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TWO-POINT OSCILLATIONS IN SECOND-ORDER
LINEAR DIFFERENTIAL EQUATIONS

MERVAN PASIC AND JAMES S. W. WONG

(communicated by N. Yoshida)

Abstract. A second-order linear differential equation (P): y’ + f(x)y =0, x € I, where I =
(0,1) and f € C(I), is said to be two-point oscillatory on I, if all its nontrivial solutions
y € C(T)NC*(I), oscillate both at x =0 and x = 1, i.e. having sequences of infinite zeros
converging to x =0 and x = 1. It necessarily implies that all solutions y(x) of (P) must satisfy
the Dirichlet boundary conditions and that f(x) must be singular at both end points of T . We
first describe a class of two-point oscillatory equations of (P). Secondly, we prove that (P)
is two-point oscillatory if f(x) satisfies certain Hartman-Wintner type asymptotic conditions.
Furthermore, we study the arclength of the graph G(y) of solutions curve y(x) on I. Two-point
oscillatory equation (P) is said to be two-point rectifiable (unrectifiable) oscillatory if the ar-
clengths of all solutions are finite (infinite). We give conditions on f(x) which imply (P) is
two-point rectifiable (unrectifiable) oscillatory. When (P) is two-point unrectifiable oscillatory,
we determine the fractal dimension of its solution curves for a special class of f(x) similar to
the Euler type equations when f(x) is only singular at one end point of /. Finally, the preceding
results motivate a study on two-sided oscillations of (P) at an interior point of 7 .

1. Introduction

Let 7= (0,1) be the unitintervalin Randlet f € C(I). Let y = y(x) be areal func-
tion defined on the interval I = [0, 1] and smooth enough on 1, thatis, y € C(1)NC?(I).
Let G(y) denote the graph of y(x) defined as usual by G(y) = {(x,y(x)): 0<x< 1} C
R?. A function y(x) is said to be oscillatory (respectively nonoscillatory) on an inter-
val J C R if it has an infinite (respectively a finite) number of zeros on J. A linear
differential equation y” + f(x)y = 0 is said to be oscillatory (respectively nonoscilla-
tory) on J if all its nontrivial solutions are oscillatory (respectively nonoscillatory) on
J. If aninterval J C R is infinite or if J is finite and 0 € J, then the famous Euler linear
differential equation y” + Ax~2y = 0 is oscillatory (respectively nonoscillatory) on J
provided A > 1/4 (respectively A < 1/4), see for instance [22]. This kind of results
was generalized to several class of linear and nonlinear ordinary differential equations
on infinite intervals, with the help of several methods like the Sturm comparison princi-
ple, the transformation to Ricati equation, etc.. See for instance [7], [22], and references
therein.

In the paper, we study the so-called 2-point oscillations of real functions and linear
differential equations on the finite interval 7, introduced in the following way.
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Keywords and phrases: Linear, singular, Dirichlet boundary value problem, oscillations, graph, recti-
fiability, fractal dimension, Minkowski content, chirp-like asymptotic behaviour.
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DEFINITION 1.1. A function y(x) is said to be 2-point oscillatory on the interval
I if:
(i) for any closed interval J C 1, 0 ¢ J and 1 ¢ J, y(x) is nonoscillatory on J,
(ii) there is a decreasing sequence a; € I and an increasing sequence by € I of consec-
utive zeros of y(x) such that a; \, 0 and b 1.

Let T >0 and let W = W(¢) be a T -periodic and smooth real function with
W(ty) = 0 for some 7p € R. As a basic class of 2-point oscillatory functions on 1
can be taken y(x) = p(x)W(gq(x)), where p,q € C*(I), |p(x)] >0 in I, p(0+) =
p(1—) =0, and |g(0+)| = |g(1—)| = =. For instance, for &« >0, § >0, p >0,
and W (r) = sint or W (z) = cost, the functions y(x) = (x — x?)*W((x —x*>)~#) and
y(x) = [xIn(1/x)]*W(pInIn(1/x)) are 2-point oscillatory on I.

Using the proto-type of 2-point oscillatory functions introduced above, we can
consider 2-point oscillations in second-order linear differential equations on the finite
interval [.

DEFINITION 1.2. A linear differential equation y” + f(x)y = 0 is said to be 2-
point oscillatory on [ if all its non-trivial solutions y(x) are 2-point oscillatory on 1.

The condition (ii) from Definition 1.1 necessarily implies that all solutions y(x)
of a 2-point oscillatory linear differential equation y” + f(x)y = 0 on [ satisfy the
Dirichlet boundary conditions on 7, and hence, we can always to assume y(0) = y(1) =
0. As the pre-model-equation for 2-point oscillations on 7, we consider the so-called
Riemann-Weber version of the Euler differential equation,

1 /1 A
Z

=|-+—=)y=0, el, 1
Y +)c2(4+|1nx\2)y * 1
where A > 1/4. This equation plays an important role in the theory of nonlinear os-
cillations of Euler type equations: see for instance Sugie and Hara [20], Sugie and
Kita [21], and Wong [24]. The general solution of (1) is explicitly given by y(x) =
c1y1(x) + cay2(x), where

y1(x) = [xIn(1/x)]"/%cos(pInIn(1/x)), y2(x) = [xIn(1/x)]'/?sin(p InIn(1/x)),

and p = (A —1/4)'/2. Obviously, the functions y; (x) and y,(x) are 2-point oscillatory
on I, and hence, the equation (1) is 2-point oscillatory on I. Moreover, in Section
2 below, we will present a more systematic way to establish 2-point oscillations of
(1). We shall also discuss other model-equations for 2-point oscillations with f(x)
involving polynomial or exponential functions which are singular at both end points
of I.

In the sequel, some essential results on 2-point oscillations on I will be proved by
using the following 2-point version of well known Sturm comparison principle.

LEMMA 1.3. Let f,g € C(I) and let equation y" + f(x)y = 0 be 2-point oscil-
latory on I. If f(x) < g(x) near x =0 and x = 1, then equation y" + g(x)y =0 is
2-point oscillatory on I too.
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Now, by means of Lemma 1.3 we can obtain a large class of second-order linear
differential equations which are 2-point oscillatory on /.

THEOREM 1.4. Let A > 1/4 and let f € C(I) such that
1 /1 A
f(x));(z W) near x=0 and x=1. (2)

Then equation y' + f(x)y =0 is 2-point oscillatory on I.

In view of Theorem 1.4, it is natural to seek conditions on f(x) for 2-point oscil-
lations of equation y” + f(x)y =0 on I when (2) is not satisfied.

THEOREM 1.5. Let f € C(I) such that

) < =

1
\@(1+W) near x=0 and x=1. 3)

Then equation y" + f(x)y =0 is not 2-point oscillatory on I.

The proof of Theorem 1.5 follows also from Sturm comparison theorem and the
fact that equation (1) is nonoscillatory for A = 1/4. It is because the general solution
y(x) = c1y1(x) + c2y2(x) of equation (1) for A = 1/4 is determined by the functions
yi(x) =x /2In(1/x) and y;(x) = x~'/?In(1/x)InIn(1/x) which are nonoscillatory at
x=0and x=1, even y;(0) =y2(0) =y (1) =y2(1) =0.

There are many classes of linear differential equations which are not 2 -point oscil-
latory on the interval I. Therefore, it is helpful to have a necessary condition for 2-point
oscillations of a linear differential equation on I, which again follows from the Sturm’s
comparison principle.

THEOREM 1.6. Let f € C(I) and let equation y" + f(x)y = 0 be 2-point oscilla-
tory on the interval 1. Then |f(0+)]| = |f(1=)| = +oo.

Consequently, the Euler linear differential equation y” +Ax~2y =0, A > 1/4, as
well as its generalization, y”’ +Ax~%y =0, x € I, where A >0 and « > 2, are not
2-point oscillatory on . Also, the so called chirp-equation y” 4+ x~2 (62x’25 +(1—
52)/4)y = 0 as well as the equation y” +x~* (62/ *—1/4)y =0 with exponential term
in its coefficient, are also not 2-point oscillatory on /. These kinds of equations have
been recently studied in [12], [13], [14], and [25].

In Section 2, we present a method by which the functions y;(x) = p(x)cosg(x)
and y;(x) = p(x)sing(x) via general solution formula y(x) = c1y;(x) + c2y2(x) pro-
duce an important class of 2-point oscillatory equations y” + f(x)y =0 on I, where
f(x) is explicitly expressed in terms of given functions p(x) and g(x). In Section
3, in a more general setting, we explore some asymptotic conditions of Hartman-
Wintner type on the coefficient f(x) such that a second-order linear differential equa-
tion y” + f(x)y = 0 is 2-point oscillatory on I. As a consequence of these results, we
prove that equation

c(x)

y”+my=0, xel, 4)
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is 2-point oscillatory on I if o > 2, where ¢(x) is a smooth and positive function on
I . Hence, besides equation (1), the equation (4) is also a model-equation for 2-point
oscillations on the interval /.

The geometric structure of all solutions of equation (4) is rather rich. More pre-
cisely, since the arc-length of the graph G(y) = {(x,y(x)) : 0 < x < 1} of a 2-point
oscillatory function y(x) on I may be finite, infinite or of fractal type, the so-called
2-point rectifiable, unrectifiable, and fractal oscillations of y(x) on I are introduced
and studied respectively in Section 4, Section 5, and Section 6. As a consequence of
these results, we observe that such three kinds of 2-point oscillations of equation (4)
depend only on parameter o in this way: equation (4) is 2-point rectifiable oscillatory
on [ if o € (2,4), 2-point unrectifiable oscillatory on I if 6 > 4, and 2-point fractal
oscillatory on I if ¢ > 4. Since equation (1) is only 2-point rectifiable oscillatory
on I, the equation (4) will be taken as a principal model-equation for all remaining
discussion in the paper.

According to the above results, in Section 8 we propose a study on the oscillations
of equation (P): y” + f(x)y = O near an interior point xo of I, where xq is a singular
point of f(x). Analogously to 2-point oscillations, it provides corresponding results
on the so-called 2-sided rectifiable, unrectifiable, and fractal oscillations of equation
(P) at xg.

When equation (4) is fractal oscillatory, we determine the box dimension of its
solution curves to be 3/2 —2/0, similar to the simpler case of equation (P) of Euler
type, see [13]. By box dimension, we refer to Minkowski-Bouligand dimension see
[6] and [11]. Fractal oscillations have been recently studied in nonlinear equations: in
half-linear equation — see [15], in Liénard equation — see [16], and Emden-Fowler
equation — see [26], [27]. Geometric measure theory has been successfully applied to
prove smoothness of weak solutions of Navier-Stokes equations see [3], [9], and [19].

2. Existence of a class of 2-point oscillatory equations on /

In this section, we give the existence of a large class of second-order linear differ-
ential equations which are 2-point oscillatory on the interval I and which contain, as a
particular case, our pre-model-equation (1). That class of equations will be determined
by a given real function ¢ = ¢g(x) which satisfies the following structural conditions:

g€ C(), 5)
g(0+)] = [g(1=)] = +o and |¢'(0+)] = |¢'(1=)| = +ee, (6)
q'(x) <0 forall x eI and S(q') € C(I). (7)

Here S(q')(x) denotes as usual the Schwarzian derivative of g(x) defined by

St = LW TP o

T d) 2ld

We mention that in the theory of chaos, the Schwarzian derivative S(g')(x) plays an

important role to determine the chaotic behaviour of a discrete iteration equation x,, 1 =
q(x,) when n — oo, see for instance [2] and [18].
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With the help of the general solution y(x) = c1y;(x) + c2y2(x) which is explicitly
given in terms of the function g(x) by the formula:

Vi(x) = ¢/ (x)] 2 cosq(x) and y2(x) = |¢'(x)|"? sing(x), )

one can form the following class of second-order linear differential equations on /:

1
Y+ 58+ (@) (0)]y=0, xel. ©)
In the first main result of this section, the structural conditions (5), (6), and (7) ensure
the existence of 2-point oscillations of equation (9).

