node points, we found out that the DSMS runs
faster than the DSMN. Moreover, the DSMS yields numerical results with the same
accuracy as the DSMN does.

All the computations were carried out using MATLAB in double-precision arith-
metic on a PC computer with an Intel Centrino Duo CPU of 1.62 GHz and 3 GB
RAM.

5. Concluding remarks

Numerical experiments agree with the theory that the convergence rate of the
DSMS is slower than that of the DSMN. It is because the rate of decay of the sequence

1 oo i 1 Yoo :
o] }ny is much slower than that of the sequence {1}, . However, since the

cost for one iteration of the DSMS is O(N?), which is much smaller than that of DSMN
(the cost of one iteration of the DSMN is O(N?) ), the DSMS required less time to yield
a numerical result than the DSMN. Here N is the number of the nodal points. Thus,
for large scale problems, the DSMS is an alternative to the DSMN. Also, as is shown in
Figure 2, the DSMS may yield more accurate solutions.

Experiments show that the DSMN still works with a, = (11(;)” for % <b<1. So,
in practice one may use faster decaying sequence a, to reduce the time of computation.

From the numerical results we conclude that the proposed DSM with the dis-
crepancy type stopping rule could be a good alternative for the DSMN for large scale
problems.
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REMARK. After the completion of this work, we saw the paper [1] in which an

iterative process for solving equation (1) with monotone operator is proposed. In [1]
some unnatural assumptions are made. For example, assumption (2.4) in [1] implies
that the growth of the nonlinearity is not faster than linear, assumption (2.5) is not
verifiable practically, in Theorem 2.1 the existence of N(§) is not proved, so the result
is actually not proved. A “generalized discrepancy principle” (2.8) in [1] is therefore
not justified.
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