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ASYMPTOTIC BEHAVIOR OF RADIAL MINIMIZERS
OF A p-ENERGY FUNCTIONAL WITH
NONVANISHING DIRICHLET BOUNDARY CONDITION

YAQIN ZHENG AND YUTIAN LEI

(Communicated by Z. Zhang)

Abstract. This paper is concerned with a p-energy functional with nonvanishing Dirichlet bound-
ary condition. The authors prove the Wli;cp convergence of the radial minimizer, and discuss the
location of the zeros of this minimizer. In addition, an estimate of the convergence rate of the
minimizer is given by means of the iterative approach.

1. Introduction
Let B={xe€R": |x| < 1}. Denote

S = e R G+ 5+ 4 x, = 1x, =0},
= {xeR"": x%+x%+---+xﬁ+x%+1 =1}

Let g(x) = (MI;_I’\/I —M?) where x € dB,M € (0,1). We are concerned with the
minimizer of a p-energy functional
/B s 1dx

in the function class W = {u(x) = (li—l sin f(r),cos f(r)) € WYP(B,S") : ulgp = g,r =
|x|}. Sometimes we write ug(x) = (u}(x),un11(x)). By the direct method in the calcu-
lus of variations, the minimizer u. exists and is often called the radial minimizer.

When p = 2, the functional E¢(u,B) was introduced in the study of some simpli-
fied model of high-energy physics, which controls the statics of planar ferromagnets and
antiferromagnets (see [6] and [10]). The asymptotic behavior of minimizer of E¢(u,B)
has been considered in [3].

E¢(u,B) =

If the term ”“ is replaced by a 2‘51" 2 , the functional is the well-known Ginzburg-

Landau functlonal When n > 3, the problem on the asymptotic behavior of minimiz-
ers was introduced in [1], which was studied in [2] and [5] independently. The paper
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[9] studied the asymptotic behavior of the radial minimizer when p € (n— 1,n). Their
work shows that the study of minimizers of n-Ginzburg-Landau functional is connected
tightly with the corresponding properties of the n-harmonic map.

In this paper, we always assume n > 2 and p € (n—1,n). We are interested in the
asymptotic behavior of minimizer of p-energy functional with nonvanishing Dirich-
let boundary condition as € — 0. Based on this result, we will establish the relation
between the radial minimizer and the map x/|x].

If we denote
V={fewr,1]: A"=V/rf y0=1=P)/Pgin £ € 1P(0,1), f(r) > 0, f(1) = arcsinM}

loc

then
X

V={f(r): ulx) = (o sin f(r),cos f(r)) € W}
and it is a subset of C[0,1]. Substituting u(x) = (‘j—‘ sin f(r),cos f(r)) into E¢(u,B),

we obtain E¢(u,B) = |S"'|E¢(f,]0,1]), where

1 12 —2.:2 A\P/2 n—1 1 bl 2
Eg(f,[O,l])—;/o (fr +(n—1)r “sin f) rt errﬁ/o "~ cos” fdr.

This shows that ue(x) = (ﬁ sin f¢ (r),cos fe(r)) € W is the minimizer of E¢(u,B) if
and only if f¢(r) € V is the minimizer of E¢(f,[0,1]). Inspecting the expression of
E¢(f,[0,1]), we may assume 0 < f < /2. We will prove the following results in this
paper.

THEOREM 1.1. (WL convergence) Let u(x) be a radial minimizer of E¢(u,B).
Then as € — 0,
0) in W'P(B,s").

X
Ug — ( Tl loc

el

THEOREM 1.2. (Location of zeros) Let uc(x) be a radial minimizer of E¢(u,B).
If we denote ug = (U, ugyt1), then as € — 0, the zeros of ul(x) are located near the
origin 0 and the boundary 0B.

THEOREM 1.3. (Convergence rate) Assume that uc(x) is a radial minimizer of
E¢(u,B). Then for any T € (0,1/4),there exists a positive constant C which is inde-
pendent of € € (0,1), such that

1T
/ 'ﬂfl[(fé)eriCOSzfg]drgCe".
T ep

2. WLP convergence

Assume u; be a radial minimizer of E¢(u,B). Theorem 1.1 can be proved by
setting up several propositions as follows.
By the direct method in the calculus of variations, it is not difficult to prove
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PROPOSITION 2.1. The minimizer u. satisfies
iy (Va2 Vu) =Vl (s ~ tnrenn), @1
where e,+1 = (0,0,---,0,1).