THEOREM 2.1. Let g(x) satisfy the conditions (5), (6), and (7). Then equation
(9) is 2-point oscillatory on 1.

In order to prove this theorem, it is enough to show that (8) is the general solution
of (9) and that the conditions (5), (6), and (7) imply 2-point oscillations of general
solution (8). It is an elementary procedure and we leave it to the reader.

We are able now to verify 2-point oscillations in equation (1) in a different way
than in Section 1, by showing that (1) is a particular case of equation (9) where the
corresponding function g(x) satisfies the conditions (5), (6), and (7).

EXAMPLE 2.2. Let g(x) = pInIn(1/x) and p = (A —1/4)'/2. Itis easy to check
that for all x €I, ¢'(x) = —p/[xIn(1/x)] < 0 and ¢’ € C*(I), which implies that g(x)
satisfies the conditions (5) and (6). Also,

n*(1/x
S(q’)(x)*1+l (1/x) 1(1 A ):1

= €C(l) and —(-+—)==5(")x) +(q)* ).
s SC0 w4 (3 ) = 350 @
It shows that g(x) satisfies the condition (7) and that equation (1) is a particular case
of (9). Hence by Theorem 2.1, the equation (1) is 2-point oscillatory on 7. [J

The condition (7) implies the existence and continuity of f(x) = 15(¢')(x) +

(¢'(x))?. In the following example we give a very simple function g(x) which satisfies
the conditions (5) and (6) but does not satisfy the condition (7), and so f ¢ C(I).

EXAMPLE 2.3. Let ¢(x) = 1/(x—x?). Since ¢'(x) = (2x—1)/(x—x?)? and ¢’ €
C2(I), it is clear that g(x) satisfies the conditions (5) and (6). Also, since ¢'(1/2) =0
and S(q')(x) = —6/(1 — 2x)?, we have obviously that S(q’) is singular at x = 1/2 and
thus the condition (7) is not satisfied. O

An example for the function g(x) which satisfies the conditions (5), (6), and (7),
is the following.

EXAMPLE 2.4. Let g(x) = (1 —2x)/(x—x?)#, B > 0. Then g € C3(I) and:

/ X , Ps(x,
q(x):fL<0 and S(q)(x)—%’

(xfxz)ﬁ“ (10)
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where Q(x) =2(28 — 1)x*> —=2(2B — 1)x+ B and Ps(x,B) is a polynomial function
in variables x and B of the 6" degree. Therefore, the function g(x) satisfies the
conditions (5), (6), and (7), and for such a choice of g(x), equation (9) is 2-point
oscillatory on I by Theorem 2.1. For all § > 0, we have

0 < min{B,1/4} < Q(x) < max{f,1/4} forall x& I (11)

and Q(x) is decreasing near x = 0 and increasing near x =1 when 8 > 1/2. We
therefore have the following estimates for |¢/(x)|~! which will be frequently used in
Section 5 and Section 6 below:

12)

c1(x =3P g ()| < ea(x —x2)PF forall x € I and B > 0,

|¢'(x)| 7! is increasing near x = 0 and decreasing near x = 1, if § > 1/2,
where cy,c, are positive constants. Next, we obviously have S(¢’)(x) +2(¢")?(x) =
Ps(x, B)(x —x*) 72072 (x) + 20 (x)(x — x*)"2=2_ Since for all B > 0 the functions
Ps(x,B) and Q(x) are bounded on I from below and above, from previous equality
easily follows

1
[ES(q')(x) +(¢)*(x)] ~ (x—x*)"2 pearx=0and x=1. O (13)

Next, by using the Sturm’s comparison principle, Theorem 2.1 can be extended to
a general class of linear differential equations.

THEOREM 2.5. Let f € C(I) and let there be a real function q(x) satisfying (5),
(6), and (7) such that

f(x) > 18(¢)(x) + (¢')*(x) near x=0 and x = 1.
Then equation y' + f(x)y =0 is 2-point oscillatory on I.

As a consequence of Theorem 2.5, besides equation (9), one can explore some addi-
tional class of model-equations which are 2-point oscillatory on /. It is equation (4).
With the help of Example 2.4, one can find a function ¢(x) for which equation (4)
equals to equation (9), where g(x) = (1 —2x)/(x—x2)#, B >0,and 6 =2B+2. In
general, since the coefficient ¢(x) from (4) is an arbitrarily given positive continuous
function on 7, it would be difficult to find a suitable g(x) so that equation (9) becomes

(4).
COROLLARY 2.6. If 0 > 2, then equation (4) is 2-point oscillatory on 1.

Proof. Let g(x) be a function defined by g(x) = c(x)/(x—x*)7, x € I. Since c(x) is
a positive agd continuous function on I, there is a constant m > 0 such that m < c(x)
forall x € I, and so, since o > 2 there is a f; > 0 such that 23, +2 < o and

m c(x)
(X*X2)2ﬁ1+2 X ()C—)CZ)G :g(x)7 xel (14)



TWO-POINT OSCILLATIONS IN SECOND-ORDER LINEAR DIFFERENTIAL EQUATIONS 91

Next, for g(x) = (1 —2x)/(x—x%)P, x €1, and for any B > 0 such that 8 < f;, let
f(x) be a function defined by f(x) = [35(¢')(x) + (¢')*(x)], x € I. From Example 2.4
we know that f(x) is a continuous function on I and that equation y” + f(x)y = 0 is
2-point oscillatory on 7. By (13) and (14), near x =0 and x = 1, we have:

f@zbﬂww+WWw<@igmﬁ<@7gmﬂ<an

Hence, by using Lemma 1.3 we conclude that equation (4) is 2-point oscillatory on 1.
0

Now, we present a particular case of equation (9), where the singular term is of
exponential type.

EXAMPLE 2.7. Let c(x) be a continuous function on I such that ¢(x) > 1 for all
x € I. We consider the equation

y”(x)Jrc(x)eﬁy(x) =0,x€el. (15)

This equation is a particular case of (9) when g(x) = (1 —2x)e!/ (=) xel. Also, it
can be shown that for such a choice of g(x), all conditions of Theorem 2.5 are satisfied
and hence, the equation (15) is 2-point oscillatory on I. Indeed, ¢ € C3(I) and

[0 = et 5o 3 ot T
X) =clx)ex—~x e X—x @ xX—x =
ST )

> % B %S@l’)(x) +(4)? ),

where Q(x) is a continuous function on I such that

1

00 = e a7 2)]

e Pig(x) + Q16(v)],

and Pjg(x) and Qj6(x) are two suitable polynomial functions. Also,

(1—2x)% +2x%(1 —x)?

_1_
q(x)=— =) ex—? < 0.0

3. Hartman-Wintner type asymptotic conditions

The equations (1), (4), and (9) have been proposed in the previous sections as
the model-equations for 2-point oscillations on the interval /. It has been based on
Theorem 2.1 and Theorem 2.5. In this section, we study 2-point oscillations on [ in
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the case of second-order linear differential equations in a general form y” + f(x)y =0,
where the coefficient f(x) satisfies the Hartman-Wintner asymptotic condition on I:

FA e L. (16)

The main properties for such a class of functions f(x) satisfying (16) are the non-
integrability of f!/2(x) on I and the regular asymptotic behaviour of f~3/(x)f’(x)
near x =0 and x =1 as follows.

LEMMA 3.1. Let f € C2(I), f(x) >0 on I, f(0+) = f(1—) = oo, and let f(x)
satisfy the Hartman-Wintner condition (16). Then we have:

/2 1
[ wa= [ =, an
0 1/2
and
3 3
Jim f72f7 () = lim f72f(x) = 0. (18)

Proof. In order to prove (17), it is enough to use the following technical result, which
will be proved in Appendix of the paper.

PROPOSITION 3.2. Let F = F(x) be a real function such that F € C*(I), F(x) >
Oonl, and F(0)=F(1)=0. IfA> 1 and FA'F" € L'(I), then F~4 ¢ L'(0,}),
FA¢LY(3,1), and lim,_o FA'F'(x) = lim,_; FA~'F/(x) = 0.

Now, the desired properties (17) and (18) easily follow from Proposition 3.2 by
putting F(x) = f~1/4(x). O

Now, we are able to state the main result of this section, which generalizes results
obtained in previous sections.

THEOREM 3.3. Let f € C*(I), f(x) >0on I, f(0+)=f(1—) =0, andlet f(x)
satisfy the Hartman-Wintner condition (16). Then equation y" + f(x)y =0 is 2-point
oscillatory on 1.

Proof. Using Liouville transformation u(s) = y(x)f 3 (x) and s = fxl/ 2f3 (€)dE, we
transform equation y” + f(x)y = 0 on (0,1/2] to the equation
ii(s) + (1+ ¢ (s))u(s) =0, s 2 0, 19)

where ”dot” denotes differentiation with respect to s and

5 / L 1/
005) = 1/ f* =7/ €Ll 0),

Applying Hartman-Wintner theorem (see Hartman [7, Corollary 8.1, p. 371]) to equa-
tion (19), we obtain

1/2 1/2

yx) = i) [ercos( [ fIE)AE) +easin( [ FE(E)AE)+o(1)]  (20)

X X
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and

1

2 2 4
V09 = @ ercos( [ H)ae)—ersin [ @) o] @D

near x = 0. Similarly, we use s = flx/zf% (€)dé& in the above to obtain equation (19)
and

s = acos([ @) vesing [ 1@ o] @2

and
1

Y =rtwlecos([ rH(&)ae)—crsin( [ g ro)] @3

near x = 1. Now, since f(0+) = f(1—) =0, s0 by (17), (20), and (22), we deduce
that y” + f(x)y =0 is 2-point oscillatory on I, which proves the theorem. [J

With the help of Theorem 3.3, one can establish 2-point oscillations of equation
(4) in a different way than the one presented in Corollary 2.6.

EXAMPLE 3.4. Let c(x) be a continuous and smooth function on I such that
c(x) >0 forall xe I and let o > 2. It is easy to check that the function f(x) =
c(x)/(x—x%)° satisfies: f € C3(I), f(x) >0on I, f(0+) = f(1—) =0, and
FRE =02 E e L),

where Q(x) is a smooth and bounded function on I, that is,

"(x) 5¢%(x)
4c3/2(x)  16¢5/2(x)

1—2x)c'(x) o}
8c3/2(x) - 2c1/4(x)

00) = — (x—2) |- ) % ]

o(o—1/4)(1 —2x)?

4cl/4(x) '
Now, by the use of Theorem 3.3, we can conclude once again that equation (4) is
2-point oscillatory on /. [

+

Now, we are able to derive some important consequences of the asymptotic formu-
las (20), (21), (22), and (23), which will be frequently used in the following sections.
The first one is about the a priori estimates of y(x) near x =0 and x = 1 and the sec-
ond one is about the stationary points of y(x), where y(x) is a solution of equation

V' + f(x)y=0.

