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CHEBYSHEV’S DIFFERENTIAL EQUATION
AND ITS HYERS-ULAM STABILITY

SOON-MO JUNG AND BYUNGBAE KIM

(Communicated by M. Pasic)

Abstract. We solve the inhomogeneous Chebyshev’s differential equation and apply this result
to obtain a partial solution to the Hyers-Ulam stability problem for the Chebyshev’s differential
equation.

1. Introduction

Let X be a normed space over a scalar field K and let / C R be an open interval,
where K denotes either R or C. Assume that ag, ay, ..., a,:I —Kand g:1— X are
given continuous functions, and that y : / — X is an n times continuously differentiable
function satisfying the inequality

lan (1)) Y () an—y (0) Y~V (1) 4 -+ ar (1) (1) + ao(e) y() +8(0) | < &

forall r € I and for a given € > 0. If there exists an n times continuously differentiable
function yg : I — X satisfying

an(O) Y (6) + a1 ()38 (0) 4+ ar(6) v () + aot) yo(t) + () = 0

and [[y(t) —yo(?)|| < K(€) for any ¢ € I, where K(€) is an expression of & with
lim;_,oK(€) = 0, then we say that the above differential equation has the Hyers-Ulam
stability. For more detailed definitions of the Hyers-Ulam stability, we refer the reader
to[2,3,4,5,6, 18, 20].

Alsina and Ger first investigated the Hyers-Ulam stability of differential equations
(see [1]): They proved that if a differentiable function f: 1 — R satisfies the inequality
[v'(t) — y(z)| < &, where I is an open subinterval of R, then there exists a solution
fo : I — R of the differential equation y'(r) = y(r) such that |f(¢) — fo(r)| < 3¢ for
any t € I. Their result was generalized by Takahasi, Miura and Miyajima: Indeed, it
was proved in [19] that the Hyers-Ulam stability holds true for the Banach space valued
differential equation y'(r) = Ay(r) (see also [14, 15]).
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Moreover, Miura, Miyajima and Takahasi [16] investigated the Hyers-Ulam stabil-
ity of n-th order linear differential equation with complex coefficients. They [17] also
proved the Hyers-Ulam stability of linear differential equations of first order, y'(¢) +
g(t)y(t) =0, where g(¢) is a continuous function.

Jung also proved the Hyers-Ulam stability of various linear differential equations
of first order (ref. [7, 8, 9, 10]). Moreover, he could successfully apply the power series
method to the study of the Hyers-Ulam stability of Legendre’s differential equation (see
[11]). Subsequently, the authors [13] investigated the Hyers-Ulam stability problem for
Bessel’s differential equation by applying the same method.

In §2 of this paper, by using the ideas from [11, 12, 13], we investigate the general
solution of the inhomogeneous Chebyshev’s differential equation of the form

(1—x%)y"(x) —xy/ (x) + nPy(x 2 amx" (1)

where 7 is a given positive integer. §3 will be devoted to a partial solution of the Hyers-
Ulam stability problem for the Chebyshev’s differential equation (2) in a subclass of
analytic functions.

2. Inhomogeneous Chebyshev’s equation

A functionis called a Chebyshev function if it satisfies the Chebyshev’s differential
equation
(1—x)y" (x) —xy' (x) + ny(x) = 0. (2)
The Chebyshev’s equation plays a great role in physics and engineering. In par-
ticular, this equation is most useful for treating the boundary value problems exhibiting
certain symmetries.
In this section, we define ¢g = ¢y =0 and for m > 2,

m=2
2 (2i)! m—=2
D ( l? ai [ (*—n?) for m even,
i=0 Jj=2i+2
jeven
=1 3
< (2 1 m—2
YD TI () formodd,
: m!
i=0 j=2i+3
jodd

where we refer to (1) for the a,,’s. Here we have the convention H’” 2( Jjo— n2) 1.
We can easily check that ¢,,’s satisfy the following

(m~+2)(m+1)cppa— (m> —n®)em = an 4)

forany m € {0,1,2,...}.
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LEMMA 1. (a) If the power series Y n_yamx™ converges for all x € (—p,p) with
p > 1, then the power series Y, cmX™ with c,,’s given in (3) satisfies the inequality
| X CmX™ | < 1= |x| for some positive constant Cy and for any x € (—1,1).

(b) If the power series Y p_yamx™ converges for all x € (—p,p) with p < 1, then
Sfor any positive py < p the power series Y, _, cux™ With ¢y, s given in (3) satisfies the
inequality |Yo_» cnX™| < Cy for any x € [—po, po] and for some positive constant Cy
which depends on po. Since pg is arbitrarily close to p, this means that Y, _ c,x™ is
convergent for all x € (—p,p).