PROPOSITION 2.2. Assume that ue satisfies (2.1). For any R > 0, there exists a
constant C(R) > 0 which is independent of € € (0,1), such that for any xo € B,

IVut]| =(B(xg re)) < C(R)E.
Proof. Without loss of generality, assume that xo = 0. Let y =xe~! and v(y) =
u(x) in (2.1), we can derive
—div(|Vv[P2Vv)n = v| V[P 4 (Vi v — Var1€nt).

By the Theorem 2.2 in [8], we have

/ Vv|Pdx < C(R).
B(0,2R)
Applying the same idea of §3 in [4], we also have
Vvl =B0,r)) < C(R).
Since v(y) = v(xe~!) = u(x), we obtain
IVl 1=(5(0,Re)) < C(R)E™.

If xp # 0, moving the coordinate center to xo and using the same method, we can also
complete the proof.

PROPOSITION 2.3. Let ug € W be a radial minimizer of E¢(u,B). Then there
exists a positive constant C which is independent of € € (0,1) such that

Ee(u,B) < Ce'™P. (2.2)

Proof. Suppose that f5 is a function such that (| sin f5(s),cos f5(s)) is the mini-
mizer of the functional

F(u,B) = /Wu\”dy+2/ ul,dy

in the class ¥ = {( smf( ),cos f(s)) € WLP(B) : ulyp = g,5 = [y|} . Define

arcsinM, rell—elj;

I 1r—(1-2¢)](% —arcsinM), re[l—2¢1—¢l;
filr) =

2 rele,1—2¢l;

f5(r), re0,¢g].



240 YAQIN ZHENG AND YUTIAN LEI
Let x = yg, then f5(r) = f5(s€). Thus

Ee((-= sin f1(r),cos £ (r)), B(0,£))

x|
= F((‘y—‘ sin f5(s),cos f5(s)),B)e" P < Ce" P, (2.3)
y
while we also have
—1)P/2 fl-2¢
E:(f1,[e,1—2¢]) = %/ PPy <C. 2.4)
&

When r € [1 —2¢,1 —¢],

X .
Eg((m sin f1(r),cos f1(r)),B(0,1 — €)\B(0,1 — 2¢))
N ! I 22 £ 1P/2 -1
= — (= —arcsinM)”+ (n—1)r “sin idr
— [ 16 P+ (= 1 2sin ]
‘Snfl‘ 1—¢ —€ 1—¢
+ r”*lcosfldréCs*p/ " ldr+C Py
2eP J1-2¢ 1-2¢ J1-2¢
< Cel"P 4 Ce < Ce' P, (2.5)

and when r € [1 — g, 1], it is also easy to obtain

| 1 1
E:.(f1,[1—¢,1]) = _/ (n— 1)”/2M”r”’l’pdr+ _/ (1 *Mz)r‘”fldr
p 1—¢ 2617 1—¢
< Ce+Cel"P el P,

Since u, is a radial minimizer, it is not difficult to deduce from the result above and
(2.3)-(2.5) that

Ee(ue, B) < Ee((-= sin fi,cos f1),B) < Ce'~P.

[

Thus the proposition is proved.

REMARK 2.4. From (2.2) it follows that for some R > 0, there exists C = C(R) >
0 (independent of € € (0,1)) such that

ol
/ |[fi|Pdr < Ce'P.
JR

Combining this with fe < /2 on [R, 1] yields || fe|lyir(g 1) < Ce!!"P)/P. Using the
embedding theorem, we see that for any r € [R, 1],
[fe(r) = fe(D)] < Cel PPl — 1=,
Thus 1
|fe(r)| > arcsinM — Cp'~1/P = 3 arcsinM, re€ (1—pe,1), (2.6)

where p = (%)pm”l).
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PROPOSITION 2.5. Let ug be a radial minimizer of E¢(u,B). Then for any § €
(0,1/3), there exists constant C > 0 which is independent of € € (0,1), such that