COROLLARY 3.5. Let f € CX(I), f(x) >0 on 1, f(0+)= f(1—) =0, and let
Sf(x) satisfy the Hartman-Wintner condition (16). Then for all solutions y(x) of equa-
tion y' + f(x)y = 0 we have:

[y(x)] < cffi(x) and [y (x)| < cf%(x) near x=0 and x = 1. (24)
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Furthermore, let s,1; € I be two sequences of consecutive zeros of y'(x) such that
st \ 0 and t;, /' 1. Then there are two constants co > and ¢y > 0 and a ko € N such
that for all k > ko there hold true:

V(se)l = cof 4 (s) and |y(te)] = cof ~* (1), (25)
and N N

Y pEae <omand [ FEE)E <em. 26)

Sk+1 73

Proof. It is clear that the desired statement (24) immediately follows from (20), (21),
(22), and (23). Next, we can rewrite (20), (21) as follows (see Hartman [7, p. 371]):

1 1/2 1
y(@) =Af H@eos ([ rHEME+B+o(D), @)
and
1 1/2 1
Y0 =—Artsin([ 7} E)ag+B+o(L) (8)
near x = 0. So, for x = s; where y'(s;) =0 and lim;_... s = 0, we obtain from (28)
/2
[2(8)dS+B+o(1) =n(k)r, (29)

J Sk

where n(k) is an integer which increases by 1 as k is increased by 1. Using (29) in

(27) we obtain |y(sg)| > cof’% (sx), k = ko, where ¢ is any positive constant less than
|A| for sufficiently large k. A similar argument applies to the sequence f; € I, where
¥ (1) =0 and limy_..#y = 1. This proves (25). Next, from (29), we deduce that

1/2

FHE)dE +o(1) =,

Sk

so for k > ko, ko sufficiently large, we have (26), where c¢; is any real number greater
than 1. Likewise, a similar argument applies to the sequence f; € [ in (26). O

REMARK 3.6. Let S(f) denote the Schwarzian derivative of fxl/ 2r 3 (E)dE or
Ji2 3 (E)dE , which is defined by

S0 3

f) 28 f(x)

In equation (9), let f(x) = ¢"*(x) where g(x) satisfies (5), (6), and (7). Note that
feC¥I), f(x)>0,and

S(f)(x) ]’ xel

280 = 58U HE) = AW W) (30)
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Using Liouville transformation u(s) :y(x)f% (x) and s= fxl/zf% (E)dE or s= ff‘/zf% (&)dé
and the identity (30), we can transform equation (9) to i(s)+u(s) = 0. Condition (6)
implies that f(0+) = f(1—) = oo, s0 y(x) = u(s)f’gi(x) shows that equation (9) is
2-point oscillatory on /.

On the other hand, we can write equation y” + f(x)y = 0 as a perturbation of
equation (9) as below:

1

Y0+ (5500 + £2) - 38R )]0 =0. (31

Observe that Liouville transformation now transforms (31) into éi(s)+ (1+ ¢ (s))u(s) =

0, where
1

C2f(x)
By Hartman-Wintner Theorem (see Hartman [7, Corollary 8.1]), ¥’ (x) + f(x)y(x) =
0 is 2-point oscillatory if ¢ € L![0,e0) which is equivalent to the Hartman-Wintner
condition f -4 (f ’%)” € L'(I). This provides an alternative proof of Theorem 3.3. [J

3 1

S(FH) = F (1 ()"

—9(s)

4. Two-point rectifiable oscillations

The problem of oscillations of any real continuous function y(x) mostly consid-
ered on an infinite interval (xo,), and so the graph G(y) as a curve in R? posses the
infinite length. However, in some recent papers [8], [12], [14], [13], and [25], the oscil-
lations of all solutions y(x) of the second order differential equations y” + f(x)y =0 is
studied on a finite interval, where the problem of finiteness or infiniteness of the graph
G(y) was naturally arises. The length of the graph G(y) is determined as usually by,

length(G(y)) = sup 3" [|5:9(6)) — (11,31 )] 2
i=1

where the supremum is taken over all partitions 0 =79 <t <... <t =1 of the interval
I and || ||2 denotes the norm in R?. Tt is known that the graph G(y) is said to be
rectifiable curve in R? provided length(G(y)) < e. Otherwise, G(y) is said to be
unrectifiable curve in R2. See for instance [6, Chapter 5.2].

DEFINITION 4.1. A 2-point oscillatory function y(x) on [ is said to be 2-point
rectifiable oscillatory on I, if its graph G(y) is a rectifiable curve in R?. The equation
¥+ f(x)y = 0 is said to be 2-point rectifiable oscillatory on I, if all its non-trivial
solutions are 2 -point rectifiable oscillatory on 1.

In this section, we study 2 -point rectifiable oscillations of equation (9) and some
other model-equations on /. Under the assumption of Hartman-Wintner condition
(16), we prove an integral criterion for 2-point rectifiable oscillations of equation
y'+ f(x)y=0o0nI.
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THEOREM 4.2. Let g(x) satisfy (5), (6), and (7). If

_3 1
(I4'1721q"|+14'2) € L'(D), (32)
then equation (9) is 2-point rectifiable oscillatory on I.

Proof. The proof is based on the following elementary geometric fact, see for instance
[5, Theorem 1, p.217].

LEMMA 4.3. The graph G(y) is a rectifiable curve in R?, if and only if, y' €
LY(I).

Now, let y(x) be a solution of equation (9). By (8), we have that

_3 1
Y @I < ey @)+ ez ()] < e(lg' )] 21" ()] + |g'(x)[2)-
By (32), we have y' € L!(I), which together with Lemma 4.3 proves Theorem 4.2. [J

EXAMPLE 4.4. The equation (1) is 2-point rectifiable oscillatory on /. From
Example 2.2 we know that equation (1) is 2-point oscillatory on I and that the function
q(x) =plInin(1/x), p = (A — 1/4)!/2, satisfies the conditions (5), (6), and (7). Also,

4012 q" () + 14 ()|* = T3(In(1/x) = 1=p) e L'(1).

1
[eIn(1/x)]
Now, by Theorem 4.2 we observe that (1) is 2-point rectifiable oscillatory on 1. OJ

Next, we give a simple example for the function g(x) which satisfies the conditions
(5), (6), and (7), but does not satisfy the condition (32).

EXAMPLE 4.5. Let g(x) = (1—2x)/(x—x?). By Example 2.4 we know that such
defined ¢g(x) satisfies (5), (6), and (7). However, the function g(x) does not satisfy
the condition (32) since

21 —2x|(R2 —x+1) (22 —2x+1)3/?

= LY(D).
(2x2 = 2x+1)3/2 * x—x2 FLW)

Bl

1 )72 1q" (x)| + ¢ ()]

This gives a sub-class of equation (9) which are not 2-point rectifiable oscillatory on
I. In Section 5, we shall give a condition to g(x) which ensures that equation (9) is
2-point unrectifiable oscillatory on I (see Theorem 5.2). J

The most simple case for the function g(x) satisfying the conditions (5), (6), (7),
and (32) is the following.

EXAMPLE 4.6. Let 0 < 8 < 1 and let g(x) = (1 —2x)/(x —x*)P, x € I. By
Example 2.4 we know that such a class of functions g(x) satisfies (5), (6), and (7).
Moreover, since 0 < 8 < 1 we have

B-1

3 1 B+l
14" (02 1q" )|+ g ®)]? Selx—x)7 +e(x—x)" 7

e L'(1),

which shows that g(x) satisfies the condition (32). OJ
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THEOREM 4.7. Let f € C*(I), f(x) >0 on I, f(0+) = f(1—) =0, and let f(x)
satisfy the Hartman-Wintner condition (16). If

frertu), (33)
then equation y" + f(x)y = 0 is 2-point rectifiable oscillatory on I.

Proof. Let y(x) be a solution of equation y” + f(x)y = 0. According to Theorem 3.3
we know that y(x) is 2-point oscillatory on I. From (24) and (33) we conclude that
y' € L'(I) which by Lemma 4.3 proves that G(y) is a rectifiable curve in R?. Hence,
y(x) is 2-point rectifiable oscillatory on 1. [J

As the main consequence of Theorem 4.7, we establish 2 -point rectifiable oscilla-
tions on I of our principal model-equation (4).

COROLLARY 4.8. If 0 € (2,4), then equation (4) is 2-point rectifiable oscilla-
toryon I.

Proof. From f(x) = c(x)/(x—x*)°, x € I, follows f1/*(x) = c'/*/(x—x2)°/* € L'(I)
provided o € (2,4), which together by Example 3.4 implies that f(x) satisfies all
assumptions of Theorem 4.7. Hence, equation (4) is 2-point rectifiable oscillatory on
1.0

5. Two-point unrectifiable oscillations

In this section, we study 2-point unrectifiable oscillations of second-order linear
differential equations on the interval /. In Example 4.5, we show that such a kind of
2-point oscillations is very possible.

DEFINITION 5.1. A 2-point oscillatory function y(x) on I is said to be 2-point
unrectifiable oscillatory on I, if its graph G(y) is an unrectifiable curve in R?. The
equation y” + f(x)y = 0 is said to be 2-point unrectifiable oscillatory on I, if all its
non-trivial solutions are 2 -point unrectifiable oscillatory on 1.

At first we give a sufficient condition on the function g(x) such that equation
(9) is 2-point unrectifiable oscillatory on /. It completes preceding Theorem 2.1 and
Theorem 4.2 about 2-point oscillations of equation (9) on the interval /.

THEOREM 5.2. Let g(x) satisfy the conditions (5), (6), and (7). We suppose
that |q'(x)|~! is increasing near x = 0 and decreasing near x = 1. If the series,

Z\q (k)| "2 or z|q (—km))| 2 (34)

are divergent, then the equation (9) is 2-point unrectifiable oscillatory on I.

In order to prove Theorem 5.2, we need the following elementary fact.
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LEMMA 5.3. Let s €I and t; € I be two sequences of consecutive zeros of y' (x)
such that sp \, 0 and t, /1. If Yi|y(sk)| or Yi|y(t)| is divergent, then the graph
G(y) is an unrectifiable curve in R*.

For the proofs of this lemma, we refer reader to [12, Proposition 4.2].

Proof of Theorem 5.2. Let y(x) be a solution of equation (9). According to (5),
(6), (7), and Theorem 2.1, we know that y(x) is 2-point oscillatory on /. By means of
general solution (8), we derive two cases: either y(x) = cpy2(x) or y(x) and y;(x) are
linearly independent, where y,(x) = |¢(x)|~/?sing(x). Suppose that y(x) = c2y2(x),
ay=q '(kn), by =q " (—kr), sy =q '(n/2+kn),and t = ¢~ ' (-7 /2 — k). Since
q(x) is decreasing, we have that y(ay) =y(by) =0, s € (ak+1,ak), 1 € (b, brr1), and

ZIy t(k+1/2)m \—\CzIZIyz Tkt 1/2)m))]
\CzIZICI “HEk+1/2)m)]
\CzIZICI +(k+ 1)m))[”

Nh—

l\)l—

This together with (34) imply that Y [y(sg)| or Y |v(%)| is divergent. Hence by
Lemma 5.3, y(x) = c2y2(x) is 2-point unrectifiable oscillatory on .