Proof. (a) Since the power series Y, _qanx™ is absolutely convergent on its inter-
val of convergence, with x =1, X7 _a, converges absolutely, i.e., Y,r_ |am| < M)
by some number M;. Now, if m is an even integer not less than 2, then it follows from
(3) that

m—2
& (20)! n?
enl < 3 B0 T 17—
i=o M j=2it2
jeven
m—2

5 g L2 [P @i
A m n =D =2) (n=3)(m—4) " Qi+3)@2i+2) i+ 1)’

'27 2 . . . . . . .
where each factor |(jj H") j‘ (with j even) is either less than 1 if j > n or is less than n”

if j < n. Therefore, the whole summand is less than |ay;|(n?)"/? = |ay;|n" because j
can run through even integers at most from 2 to n. Hence

m—=2

2
lem] <Y, laniln” < Min" = Cy
i=0

and this holds similarly for ¢,, with m odd. Therefore we have

s C
z e < 3 lenll <€ 3 < S

m=0 m=0 1 — |x|

forevery x € (—1,1).

(b) The power series Y, _,a,x™ is absolutely convergent on its interval of conver-
gence, and therefore for any given py < p < 1, the series Y, |anx™| is convergent
n [—po,po] and

S am|lx™ <Y lamlog = Mo (5)
m=0

m=0
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for any x € [—pg, po]. It now follows from (3) that

o

<Y ewlof + Y lemlol!

m=2

m=3
m even m odd
m=2
© v (20)! (=P
< XY Y —rlal IT 17 -n
m=2 i=0 : j=2i+2
m even Jeven
oo m773 (2 1) m=2
1+ - .
+ Y 00 Y ———laun| [] /-7 6)
mos = m! j=2i+3
m odd

jodd

w U3 2 m-2 12
< Z 2|021\P 2Py _ |J

H n’lpg
m=2 i=0 (mil) j=2i+2 J(Jfl)
m even jeven
s % i Po 1P =rleg
2 2 (12,+1‘p ﬁ H ﬁ
=3 i=0 mim j=2iy3 JU
mod

jodd

J1
Choose a posmve integer j; > n such that 701 <
J>Jts jf_l <5<

iz This means that for any
L If j> j; >n, then
P

2=r’leg _ J o Q
— < ——pj < pe <1
JG=1 -1t -1
and for j < ji,since j =2, po<p <

1, and po <— we get

|j2—n2|p0 )
——— <maxqyj,n"y.
o1y e

Thus, if m is an even integer not less than 2, then we have

T 2=ned _ | 1 =rled ﬁ /> —nlog
j=2i+2 J(Jfl) P> J(Jfl) j=2i+2 J(Jfl)
jeven Jeven Jjeven

J1 2 212
< H ‘J. n‘po

joaiva U= y

@)
Jjeven
I |2 —n?|p} ﬁ 2 —n?[pd
ion JU=1) ioiva 4G
jeven

Jj even

< (i) ()2
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and similarly if m is an odd integer not less than 3, then we obtain

m=2 |2 212

j QA (8)
j=2i43 JG=1)

J odd

Hence, it follows from (5), (6), (7) and (8) that

m—2
oo oo 5 2
i p() c \2,.n
Yo <Y Y lanlog' ——"—= (j1)’n
m=2 m=2 i=0 m(m—1)
o 72 2
i Po S N\2.n
n jazisilog™ === (1!)*n
mE:l Z%) T m(m—1)
m odd
- 02
< 2 O My (ji!)*n"
m=2 ( 1)
< i 1 poMa(jr!)*n"
= \m—=1 m
< 0M2(j1!)2n” =G
for any x € [—po, Po] - ]

LEMMA 2. Suppose that the power series Y, »_qamx™ converges forall x € (—p,p)
with some positive p. Let p; = min{1,p}. Then the power series Y;m_s X" with
cm’s given in (3) is convergent for all x € (—py,p1). Further for any positive py < pi,
|Zm_s cmx™| < C forany x € [—po, Po] and for some positive constant C which depends
on Qo.

Proof. The first statement follows from the second one. Therefore, let us prove
the second statement. If p < 1, then p; = p. By Lemma 1 (b), for any positive
Po <P =p1, |Zm_scmx™| < C, for each x € [—pp, po] and for some positive constant
C, which depends on py .

If p > 1, then by Lemma 1 (a), for any positive py < 1 = p1, we get

- C C
Y | < —— < ——=C
m=2 L—[x| =~ 1—po
for x € [—po, Po] and for some positive constant C which depends on py. O

Using these definitions and the lemmas above, we will show that Y, c,,x™ is a
particular solution of the inhomogeneous Chebyshev’s equation (1).
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THEOREM 3. Assume that n is a given positive integer and the radius of con-
vergence of the power series Yo _gamx™ is p > 0. Let py = min{1,p}. Then, every
solution 'y : (—py,p1) — C of the Chebyshev’s differential equation (1) can be expressed
by

3 =)+ Y e
m=2

where yy(x) is a Chebyshev function and cy,’s are given by (3).