Proof. We will prove that, for any { € (0,1/3), there exists & € (£/3,{/2) such
that

(n—1)r/?
p

. 1-&i—¢

Ee(fe,[0,1=&]) <C(e+e"P+e"P)+ / 1Py (2.8)
€

for i < n. Obviously, (2.8) with i = 1 holds by virtue of Proposition 2.3. Suppose that

(2.8) holds for i = k < n, namely

(n—l)”/2

175](78
/ P R X )\
P €

Ee(fe.[0.1-&]) < Cle+e" P+ ") +
We will prove (2.8) still true when i = k+ 1.
By (2.9) and the mean value theorem, there exists &1 € (&, {/2) € (£/3,$/2),
such that
Ee(ue,0B(0,1 — &1 1)) < CEe(ug,B) < CeFP, (2.10)

where C > 0 only depends on &, 0. Write f = f¢, and define

H(r)=f(r), rell=&ulj;

L) =%=1r—(1-&un—-elF—f1—&1), rel—&e—el—&ql;
hr) =% relel-§ 1 —¢l;

fa(r)=fs(r) rel0.g]

Here f5 is the function in the proof of Proposition 2.3. If x = ye, then f5(r) = f5(s€).
Similar to the prove of Proposition 2.3, it is easy to obtain

Eg((|i—| sin f5(r), cos f>(r)), B(0,€) < Ce"P. 2.11)

where C dose not depend on €.
In addition, we also have

X
Eg((mSlnfz,COsz),B((),l—ék+1—5)\B(0,8))
_1\p/2|gn—1 1-&y—¢
_ e DR ‘/ g, 2.12)
p €

From (2.10), we obtain

1
5 008" f(1= &) <Ce7, (2.13)
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and hence |
— sin
ep

On the other hand, we have

Z[gff(lfgkﬂ)] <Cekr. (2.14)

T 1 4
COS{E - EV* (11— 3)}[5 —f(1 =&}
LT
<sin[5 = f(1 = Ger)] = cos f(1 = G- (2.15)
Applying the mean value theorem, from (2.14) we can deduce that

sinf — f(1= &) > 2[5 — F(1 - &),

as long as € is sufficiently small. Combining this with (2.14) yields
2 . ml L@ k—
E[E_f(l_ék+l)] < 5 gpsin [5 A =G] < el (2.16)

Therefore, when r € [1 — &1 — €,1 — &), using (2.13)-(2.16), we can deduce
Ee((

s .05 2, B(0.1 ~ &) \BO.1 &1 )
Snfl 1-§
= 51 p | e o E[( N+ (n— l)rfzsinzfz]p/zr”*ldr
—&1-
‘S”*l‘ 1=yt

2eP 1&g, e
C [1=&%+1 1
<

Leos? frdr
T P C =& el
< —_*flfgkl}rn dr+— e rdr
pJ1-g, €l {2 ( + ) P J1-&1—¢€
Lo [T et S =)

dr < C(e+eFtip),
1-&1—¢ eP

Since u is the radial minimizer, we have
X

E¢(ue,B) SEE((M sin f2,co0s f2),B). (2.18)

Substituting (2.11), (2.12) and (2.17) into (2.18) yields
EE(ME7B) < C(E + 8nfp+ 8k+17p)
n— 1?25 p1=&e—¢
+%/ rnilipdr+E5(u€7B\B(07l7§k+l))'
€

This means that (2.8) holds for i = k+ 1. In particular, the conclusion is true for i =n
by induction. Noticing

EE(M€7B\B(07 1- 5’1)) < EE(ME’B\B(O’ 1— g))a
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we can derive the conclusion at last.

Proof of Theorem 1.1. Assume that K is a compact subset of B. By Proposition
2.4, there exists a subsequence ug, of ue and a function u, € le”(K ,8™), such that

lim ug, =u.  weakly in WP (K, S"); (2.19)
E—
lim g, = . in LP(K,S™). (2.20)
E—

When € — 0, u,4; — 0 in LP(K). In addition,
ug(x) = (isinfg(r),cosfg(r)) and |u},(x)| = sin f¢(r) — 1in LP(K),

x|

as € — 0. Hence, u), = x/|x|, that is to say u. = (x/|x|,0) a.e. on K.