In the second case when y(x) and y;(x) are two linearly independent solutions of
equation (9), by Theorem 2.1, there are a; and by € I, two sequences of consecutive
zeros of y(x) such that gy is decreasing and a; \, 0, and by, is increasing and by " 1.
Let sz = g~ ! (kn) and #; = ¢~ '(—km) be two sequences of consecutive zeros of y;(x).
By Sturm comparison principle and since y(x) and y,(x) are linearly independent, we
know that there is ko € N such that s; € (ag—g,+1,ak—r,) and # € (bg_g,,bx—gy+1) for
all k > ko. Obviously, y»(¢!(+km)) =0 and |y,(g~(Lkn))| = \q'(q’l(:lzkn))\%
Since the Wronskian |W (y2,y)(x)| = ¢ > 0 for each x € I, it implies that

0.<c=|W(y,y) (g (£km)| = yalg " (Hhm))y(g " (+km))]
— |¢/ (¢ (k) |} [y(g™" (k)] for k > ko. (35)
From (35) follows

1

2 y(q ! (k) |—6’2|61 H(Ekm)) 2.
k
Now, the assumption (34) implies that either one of the sequences > |y(s¢)| and
Y« |v(#)| is divergent. Hence from Lemma 5.3 follows that y(x) is 2-point unrecti-
fiable oscillatory on 7. [

EXAMPLE 5.4. Let g(x) = (1—2x)/(x—x?)B, x €I, where B > 1. By Example
2.4, we know that g(x) satisfies (5), (6), and (7). Also, from (12) we have that

B+1
1—2x|\ 28
\q'(x)|*% Qc(xfxz)ﬁ%l >C(||q(x))|c) forall x € 1. (36)
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Since sy = g~ !(7/2+km) tends to 0 and # = g~ !(—m/2 — kn) tends to 1, from
equalities g(sy) = /2 £ km, g(ty) = tkm, and (36) with x = dj, where dy = sy or
dy =1, and k is sufficiently large, together yield:

|1 —2dy BEI 1 5731
2, 2,
"(d >c (71() >c <—> .

Since f > 1, it implies that series Y |¢’ (dk)|’% is divergent, so by (34) and Theorem
5.2, equation (9) is 2-point unrectifiable oscillatory on 7. [J

NI'—‘

THEOREM 5.5. Let f € C*(I), f(x) >0 on I, f(0+)= f(1—) =0, and let f(x)
satisfy the Hartman-Wintner condition (16). If

FieL, (37)
then equation y" + f(x)y = 0 is 2-point unrectifiable oscillatory on I.

Proof. The main idea is taken from a proof of unrectifiable oscillations of p -
Laplacian equation, see [15, Theorem 3.2]. Let y(x) be a solution of equation y” +
f(x)y=0. Let s, €I be two sequences of consecutive zeros of y'(x) such that
St \, 0 and # " 1 when k goes to infinity. Let ¢(x) and w(x) be two functions
defined on (0, 3] and [3, 1) respectively by

1/2 It 1 X 1
(p(X): fz(g)d57x€(0a_]a and W(X): fz(g)d57x€[_71)'
X 2 1/2 2
Itis clear that ¢(x) is decreasing on (0, 5] and y(x) is increasing on [4,1). Also, from

(17) follows that lim, o4 @(x) = lim,_,;— y(x) =eo. Therefore, there exist the inverse
functions @ ~!(¢) and y~'(¢), and two sequences S; and T} such that s = @' (S})
and 1, = y~!(T;) respectively. Let ko be a sufficiently large natural number. In order
to show that G(y) is an unrectifiable curve in R?, by Lemma 5.3 it is enough to show

that at least one of 3 [y(¢~(Si))| and X |y(w ' (T;))| is divergent. Let F(x) = £~ (x)
and let oy € [Sk,Sk+1] and 7 € [T, Ti11] be two sequences of real numbers defined by

F(o~'(ox)) =l€[g:%fmF(co’ (t)) and F(y () —ZG[I;;%H]F(W”(&)-

We claim that
F(o7"(S1) = 3F (9 ' (or)) and F(y ' (Ti)) > 3F(w ' (w)). k>ko.  (38)
Indeed, for k > ko, by Lagrange mean-value theorem we obviously have:

F(p~!(0r) —maxiers, s, 1 |G [F (@~ (0))]]|Sk — ol
F

>
F(y~'(To) = F(y~" () = max,eqg; g, | 4 [F (™ O)]] T — .
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Hence, with the help of (26) we have |Sy — Siy1]| < c17 and |T; — Try1| < 17T, and so,

{ F(o~'(S1) = Fo" (or)) — crmmaxies, s, 1 | [F (97" (1))]]

(39
F(y~'(To) = F(y~ " (w)) — commaxiepr 1 | g [Fw ™ (O)]]-

From (18) we also have \f’%(x)f’(x)| < 1/(cym) near x =0 and x = 1. Since
¢’ (x)] = |y (x)| = £ (x), it implies that

Ao LI
FFoT Ol =y = 1
— I WIFe @) < = F o7 0)

Putting the above inequality into (39) we obtain the desired statement (38). Next,
since F(x) = f~'/4(x), the statement (25) can be rewritten in the form:

(@~ (S)) = coF (071 (Sk)) and |y(w™ (k)| = coF (w ' (T)).  (40)
Now, from (38) and (40) we observe that:

Z\YSH—Z\Y Sl =co Y, Flo™!

k=ko
36‘0 ,1 3CO 1
P PR
ZK( ZK(
3¢ 1 Skt 1
=0y [ (e (o)ar

4 ISk — Sk+1| Js,

3¢ Sert 1 (e B -
>3 0 i (0))dt = c3 lim f (@ (1))dr
C|T k=ko Sk Sk
. ¢71<Sk0) 1 , . I(Sk0> 1 1
= —c3lim f7(x)@ (x)dx =c3 lim 3 (x)f2 (x)dx
e—0.J¢ e—0J¢
. '¢71(Sk0> 1
=3 lim S4(x)dx, 41)
e—0J¢

where ¢3 = 3co/(4c¢i ). Analogously, we obtain for the sequence #; that
1—¢ 1
Y ly(t)| = c3lim / f3(x)dx. (42)
k =0y~ 1(T,)

Since by (37) we have that f'/4 ¢ L'(I) and so, from (41) and (42), we have that at
least one of ¥ |[y(sx)| and Xy [y(#)]| is divergent. Hence by Lemma 5.3 the graph G(y)
is an unrectifiable curve in R?, which together by Theorem 3.3 implies that equation
¥y’ + f(x)y = 0 is 2-point unrectifiable oscillatory on I. [J

As a consequence of Theorem 5.5 we establish 2-point unrectifiable oscillation on
I of equation (4) as follows.



TWO-POINT OSCILLATIONS IN SECOND-ORDER LINEAR DIFFERENTIAL EQUATIONS 101

COROLLARY 5.6. If 0 >4, then equation (4) is 2-point unrectifiable oscillatory
onl.

Proof. Let f(x) = c(x)/(x—x%)°, x € 1. Since & >4, we have

1/4
14y _ € (x) 1
f (‘x) (x_x2)6/4 ¢L (1)7
which together by Example 3.4 implies that the function f(x) satisfies all assumptions
of Theorem 5.5. Hence, equation (4) is 2-point unrectifiable oscillatory on 7. [J

6. Two-point fractal oscillations of equation (4)

In the next two sections, we discuss 2-point oscillations of a function y(x) on I,
where the graph G(y) is a fractal curve in R?. The fractality of a graph G(y) will
be expressed in terms of its upper Minkowski-Bouligand dimension, also known as
box-counting dimension,

. . log |G£ (y ) |
dimy G(y) =1 o DBV
imy G(y) imsup ( oge )

and corresponding d -dimensional upper Minkowski content

MU(G(y)) = limsup(2€)'2/Ge(v)], d € [1,2).
e—0
Here, the é— neighbourhood G, (y) of the graph G(y) is given by G¢(y) = {(t1,12) €
R?:d((t1,12),G(y)) < €}, where € >0 and d((t1,12),G(y)) denotes the distance from
(t1,12) to G(y), and |G¢(y)| denotes the Lebesgue measure of Ge(y).

DEFINITION 6.1. Let y(x) be 2-point oscillatory function on 7. If there is an
d € (1,2) such that dimy G(y) = d and 0 < M?(G(y)) < oo, then y(x) is said to be
2-point fractal oscillatory on I.

In order to find anumber d € (1,2) such that dimy G(y) =d and 0 < M?(G(y)) <
oo, we will use two geometric lemmas: the first one deals with dimy G(y) > d and
M?(G(y)) > 0 and the second one with dimy G(y) < d and M?(G(y)) < e. Since
the statements dimy; G(y) = d and 0 < M4(G(y)) < e imply that G(y) is an unrec-
tifiable curve in R?, 2-point fractal oscillations on I present a refinement of 2-point
unrectifiable oscillations on /.

DEFINITION 6.2. The equation y” + f(x)y = 0 is said to be 2-point fractal oscil-
latory on I, if all its non-trivial solutions are 2-point fractal oscillatory on /.

In this section, we study 2-point fractal oscillations of second-order linear dif-
ferental equation y” + f(x)y = 0 where f(x) satisfies the Hartman-Wintner asymptotic
condition (16) and prove results concerning 2-point fractal oscillations of equation

4).
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THEOREM 6.3. Let f € C*(I), f(x) >0on I, f(0+)=f(1—) =0, and let f(x)
satisfy the Hartman-Wintner condition (16). Let 6 >4 and let f(x) ~ (x—x*)" near
x=0 and x = 1, that is, there exist constants Ay >0, A1 >0, and 6 € I such that

Ao A
(=220 < flx) < Goa)e forall xe(0,6)U(1—0,1). (43)
Then equation y" + f(x)y = 0 is 2-point fractal oscillatory on I with the dimensional
number d =3/2—-2/0.

Proof. We first need the following result concerning the zeros of solution y(x) of
the second-order linear differential equation y” + f(x)y =0, where f(x) satisfies (43).
It will be proved in Appendix of the paper.

LEMMA 6.4. Let f € C*(I), f(x) >0 on I, and f(0+) = f(1—) =oco. Let f(x)
satisfy the conditions (16) and (43), where 0 > 4. Let y(x) be a nontrivial solution
of equation y" + f(x)y = 0. Let a; and by be two sequences of consecutive zeros of
y(x) such that a; "\, 0 and by /' 1, when k — oo. Then there is ko € N such that for
all k> ko :

27020 el < (a— ) < mig V], (44)
and 1/2 1/2
270 (1= b )72 < (b — i) < Ay (1 b)° P (45)

Next, for m > 0 small enough and M > 0 large enough there is a ko € N such that:

2 2 2 2
m\ 52 1 52 M)\ o2 1 o2
n <a<2(Z k> ko, 46
<2n) (k+ko> @ (n) <kk0) 0. (40)
and

2 2 2 2

M\ 72 1 52 m\ 72 1 52
1-2(— <hp<1—|(— , k>ko. (47
5) () ener(35) () oo @

Furthermore, y(x) is convex-concave function on (ayi1,ax) and (b, biy1), and there
are a constant ¢ > 0 and two sequences sy € (ag,axr1) and ty € (by,by.1) such that
forall k> ko :

Y(su) = es* and |y()] = e(1 —1)°/4. (48)

Next, we need the following 2-point version of a result in_[ 13, Lemma 4.1], which
is valid for any arbitrarily given continuous function y(x) on I.