Proof. We show that >, ¢,,x™ satisfies the equation (1). By Lemma 2, the power
series Y, cpX™ is convergent for each x € (—py,p1).

Substituting X,»_, ¢,ux™ for y(x) in (1) and collecting like powers together, it fol-
lows from (3) and (4) that

(1=x2)y" (x) — 2/ (x) + n*y(x)

=204 6c3x+ Y, [(m+2)(m+1)cmpa— (m* —n*)cy| X"
m=2
=ag+ax+ 2 amx™

m=2
= 2 a X"
m=0

forall x € (—p1,01).-
Therefore, every solution y : (—p;,p1) — C of the inhomogeneous Chebyshev’s
differential equation (1) can be expressed by

@) =)+ Y n”,
m=2

where yj(x) is a Chebyshev function. a

3. Partial solution to Hyers-Ulam stability problem

In this section, we will investigate a property of the Chebyshev’s differential equa-
tion (2) concerning the Hyers-Ulam stability problem. That is, we will try to answer the
question, whether there exists a Chebyshev function near any approximate Chebyshev
function.

THEOREM 4. Let y: (—p,p) — C be a given analytic function which can be
represented by a power series Y, _obnx" whose radius of convergence is at least p >
0. Suppose there exists a constant € > 0 such that

(1 =x%)y" (x) = xy' (x) + n°y(x)| < & 9)
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forall x € (—p,p) and for some positive integer n. Let py = min{1,p}. Let a,, be a
sequence such that (1 —x?)y"(x) —xy'(x) + n*y(x) = 3o _gamx™ and

3 an"| < K

m=0

3, ant”
m=0

Sorall x € (—p,p) and for some constant K. Then there exists a Chebyshev function
i : (=p1,p1) — C such that

y(x) —ya(x)| < Ce

Sor all x € [—po,po], where py < p1 is any positive number and C is some constant
which depends on py.

Proof. We assumed that y(x) can be represented by a power series and

(1=x")y" (x) —xy'(x) +n’y(x 2 A"
also satisfies
Y lamx| <K | Y, amx™| <
m=0 m=0

forall x € (—p,p) from (9).

According to Theorem 3, y(x) can be written as yj(x) + Xyr_, cppx™ for all x €
(—p1,p1), where y;, is some Chebyshev function and ¢,,’s are given by (3). Then by
Lemmas 1 and 2 and their proofs (replace M| and M, with K¢ in Lemma 1), we obtain

y(x) —

for all x € [—pg,po], where py < p; is any positive number and C is some constant
which depends on pg. This completes the proof of our theorem. O

4. Example

In this section, we show that there certainly exist functions y(x) which satisfy all
the conditions given in Theorem 4. We introduce an example related to the Chebyshev’s
differential equation (1) for n =1.

EXAMPLE. Let y,(x) be a Chebyshev function and let y: (—1,1) — R be an
analytic function given by

450 & xm
Y0 =)+ S55€ 2 Tz (10)
m=
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where € is a positive constant. Then, we have
(1—x")y" (x) —xy/ (x Zam

where
450 —396m?+ 6m+ 102

Ay = 509 102m+2
0 form e {1,3,5,...}.

€ form e {0,2,4,...},

It is obvious that ag = ggg igés am <0, and |ag,| < 509 10,,,5 for any m > 1.

Thus, for each x € (—1,1), we have
(1 =)y (%) —xy'(x) +y(x)| = Zam < 2 lan|
m=0

< 4503 102 n 1y ¢
509"\ 100 9/
Moreover, for x € (—1,1), it follows from the last inequality that

Y lamx™| < Y Jam| < €.
m=0 m=0

On the other hand, we obtain

N anx”| = |ag+ Y, arx™| = ag+ Y, aom
m=0 m=1 m=1
450 1028 A0S 1 ¢ 450 102 1
~ 509 100 509 = 10m 509 100 9
_ a0,
509
Therefore, we get
- 509 | &
Y lamx™| < 1Y amx"
m=0 409 m=0

forall x € (—1,1). (Thatis, the constant K in Theorem 4 is given by % J)

Further, it follows from (10) that

o 2m

X
el 32| <
=, 102m

450

450 & 1 9
[y(x) = yn(x)] = 509

—e Y — < —¢
500° & 1027 10

for all x € [—po,Po], 0 < po < 1, which is consistent with the result of Theorem 4 if
weset opp=p=1and n=1.
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