LEMMA 6.5. Let y = y(x) be a real function, y € C(1), and y(0) = y(1) = 0.
Let ap € I and by € I be two sequences of consecutive zeros of y(x) such that ay is
decreasing, a; \, 0, and by, is increasing, by /' 1. For any € € (0,min{&y, &, }), where
& and €| are two positive constants, we suppose that there are two natural numbers

ko(€),k1(€) € N such that
max{\akfakﬂ\, |bk+1 7bk|} < 8/2,f0r each k > max{ko(s),kl (8)} 49)
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If there are four sequences of real numbers, S, Yx > 0, and s; € (axr1,ax), 4 €
(br,bry1) such that

[y(sx)| = O and |y(tx)| = vi, for each k > max{ko(€),k1(€)}, (50)

then for all € € (0,min{&y, & }), the function y(x) satisfies:

=

|Ge(v)| = max{ 2 Sclax—arr1), Y, Vi(bryr—bp)} (51
k=ko(€) k=ki (¢)

In order to prove Lemma 6.5, it is enough to follow the same argument from the proof
of [11, Lemma 2.1], see also [8, Appendix].

Now, we proceed with the proof of Theorem 6.3. We will show that any solution
y(x) of equation y” + f(x)y = 0 satisfies assumptions of Lemma 6.5. Let k(g) be a
natural number determined for all € € (0,&) by

o™ 5 +ko < ko(€) = ki (€) < 2c0e™ % —ko— 1, (52)
where the constants ¢y and € satisfy
2024 \ 1/(20) co 6/(c-2)
= M —_— d - .
«© (m/xgz) and & (2/<0 n 2)

Here the constants M, Ay, and k¢ are from (44) — (47). From (44), (45), (46), and
(47), for all k > ko we derive:

—1/2 0/2 52/ 1 =9
a,’'” < )

lax — ary1| < A
(53)

~1/2 o o
|biey1 — bi| < Ay / (1=b;)°2 < ke Z(ﬁ)"*z.
Putting (52) into (53), for dy = ai, dy = by, and k > k;(€), we obtain that |dj —

diy1] < écé’ 2(1/(k—ki(€))) 72 < €/2, which together with (48) implies that y(x)
satisfies all assumptions of Lemma 6.5. Hence by (51) we derive that

G > emax{ Y o7 @ —an). Y (-0 ba b)) (5
k=ko(e) k=ki (€)
Since s; > ax.1 and 1 < byyq, from (44), (45), and (54) follows
|Ge(y)| = ¢ max{ 2 aii{47 2 (1 *bk+1)30-/4}.
k=ko(e) k=k (€)

Therefore, from (46) and (47) follows

3o

G 204 1 2(3;'_2471
2 -
G ()] > 2 2)(k+1+ko> C3(k,~(s)+1+ko>

—2 o+4 o+4
26‘480‘2 -4 = (c4y€ 20 .
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Applying the definitions of dimy G(y) and M%(G(y)) to the previous inequality, we
observe that
dimy G(y) >d =3/2—2/0 and M?(G(y)) > 0. (55)

In addition to Lemma 6.4 and Lemma 6.5, we need the following geometric lemma,
which is the 2-point version of [13, Lemma 5.1].

LEMMA 6.6. Let y = y(x) be a real function, y € C*(I)UC(I). Let ay,by €1,

Sk € (agy1,ax), and ty € (b,by11) be four sequences of consecutive zeros of y(x) and

y'(x) respectively such that:

ar) =y(br) =0, a; \\0, and by /' 1,

Xx) is convex-concave on (aj+1,a;) and (by, by 1), (56)

¥
¥
Y (sk) =y (1) = 0.

Let ko,k1 € N be large enough, and let ko(€) and k(&) be two natural numbers de-
pending on € such that k;(€) = k; + 1. There is a positive constant ¢ > 0 such that

|Ge(¥ID)| < e+ 2ayy(e)]y(sky ()| +2(1 = by ) )y (2, )|
ko(€) ky (¢)

+e Ryl +ar—ara]+e Y, RIy@)|+ber—bil. (57)
k=ko+1 k=k;+1

In order to prove this lemma we suggest to use the partitions of I in the fol-
lowing way: 11 = [O,Clko(g)}, 12 = [Clk0<g),ak0], 13 = [ako,bkl], 14 = [bkwbkl(&‘)]’ and
Is = [by,(¢), 1]. If y|; denotes the function-restriction of y(x) on a closed interval J,
then

Ge(vlr) = U2 Ge(ylr,) and [Ge(ylr)] < UL4|Ge(3l1)]- (58)

Obviously, there is a constant ¢3 > 0 such that |G (y|;)| < c3€. By an easy geometric
argument (for an exact calculation see [11, Lemma 2.2]), the desired inequality (57)
follows from (56) and (58).

Next, we now return to the proof of Theorem 6.3 and let sy € (ax41,ax) and #; €
(bg,br+1) such that y'(s;) = ' (%) = 0. From (24) and (43) follows that |y(x)| <
)Lfl/4(x—x2)"/4 near x =0 and x = 1. Since sx < a; and 1, > by, from previous
inequality we conclude:

V(si)| < coay’* and |y(5)] < (1 —bi)/4, for all k> ko, (59)
where ko is sufficiently large. Furthermore, since f(x) > 0 on I, we have that y(x)
is convex-concave function on (a1, ax) and (b, byi1), and so, the statement (56) is
satisfied. Now, with the help of (44), (46), (52), and (59) we obtain:

a

o 1 20-4 =2, otd g4
e < o) <er(r )T <eate T FE =,
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and
ko(e) ko(€)
€ 2 [2|)’(Sk)‘+ak*ak+1 c3€ 2 6/4 6/2 <C48 2 a,c:/4
k=ko+1 k=ko+1 k=ko+1
1 1 o
ng 20'74 g 668 70-4
k ;+1 k— kO (k—ko(e))

02, 40 a4
<c7e(e 7 )24 =6 20 .

Also, from (45), (47), (52), (59), and by similar reasoning as in the previous inequal-
ities, we derive:

g 1 o+4 o+4
1+9 ord
(1= by e)) 9y ()| < co(1 = bgye)) " # < CS(W)”*“ <cg€ 2,
and
ki (e) ki (e) . s
e Y Rl +ber—bil <cze Y, [(1—bg)* + (1 b))/
k=k;+1 k=ky+1
ki(g) ky (&) 1 o
< — b))t < ) RS St
0108k7k2 (1 bk) C11€ 72 k*kl C12€
=k +1 k=k;+1

Using all the above inequalities into (57) we observe that

o+td o+4 o+4 o+4 o+4
|Ge(y)| < c€+2c2€ 20 +c768 20 +2c9€ 20 +c12€ 20 < C3€ 20 .

Hence, by the definitions of dimy G(y) and M?(G(y)), from previous inequality fol-
lows dimy G(y) <d =3/2—2/0 and M?(G(y)) < . This together with (55) proves
that the equation y” + f(x)y = 0 is 2-point fractal oscillatory on I, where the dimen-
sional number d =3/2-2/0. O

As a consequence of Theorem 6.3, we complete results on 2-point rectifiable and
unrectifiable oscillations concerning equation (4) given in Corollary 4.8 and Corollary
5.6.

COROLLARY 6.7. If 0 > 4, then equation (4) is 2-point fractal oscillatory on I
with the dimensional number d =3/2—-2/0.

7. Two-point fractal oscillations of equation (9)

In this section, we will show that the function
1—-2x

) = (= )sin g

where x €I and 0 < o < f3, are 2-point fractal oscillatory on I, where the dimensional
number d =2 — (ot +1)/(B + 1). Here, the function sin(z) can be repleaced by cos(#)
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or by any T -periodic and smooth function W (¢) such that W(z,) = 0 for some 7. € R.
We then enlarge our discussion on 2-point fractal oscillations to include equation (9)
where its fundamental solution (8) is of the form just described. Therefore, we firstly
derive the lower bounds for dimy; G(y) and M?(G(y)), where the function y(x) is given
in the form y(x) = p(x)sing(x). Here p(x) is the amplitude and ¢(x) is the frequence
of y(x). The crucial role in our procedure to bound dimy G(y) and M¢(G(y)) from
below will be played by the inverse function ¢g~'(z) of g(x) satisfying conditions (5),
(6), and (7). In many examples of the function g(x), where the corresponding y(x)
is 2-point oscillatory on I, it is not easy to determine explicitly ¢~'(z), for instance
q(x) = (1 —2x)/(x—x?)B. Since the calculation of the lower bounds of dimy G(y)
and M?(G(y)) involves explicitly determination of ¢~!(¢), the function g(x) need to
be repleaced by its asymptotic approximations go(x) and g;(x) near x =0 and x = 1
respectively, where ¢, L(z) and qfl (1) exist. It is also useful to consider asymptotic ap-
proximations po(x) and p;(x) of the function p(x) near x =0 and x = 1 respectively.
We use the notation f(x) ~ g(x) near x = xo to represent lim, .., f(x)/g(x) =1.

LEMMA 7.1. Let y(x) = p(x)sing(x), x € I, where p € C(I), p(0) = p(1) =0,
geC(I), q(0+) = —q(1—) = oo, and q(x) is decreasing on I. Let hy(x) and h)(x) be
two positive functions, where hy(x) is increasing near x =0 and h(x) is decreasing
near x =1, such that for all s <t,

{uho(ql(t))(t—S) <lg'(s)—q ()| <
(60)
whi(g ' (s))(t—s) <|g ' (s)—q ') < vhi(q~ ' (1))t —5), (s,2) CJi,

where Wy and Vv are two positive constants, and Jy = (to,>0) and J; = (—eo, —1g),
fo > 0. Let &,¢&1 > 0 and let ko(€) and ky(€) be two natural numbers such that

ki(e) >+ gl '

where + =+ for i =0 and + = — for i = 1. We suppose that

Vho(qil(s))(t _S)’ (S7t) < Jo,

&

%))786 (075i)> (61)

{pm ~ o) and g3 ~ a0 (x) near x = "
[p(xX)] ~ p1(x) and |q(x)| ~ q1(x) near x =1,
where the functions p; € C(I) and q; € C(I) satisfy:
{ po(x) is increasing and qo(x) is decreasing near x = 0, ©3)
pi1(x) is decreasing and q (x) is increasing near x = 1.
If there are 0y, 01 € (0,1) and co,c; > 0 such that
S Ipl CRe)liila k) > e, e€ 0.E), (64

k=ki(€)+1

then
dimy G(y) > d. =2 —min{0y, 01} > 1 and M*(G(y)) > 0. (65)
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Proof. Let y(x) = p(x)sing(x), x € I. We will show that such defined y(x) satisfies

all assumptions of Lemma 6.5. Since p € C(I), p(0) = p(1) =0, and ¢ € C(I),

we have that y € C(I), and y(0) = y(1) = 0. Next, since g(x) is supposed to be
decreasing on 1, its inverse function g~ !(¢) exists. Therefore, the zeros and stationary
points of y(x) can be given by ay =g~ ' (kx), by = g~ (—kn), sy =g~ ' (% +kn), and
tr =g '(—% —km). Since |q(0+)| = |g(1—)| = o= and since ¢~ '(r) is decreasing in
t,itis clear that a; \, 0, by /' 1, s € (agy1,ax), and t; € (by,brr1). From (60) and
(61), since hg(x) is increasing near x =0 and A (x) is decreasing near x = 1, for each
k > max{ko(€),k;(€)} we obtain:

|ax — agr| = g~ (k) — g~ (k+ 1)m)| < mvho(q ™" (k)

< vholg ' (ko(e)m)) < €/2,

and
brt —bi| = lg~ (= (k+ 1)) — g~ (—kn)| < mvhi(q~" (—kn))

<avhi(g ' (—ki(e)m)) <e/2.

Hence, the statement (49) is satisfied for such choice of ay, by, and k;(g). Next, since
f(x) ~ g(x) near x = xo means that lim, ., f(x)/g(x) =1 we have: if f(x) >0 and
g(x) >0 on I, then

f(x) ~ g(x) near x = x¢ implies %g(x) < f(x) < 2g(x) near x = xp. (66)

Therefore, from (62), (63), and (66) follows:
. 1 1
Vsl = Ip(se)llsing(si)l = p(se)| = 51po(si)l = 5lpo(ars+1)l;

()] = ()l [sina ()] = |p(a0)] > 311 ()| > 511 (i)

Hence, the statement (50) is satisfied for & = 3|po(ars1)| and v = 3|p1(bes1)].
Thus, all hypotheses of Lemma 6.5 are fulfiled, and so we may use the statement (51)
to observe that

oo oo

1
|G£(y)|>§max{ Y Ipolacs)l(ax—akt1), Y, |p1(brst)|(brsr —bi)}. (67)
k=ko(&) k=ky (€)

Next, with the help of the left inequality from (60), we get:
jax — a1 | = g~ (k) — g~ ((k+ 1)7)| = micho (g~ ((k+ 1)7)) = wuho(ag1),

b1 —bil =g~ (= (k+ 1)) =g~ (=km)| = muhi (g~ (— (k+ 1)) = A ha (bgyr)-
Putting these inequalities into (67), we obtain:

o

i -
|Gs(y)|>7HmaX{ Y Ipolaki)lho(ari1), Y, [p1(besn)|hi(bein)}. (68)
k=ko(e) k=ki (¢)
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Next, from (62) and (66) follows that $g;(x) < |g(x)| < 2¢i(x) near x =0 when i =0
and near x = 1 when i = 1. In particular for x = a; and x = by, since |g(ay)| =
lq(by)| = kr, we get 1qo(ar) < km < 2qo(ax) and $q1(by) < km < 241 (by). Using
these estimates, we can bound a;’s and by ’s in terms of g, ' (t) and g, '(¢) as follows:

{q01(2k7r)< v =q '(km) < g (km/2),

" (69)
g7\ (k/2) < by = g~ (—km) < g7 (2kn).

Since po(x) and ho(x) are increasing near x =0, and p;(x) and h;(x) are decreasing
near x = 1, by putting (69) into (68), we obtain that for i = 1,2,

oo

Ge(y)| = ¢ 2()\171( H(2k+2)m)|hig; ' (2k+2)m))|
k=k

o

=c Y |pila; ' (2kn))lhilg; ' (2km))]. (70)

k=ki(g)+1

Now, by combining the hypothesis (64) with the conclusion (70), we finally observe
that |G (y)| > max{coe®,c;€°}, which by using the corresponding definitions for
d = dimy G(y) and M?(G(y)) proves the desired statement (65). [J

In many examples of the function g(x), the inverse function g~!(¢) is not explic-
itly determined and hence, the verification of (60) is not a simple procedure. However,
if ¢ € C'(I) and ¢'(x) # 0 on I, then (60) can be easy verified by using Lagrange
mean-value theorem. In that case, the functions %;(x) which appear in (60) can be
explicitly given in the dependence of ¢'(x) as in the following variant of Lemma 7.1.

COROLLARY 7.2. Let y(x) = p(x)sing(x), x €I, where p€ C(I), p(0)=p(1) =
0, g€ CY(I), q(0+) = —q(1—) =0, ¢'(x) <0 on I, and

|q'(x)| 7! is increasing near x = 0 and decreasing near x = 1. (71)

Let p(x) and q(x) satisfy the asymptotic conditions (62) and (63). Let the natural
numbers ko(€) and ki (€) be determined by (61), where hy'(t) and h{'(t) are the
inverse functions respectively of ho(x) = |q'(x)|™! near x =0 and hy(x) = |¢'(x)|~!
near x = 1. If there are 0y,01 € (0,1) and cy,c1 > 0 such that

=

Y pila; ' (2kn))lq (g7 ! (2km))| ! > cie%, e € (0,8), (72)
k=k;(g)+1
then
dimy G(y) > d. =2 —min{0y, 01} > 1 and M*(G(y)) > 0. (73)

Proof. Since ¢'(x) # 0 on I, by the use of Lagrange mean-value theorem, for
any s <t there is & € (s,7) such that ¢~ '(t) —q~'(s) = [¢(¢7"(&))] "' (t —5). Since
|¢'(x)| 7! is increasing near x = 0 and decreasing near x = 1, and ¢~ !(¢) is decreasing
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in all ¢, for all s <¢ we have that |¢'(¢~'(1))|7! < |¢'(¢ (&) < |4/ (g7 (s))| 7",
(5.1) € Jo. and |¢'(q~" (s))I7" < lg'(q "(E)I™' < lg'(q ' (1)|™", (s,1) S J1, where
Jo = (tg,0) and J; = (—eo,—1g), to > 0. Thus, the condition (60) is satisfied, where
ho(x) =|q'(x)|~! near x =0 and h(x) = |¢’(x)| ! near x= 1. Also, for such choice of
hi(x), the hypotheses (64) and (72) are equivalent. Hence, the function g(x) satisfies
all assumptions of Lemma 7.1 and the desired statement (73) immediately follows
from (65). O

The most interesting example for the function y(x) which satisfies all hypotheses
of previous Corollary 7.2 is the following.

EXAMPLE 7.3. Let 1/2 < a < f8 andlet y(x) = (x —x?)%sin[(1 —2x) /(x—x%)P],
x € I. With the help of Example 2.4, one can check that the functions p(x) = (x —x*)%
and g(x) = (1 —2x)/(x — x?)P satisfy all assumptions of Corollary 7.2. For instance,
from (12) follows (71). Also, |p(x)| ~ po(x) = x* and |g(x)| ~ go(x) = x P near
x=0,and |p(x)| ~ p1(x) = (1 —x)® and |g(x)| ~ q1(x) = (1 —x) P near x = 1. It is
clear that such defined functions p;(x) and g;(x) satisfy the conditions (62) and (63).
Hence, all assumptions of Corollary 7.2 are fulfiled. Next, with the help of (61) we
derive the natural numbers ko(€) and k;(€) determined by

__B_ __B_
coe P < ko(e) =ki(e) <2cpe PIT forall € € (0,60 =¢). (74)

We claim that y(x) satisfies the condition (72) in particular for oy = 0] = g—“ Indeed,

one can easily check that g, ' (1) =t=V/B, g (t) = 1 =17 V/P, pi(q; ' (1)) =+%/P  and
with the help of Example 2.4 follows:

oty a0 = (g (0)HP
g (q; )] = 0"

which together with (74) implies:

> eilg; ') = (g7 )PP Z et T

- o o _BH
Y Ipilar (@k+2m)llg' (g7 (k+2m)T > e3 ¥ k Pk P
k=k;(¢) k=k;(¢)
° a+/5+1 _o+B+1 B o+l o+l
= Yk >es(ki(e) P T > eepT B = coebi
k=ki(€)
Hence, the statement (72) is fulfiled, where oy = 0] = gﬁ Now by Corollary 7.2

follows (73). Thus, we derive that dimy G(y) > d. =2 — g—il and M%*(G(y)) >0. O

Using the same argument as in Example 7.3, one can show that the following class
of functions:

y(x) =x%(1 —x)% sin[(1 — 2x)/(xP (1 —x)P)], x €1, 1/2 < 0y < B;, (75)

also satisfies the statements dimy; G(y) > d. and M% (G(y)) > 0, like the function y(x)
from Example 7.3, but with different dimensional number d, .
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In the sequel, we study the upper bounds for dimy, G(y) and M¢(G(y)) of the
functions y(x) = p(x)sing(x). We begin with the following geometric lemma.

LEMMA 7.4. Let y(x) = p(x)sing(x), x € I, where p € C(I), p(0) =p(1) =0,
q € C*(I), q(0+) = —q(1—) = o, q(x) is decreasing on 1, and satisfies (60). We
suppose that

y(x) is either convex or concave function between its zeros. (76)

Let p(x) and q(x) satisfy the conditions (62) and (63). Let &,&; > 0, let ko,k; €N,
and let ko(€) and ky(€) be two natural numbers which satisfy

ki+1<ki(e), forall € € (0,¢). (77)

Let qie = q; ' (ki(€)7/2) and let hi(x) be from (60). If there are constants 0y, 0| €
(0,1) and co,c1 > 0 such that for all € € (0,g),

90,6 P0(qo.e) + (1 —q1.6)P1(q1¢)

ki(e)
+e Y [lpilg; ! (kn/2))| +hilg; ' (kn/2))] < eie®, (78)
k=k;j+1
then .
dimy G(y) < d* =2 —max{0y, 01} and M (G(y)) < . (79)

Proof. Let y(x) = p(x)sing(x), x €I, and let ay = g~ ' (k%) by =q~ ' (—k7), s =
g (5 +km), and 1y = g~ '(—% — kmr). With the help of (76), we get that y(x) satis-
fies all assumptions of Lemma 6.6. Next, from (62), (63), and (66) follows: |y(s;)| =

p(si)l[sing(se)| = [p(si)| < 2po(se) < 2polax) and |y(z)| = [p (@) sing (@) = [p ()| <
2p1(te) < 2pi(by). Since po(x) is increasing near x = 0 and p;(x) is decreasing near
x =1, from previous inequalities and (69) we observe that:

[Y(s)l < 2polgy ' (km/2)) and [y(a)] < 2pi(qy ! (kn/2)). (80)
Also, from (60) follows
jax = agi1| = lg~ (k) — g~ ((k+ 1)m)| < mvho(g™" (k7)) = mvho(ay),

b1 — byl = g~ (= (k+ 1)7) — g~ (—kn)| < mvii (g~ (—km)) = v R (by),
which together with (69) imply

lak — a1 < V(g (k/2)) and [bs — bl <hi(a7 (k/2)). 81)
Since qi¢ = q; ' (ki(€)7/2), from (69) and (80) we obtain:

g (e) Y (So(e) )| < 245 ' (ko(€)7/2) polgq ' (ko(€)/2)) = 2q0.e Po(qo.c); (82)
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(1= by, () [tk )| < 2[1 = g7 (ki (€)7/2)]pr (g7 ' (ki (€)7/2))
=2(1=q1e)p1(q1e)- (83)

Also, from (69), (80), and (81) we obtain:

ko(€) ko (€)

> Ryl +ac— a1l < Y [Bpolay  (kr/2)) + mvho(qy ' (kr/2))],  (84)
k=ko+1 k=ko+1

ki (¢) ki (e)

> Ry +bi—bd < Y, @pilg (kn/2)) +avhi (g (kn/2))). (85)
k=k,+1 k=k;+1

Involving (82), (83), (84), and (85) into (57), and using the hypothesis (78) we ob-
serve that |Ge(y|;)| < ;% . By the definitions of dimy, G(y) and M (G(y)), it gives
the desired statement (79). O

In the case when y(x) is a solution of (9), the hypothesis (76) is satisfied if we
assume that S(g’)(x) > 0 on /. Also, in the case when y(x) = p(x)sing(x), we can
ensure that the hypothesis (76) holds if d/p/dx/ and d’q/dx’ do not change the sign
near x =0 and x =1, where j =0,1,2. Next, we present an example for the functions
q(x) which satisfies all assumptions of Lemma 7.4.

EXAMPLE 7.5. Let 0 < o < 8 and let y(x) = (x — x%)%sin[(1 — 2x)/(x — x*)P],
xel. Let p(x) = (x—x*)* and g(x) = (1 fo)/( x2)B . Let us remark that we do
not explicitly expresed the inverse function ¢~!(¢) of ( ). By (12) and by Lagrange
mean-value theorem, we obtain

ailg™ () = (¢ 0PI < a7 (s) =g (0] < ealg ™M (s) = (g ()PP

Therefore, the statement (60) is satisfied for such defined ¢(x), where ho(x) = xP+!
near x =0 and h;(x) = (1 —x)P*! near x = 1, and so, the functions p(x) and g(x)
satisfy all assumptions of Lemma 7.4. Next, as in Example 7.3, we have that p(x) ~
po(x) =x% and g(x) ~ go(x) = x P near x =0, and p(x) ~ p;(x) = (1 —x)* and
q(x) ~ q1(x) = (1 —x)~P near x = 1, and that these functions satisfy the conditions
(62) and (63). Let ko(€) and k;(€) be two natural numbers defined in (74). Since
g 1) =178, g7 () = 1— VB (g (1)) =~ /P and (g () =1~ PHVIP,
we observe that:

a+l B_axl o+l
B < BTl B = cpehH

/

o Po(qo.e) = [qp ' (ko(e)m/2)]* ! < e1(ko(€))

(1—q1e)p1(qie) = [1—g; " (ki(e)m/2)] " < er(ki(e))” P <cpebil B =cpehl,
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(o) Ko e
e Y, |pila; ! (kn/2))| < cse kP <caglki(e)] P
k=ki 1 k=ki+1

B_a—B atl

1
€ hi(gr ' (km/2)) <cee Y, kP <cre(ki(e)” P <cyeePT P <coe
k=k;+1 k=k;+1
which all together imply that (78) is fulfiled in particular for 0y = 0, = ﬁi} Now.

by means of Lemma 7.4 follows that dimy; G(y) <d* =2 — gi{ and M (G(y)) < oo.
0

It can be generalized to the function defined in (75) and hence, we obtain

dimy G(y) < d* =2 —max{§7, §-4} and MY (G(y)) < eo.

As a consequence of Lemma 6.5, Lemma 6.6, Corollary 7.2, and Lemma 7.4, the
main result of this section gives sufficient conditions on g(x) such that equation (9) is
2 -point fractal oscillatory on the interval /.

THEOREM 7.6. Let q(x) satisfy the conditions (5), (6), (7), (71), and S(q')(x) >
0 on 1. Let |q(x)| ~ qi(x) asin (63). Let the natural numbers ko(€) and ki (&) satisfy

1
i(e) > 1+ g (), € € (0.6, (56)

where + =+ for i=0 and + = — for i=1, and where hy"(t) and h;'(t) are the in-
verse functions respectively of ho(x) = |¢'(x)| ™' near x =0 and hy(x) = |¢'(x)|~" near
x=1. Let ki be a natural number determined as in (77) and let q; ¢ = q; ' (ki(€)7).
If there are 0y, 01 € (0,1) and co,c; > 0 such that

. 3 |
Y ld (g (4km)| 72 > g%, € € (0,8), (87)

1
2

_ 1
qo.elq (q0.e)| 72 + (1 —q1.e)|q (q1.¢)|

+82 [l (a7 (ke /2))] 72 + g (g7 (ke /2))] 7] < cie™, (88)

then for all nontrivial solutions y(x) of equation (9),

{2—min{0'0,61} =d, <dimy G(y) < d* =2 —max{0y, 01},
(89)

0 < M%(G(y)) and M* (G(y)) < o.

Moreover, if 0y = 0y then equation (9) is 2-point fractal oscillatory on 1.
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Proof. Let y(x) be a solution of equation (9). Obviously, the following conclusion
there holds true:

S(q")(x) >0 on I implies that y(x) is either convex or concaveon /.  (90)

As in the proof of Theorem 5.2, we consider two cases of y(x): the first one when
y(x) = ¢zy2(x) and the second one when y(x) and y,(x) are two linearly independent

solutions of (9), where y;(x) =|q (x)|’% sing(x) definedin (8). Atthe first, let y(x) =
c2y2(x) and let p;(x) be two functions such that pgy(x) = |¢' (x)|’% near x =0 and

p1(x) =4 (x)\’% near x = 1. Since (71), such defined p;(x) satisfy all assumptions
of Corollary 7.2. Also, from (71) and by using the assumption (87) we get:

<Y (g k)<Y |q (g (2km))|
k:ki(£>+1 k:ki(8)+l
N ) L )
= Y |qd(q; " (2kn))|"2|q (q; ' (2km))| !
k=k;(g)+1
— Y pilg; ' kn)lg (g (2km))| .
k=k;i(e)+1

Hence, the condition (72) is fulfiled and by Corollary 7.2 follows that dimy G(y) >
d. =2 —min{op,01} > 1 and M%(G(y)) > 0. Moreover, since it is supposed that
S(q')(x) >0 on I, from (88) and (90) follow that all assumptions of Lemma 7.4 are
fulfiled and therefore by (79), the desired statement (89) is shown in the case when
y(x) = caya(x).

In the second case, when y(x) and y,(x) are two linearly independent solutions
of equation (9), let ai, by € I be two sequences of consecutive zeros of y(x) such that
ar ™\, 0 and by /" 1. Such defined sequences exist by Theorem 2.1. Let us remark
that in the proof of Theorem 5.2, we have derived two sequences s; € (dx41,ak), t €
(br,bry1), sk = q ' (km), and t; = ¢! (—kn), which satisfy the equality (35). It
together with (69) implies that

V(s = Iy(g ™ (km)| = elg/ (g7 (km))| 72 > clq' (g5 (2km))| 2,
V(6 = (g~ (—km))| = elg/ (g~ (—km))| =2 = ¢lq/ (ay ' (2km))| 2.

Next, let dy = a; for i =0 and dj, = by for i = 1. By means of Lagrange mean-value
theorem, we have:

i — dies1| < g™ (£ = 1)m) — g~ (£ (k+ 1)m))|
|

27lq (¢ (£ (k= 1)m))[ ! =27hi(q” (£ (k= D)m)).  ©OD

NN
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Putting (86) into (91), we obtain that |dy — dj 1| < 27hi(q~ (£(ki(e) — 1)7)) < &/2.
Hence, the function y(x) satisfies all assumptions of Lemma 6.5, and we observe that:

_ 1
' (g7 (2km))|™ 2 |dy — |

W
(o
M

Ge ()

T
&5
=

™
=

min{|q' (g (2km))| 2, |4/ (g7 ' (2Kk+2)m))| 7 Hdi — di 2|

WV
o
M

T
&
=

™
=

1
T (2k+2)m)) |72 |dk — disal,

I
o
M
Y
—

T
&
=

™
=

that is,
|Ge(y)] 2626]'((1,-1((2ki(8)+2j)ﬁ)) Hdy (e i2j2 —dierrajl (92
j=
Since
| dis(ey12j-2 = diggeyiaj] = la™ (£ (ki(e) +2j = 2)m) — g~ (E(ki(e) + 2 — 1))

> nlq (g~ (E(ki(e) +2j — Dm)| " > 7l (¢ ' (2ki(e) +4) —2)m))[ !
from (92) follows:

Ge(y) 02|CI (&) +2/)m) 2 1q (a7 ((ki(e) + 4j — 2)m)) !

262IQ’(q,-’l((4ki(8)+4j)7r))| 21/ (q7" (4ki(e) +4j)m)) |~

> Y q(a (k)2

k=ki(e)+1

\\/
I\)\ w

X0 k)

Hence from assumption (87) follows that |G (y)| > max{coe®,c;€° }. Now using
the definitions for d = dimy, G(y) and M%(G(y)), we conclude:

dimy G(y) > d. =2 —min{0y, 01} > 1 and M4 (G(y)) > 0. (93)

Next, let s € (agt1,ax) and &, € (by,by+1) such that y'(s;) =y (1) =0. Since y(x) and
y2(x) are two linearly independent solutions of equation (9), we have that g~ ! (kn) €
(ax+1,ax) and g~ ' (—km) € (b, bys1) or

sk <ap <q '((k—1)m) and i > by > g~ (—(k—1)7). (94)
Since [y(x)| < (Jc1| 4 |c2|)|q (x)|~'/?, with the help of (69) and (94), we obtain:

1

V()| < elg ()12 < el (g (k= 1)m))| 2 < el (g (522 )2,

V()| < elg'(6)] 2 < eld (a7 (—(k— D)m))| 72 < el (a7 (F552)) 2.

95)
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Also, from (69), (91), (94), and by definitions of 4;(x), it follows:

|di — dir1| < 27hi(q™ (£(k — 1)m)) = 27t|g/ (¢ (£ (k — 1)m))| ™
<anlq'tqr (T 96)

Since S(¢')(x) >0 on I, from (90) follows (56) and hence (57) holds. Very similar
to the proof of (79), we now put (95) and (96) into (57) to obtain:

NI—
D=

+ (1 - ‘Il,s)|q/(q1,£)‘7

ki(e) k—r
+e [Ic/(q,fl(i( 2)
k=ki+1

Ge(y)] < qo.elq'(qo.e) |

i (S,

Shifting the index & into k41 on right hand side in the previous inequality and by using
the assumption (88), we get |G, (y|1)| < ;€% . Applying the definitions of dimy G(y)
and M? (G(y)), we get dimy G(y) < d* = 2 —max{0op, 01} and M%(G(y)) < oo,
which by (93) proves the desired statement (89) in the second case of y(x) too. O

Now, using the same argument as in Example 7.3 and Example 7.5, where p(x) =
lg(x)]~"/2, we can show that the function g(x) = (1 —2x)/(x—x*)f, x eI, B > 1,
satisfies all assumptions of Theorem 7.6. Hence, the equation (9) is 2-point fractal
oscillatory on I, where the dimensional number d, =d* = (38 +1)/(26+2).

8. Two-sided oscillations

In this section, we consider equation (P): y” + f(x)y = 0, where the coefficient
function f(x) has an interior singularity xo € I. A solution y(x) of (P) is said to be
2-sided oscillatory at xg if there exist two sequences of zeros of y(x) such that:

{si: i <sip1 <x0, ¥(si) =0, }LIEIOSI =X},

{tj+ xo <tjp1 <tj, y(tj) =0, }Elolotj =x0}.

Equation (P) is said to be 2-sided oscillatory at xq if all solutions of (P) are
2-sided oscillatory at xy. The concept of 2-point rectifiable (unrectifiable) oscillations
can be extended to study 2-sided oscillations of (P). Likewise, equation (P) is said
to be 2-sided rectifiable (unrectifiable) oscillatory at xq if all its solution curves are 2-
sided oscillatory at xy and have finite (infinite) arclength on I . Furthermore, equation
(P) is said to be 2-sided fractal oscillatory at xq if all its solutions y(x) are 2-sided
oscillatory at xo and there is d € (1,2) such that dimy G(y) = d and 0 < M?(G(y)) <

oo,

EXAMPLE 8.1. Consider equation (E1): y” + (2x — 1)~*y = 0. Here the func-
tion f(x) = (2x — 1)~* satisfies the Hartman-Wintner condition (16) so solutions of
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(E)) satisfy the asymptotic formula given by Hartman-Wintner theorem near x =1/2,
namely,

1+2x . 1+2x
y(x)—|1—2x\ |:ClCOS (m)—l—czsm <T2x|)+0(1):| (97)

Clearly y(x) given in (97) is oscillatory on [0, %) and (%, 1] and has two sequences of
zeros converging from the left and the right to x=1/2. O

Similar to equation (4), we consider the model equation for 2-sided oscillations:

I c(x)
———y=0,x¢€l, 98
yo+ 2 1|c,y x (98)
where c¢(x) is a positive and continuous function on 7. Following Theorem 3.3, Theo-

rem 4.7, and Theorem 5.5, we can also prove similar results for 2-sided oscillations of
V' +f(x)y=0.

THEOREM 8.2. Let f € C(I —xo) NC*(I—xo), f(x) >0 on I, where xq is an
interior point of 1. Suppose that f(x) satisfies the Hartman-Wintner condition (16).
Then equation (P): y" + f(x)y =0 is 2-sided oscillatory at xo. Furthermore:

(@) (P) is 2-sided rectifiable oscillatory at xo if f € L'(I);
(b) (P) is 2-sided unrectifiable oscillatory at xo if f ¢ L'(I).

In the case when f(x) ~ (x—xp)° near x =xy, 0 >4, we can also prove a similar
result as Theorem 6.3.

THEOREM 8.3. Let f(x) satisfy all assumptions in Theorem 8.2. In addition f(x)
satisfies for Ag, A1 > 0,

Aol2x—1]79 < f(x) < A1|2x— 1]|7° near x =xo, 0 > 4.

Then equation (98) is 2-sided fractal oscillatory at x = 1/2 with the box dimension
d=3/2-2/o.

The proofs of Theorem 8.2 and Theorem 8.3 are similar to the proofs of Theorem
3.3, Theorem 4.7, Theorem 5.5, and Theorem 6.3 and we leave the details to the reader.

Using the concept of 2-sided oscillations which deals with the case when f(x)
has interior singularities, we consider the equation

R
y”+ﬂy:0, xel, (99)

|P(x)]

where P(x) = X" +a, X" "' ... +ax+ag is a n'" degree polynomial and R(x) is a
positive rational function. Assume that P(x) has real roots xy,x;,...,x; all lie in I (note
that complex roots can be grouped into the rational function R(x)), with multiplicity
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my,my,...,my such that lelem j=n and m; > 2. We can then claim that equation
(99) is 2-sided oscillatory at all multiple zeros of P(x) and when the multiplicity > 4
the solutions are unrectifiable 2-sided oscillatory with fractal dimension 3/2 —2/m;,
m]‘ 2 4.

EXAMPLE 8.4. Consider the equation
YA 1=+ 2x—1)%y=0,xel (100)

Here the denominator has a multiple root at x = 1/2 with multiplicity 5 and (1 —
x?)(x+41)~! is a positive rational function on /. So by Theorem 8.3, we conclude that
equation (100) is fractal oscillatory at x = 1/2 with fractal dimension 11/10. OJ

A result due to Laguerre (see [1] and also [17]) states that if all roots of the poly-
nomial P(x) = x"+a, 1xX""! +..... +ajx+ao are real then they must lie between an
interval [A, B], where A, B are given by

A B=

)

a1  n—1,, 2n 1/2
- + - _ .
n n (-1 1 2)

We can rescale the independent variable x in [A, B] by the linear translation & = (x —
A)(B—A) to an equation y"(&) + f(&)y(E) =0, & € I, where f(&) satisfies the
Hartman-Wintner condition whenever f(x) does.

EXAMPLE 8.5. Consider the equation

Vi@ —x+1)x—-1)x-2)"%=0,x>0. (101)
We can use Laguerre formula to determine an optimal interval, i. e. [17—1 — %, 171 +
%], in which the singular points x = 1,2 lie. However, it is simpler to make a scale
change & = x/3 to transforms (101) to
d?y 2 3 —4
W+9(95 =36+ 1)(3E—1)"(36-2)"y=0, (102)

where y(£) = y(x) and € € I = [0,1]. We can now appply Theorem 8.2 and Theorem
8.3 to conclude that equation (101) is:

(a) 2-sided oscillatory at x =1 and x = 2;
(b) 2-sided rectifiable oscillatory at x = 1;

(c) 2-sided unrectifiable oscillatory at x = 2.
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9. Appendix

In this section we give the proof of Proposition 3.2 and Lemma 6.4.

Proof of Proposition 3.2. The main idea is taken from the proof of [15, Proposi-
tion 2.9]. Since FA~'F” € L'(I), there are two constants Ko, K; > 0 such that

1/2 1
Ko = / FA 1 (%)|F"(x)|dx  and K, = // FA (0)|F” (x)|dx.
Jo Ji2

Hence,

A—1 ! A—1 ! 12 A—2 ! 2
FA~Y(1/2)F/(1)2) — F (s)F(s)f(Afl)/ FA=2(x) (F' (x))2dx

N

1/2
:/ FAY () F" (x)dx > —Ko, s € (0,1/2), (103)

and
PR~ P 2P (12~ =) [P0 ) s

't
=/, FA Y ) F" (x)dx > =Ky, t € (1/2,1).  (104)
J1/2

Now, from (103) and (104) follows
FAZY(s)F'(s) < Ko+ FA~Y(1/2)|F'(1/2)|, s € (0,1/2),
—FAYOF' (1) <K+ FA Y (1)2)|F'(1/2)], € (1/2,1).

Integrating these two inequalities respectively over (0,x) where x € (0,1/2) and (x,1)
where x € (1/2,1), and using that F(0) = F(1) =0 we obtain
FAx)>2,x€(0,3) and F4(x) > L, x€(3,1),
which show that F~4 ¢ L'(0, %) and F~4 ¢ Ll(%7 1).
Next, from (103) we also obtain,

A1) [ P P < Kot F )P /2)] - P )

Since F(0) =0 and F(x) > 0 for all x € I, from the mean value theorem we get a
sequence s, € I such that s, — 0 and F'(s,) > 0. Putting for s = s, in the previous
inequality and passing to the limit, we obtain that

1/2 1/2 Ko+ FA-1( Ly Fr(L
/ FAfz(x)(F'(x))zdx: lim0 FAfz(x)(F'(x))zdxg ot y (21)| ()l
0 sn—UJ s, —

)
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which proves that FA4=2(F’)? € L'(0,1/2) which together with (103) implies that there
exists constant ¢ such that lim;_o FA~1(s)F/(s) = c. If ¢ # 0, then

1/2 _/1/2 FA- 2 x) (x))z

FIF () =

0

which is not possible since F~4 ¢ L(0,1/2). Hence, ¢ =0 and so lim,_o FA~!(s)F’(s) =
0. Analogously to the above observation, since F(1) =0 and F(x) >0 for all x €1,
from (104) follows lim,_,; FA~!(s)F’(s) =0 which completes the proof of Proposition
32.0

Proof of (44) and (45). The proofs of (44) and (45) are very similar to the
proofs of corresponding inequalities for the Euler equation presented in the proofs of
[13, Lemma 3.3]. J

Proof of (46) and (47). Let A9 and A; be from (43). Let 0 >2 and f =
(0—2)/2>0. Let m,M be two real numbers such that

Vo Vi

For the function g(x) = (1 —2x)/(x—x%)#, x €I, since S(Aq) = S(q), A #0, by (10)
and (11) we derive a ¥y € I only depending on Ay, m, 6 and a y; € I only depending
on Ay, M, o such that

() + 38000) 1) < iz x€ O0) U1 =101,
and y X
G S M4PPW+35Mg) (), x € (0)U(1=n, D),

which together with (43) yield:

LsMg) ). (106)

1S(mq)(x) < f(x) < (Mg')*(x) + 5

(g () + 5

forall x € (0,e)U(l —¢,1) and 8 =min{3, 0,1}, where & is from (43). Next, by
(8) and (9), the function y; (x) = A ~'/2|¢/(x)|~1/2sin(Aq(x)) satisfies the equation

Yh+ [(Ad)*(x) + %S(/lq) (x)]y2=0,x€l (107)

Since g(x) is decreasing on I with g(0+) = o and g(1—) = —eo, thereis a k; € N and
there are two sequences u, ; \, 0 and v, ; /" 1 of consecutive zeros of y; (x) which
satisfy Aq(uy x) = km and Aq(v; x) = —km for all k > k;. We claim that there is a
ko > ki such that:

1

)ﬂ%)ﬁ forall k > ky, (108)

a3
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and
M.l 1.1 M.1, 1.1
1f2(;)ﬁ (%)B Svyp<1-— (E)B (%)ﬁ forall k >k, (109)

where m,M are from (105). Indeed, the starting identity Ag(x) = +k7 can be written
in the form:

A(l—2x)
T 4k 110
P (1—x)P & (10
We know that: 5
A A(l—2x) A2 1
ﬁgmgx—ﬁ forall x € (0,3), (111)
and

228 A(1—2x) A 3
ITEL S B <72(1—x)ﬁ forall x € (2,1). (112)

Putting x = uy, 4 into (111) and x = vy into (112) and using (110), we derive:

A A28
—— <kn < ——, k> k, (113)
2uB p
m,k m.k
and P
A2
,7<7kn<—#7k2k2, (114)
(1—vp )P 2(1—vpp)P

where k > ki such that u,; € (0,%) and vy € (%,1) for all k > k». Now, from
(113) and (114) immediately follows the desired inequalities (108) and (109).

Next, let y(x) be a solution of equation ¥ + f(x)y = 0 on I and let ay,b; be two
sequences of consecutive zeros of y(x) such that a; \,0 and by /' 1, when k — oo. It
gives the existence of a kg € N such that kg > ky and a; € (0,€) and b € (1—¢,1)
for all k > ky. Now, by means of the left inequality from (106) and Sturm comparison
theorem applied to equations (107) with A =m and y” + f(x)y = 0, we conclude that
between two consecutive zeros Uy, ,+1 and Uy, g, of yim (x) there is at least one zero a;,
of y(x) such that u,x,+1 < @i, < umk,. Repeating this procedure to all u,,,1x and
U ko+k—1, WE observe that u,, ¢ 1« < a;y4x—1 for all k> 1, which together with left
inequality from (108) imply:

1 2 m 1 1
k+k0) _(Zn)ﬁ(koJrk

m, 2 1
(%)”’2( VB Sty sk < Qigri—1 < ag, k=1
It proves the left inequality in (46).

From the right inequality in (106) and Sturm comparison theorem applied to equa-
tions y” + f(x)y =0 and (107) with A = M, we conclude that between two consec-
utive zeros ay 41 and ag, of y(x) there is at least one zero upj, of yp(x) such that
ago+1 < Upriy < ag,. Applying this procedure to all pairs ay,y; and ag,;—1, we get
Qrgtj < Upmip+j—1 foreach j > 1. Hence, for k = ko+ j we derive ap < upgj—ig+ip—1 <
up k—k, foreach k > ko, which together with the right inequality from (108) imply:

M 1,1 M,2 1 |2
< - <2_ _ — (_—_)o-2 0'—27k>k_
a < mnsr, <2 = () () ;

=
=
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It proves the right inequality in (46) and thus, the inequality (46) is proved. Inequality
(47) concerning the sequence by can be proved similarly. O

Proof of (48). According to assumptions of Lemma 6.4 we may use Corollary

3.5. Hence, by (25) and (43), we derive two sequences sy, f; € I of consecutive zeros
of y'(x), sx \\O, # 1, such that for sufficiently large k,

and

1 C
y(se) = cof~*(si) = )Ll(;4 (e =594 = eusy (1 =507 = eas7

1

1 C
y(t)| = cof 4 (1) = 1134 (e —12)°* = ety (1= 1) > e5(1 - 1)° 1%,
1

It proves (48). O
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