Since each subsequence of u, has a convergent subsequence and the limit is al-
ways u,, we know that (2.19) and (2.20) are still true not only for a subsequence,
but also for u, itself. Thus, (2.8), together with (2.19) and the weakly lower semi-
continuity of i |Vue|?, implies

/|vi|pdx<1i_mgﬂo/ ‘Vug\pdxgm3ﬂ0/ |Vue |[Pdx
k|l K K
1-&—¢
gC(£+£n7p)+(nf1)[7/2“5#171‘/ ’}zfl*pdr.
€
It is easy to see
" X \p /2| qn—1 1= -1-
V= |dx=(n—1)"2s"" " [ "t rar,
Jx' x| Jo

Then we have
X
lim/ \vug\"dx:/\v—\”dx.
e—0JK K \x\

Combining this with (2.19) and (2.20), we complete the proof.

PROPOSITION 2.6. Assume that us = (ﬁ sin f¢(r),cos fz(r)) is a radial mini-
mizer of E¢(u,B). Then for any R € [0,1/4], there holds

lirr(l)fE (r)= g uniformly in  (R,1 —R).
E—

Proof. Write f = f:. Using the mean value theorem ,we can derive that, for any
ro € (R,1—R),
|cos £(r) —cos f(ro)| < [sin [ f(r) = f(ro), (2.21)

where & is a function which value is between f(r) and f(ro). Applying Proposition
2.2, we have

1 C 1
[f(r) = f(ro)| < Cer—r| <C571N5= N '€ [Vo—ﬁﬁﬁo]
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where N is a sufficiently large positive integer. Therefore, by (2.21), there exists a
sufficiently large number N = Ny such that

1
|cos f(r)] > [eos f(ro)| = |sin&]|f(r) = f(r0)| > 5 cos f(ro).
By (2.7), we also have

Cel , o2 n
— —cos f(ro)é/ '~ cos” f(r)dr < Ce
l’lN04 rfA‘/?_O

where C' is a positive constant. So we obtain
2 n—1
cos” f(rg) < Ce"™ .
Obviously, when & — 0, cos? f(rg) — 0, hence we have f(rg) — /2. Since ry is

arbitrary in (R, 1 — R), thus the proposition is complete.

3. Location of zeros

To discuss the location of zeros, we will first establish the definition of bad ball
and good ball.

PROPOSITION 3.1. Let u, be a radial minimizer of E¢(u,B). For any given 1 €
(0,1), there exist the positive constants A, independent of € € (0,1), such that if

1

2
o i U 1dx < U,

where A=B(0,1— ), and B¢ is some ball of radius 2le with | > A, then

lul(x)| >1-n, VxeAnB:.

Proof. By Proposition 2.2 and using the same argument of Proposition 2.4 in [7],
it is not difficult to prove this proposition.

Let A, u be constants in Proposition 3.1. If

1

2
— U, dx <
e" Jp(xe2ae)a ’

then B(x%,A¢€) is called a good ball. Otherwise B(x®,A¢) is called a bad ball.
Now suppose that {B(x{,A¢€),i € I} is a family of balls satisfying

(i)xi €A, i€l (ii)ACUiB(xi,Ag);
(i) B(x¢, Ae/4)NB(E,Ae/4) = 6, i# ). 3.1)
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PROPOSITION 3.2. Let ug be a radial minimizer of E¢(u,B). Then there exist a
sufficiently small constant & > 0, and a positive constant C independent of € € (0, &),

such that |

2
— us dx < C.
e Jnoi-¢) "

Proof. Substituting (2.11) and (2.17) with &, = { into (2.18) yields

X

E¢(ue,B(0,1—8)) < C(e" P +¢€)+ Ee(sin fa,co0s f2),B(0,1 — { — €)\B(0,¢)).

[

In view of p > n—1, we have € < €"77. Therefore

1
Ee(ue, B(0,1— £)) < Ce" P+ —/ v P,

P JBO.1-¢-)\B0.e) ]
Noting

1-Z
/ |VulPdx > (n — 1)P/2|S"*1\/ P 1Psin? fodr,
B(0,1-C) ¢
we have that, for any & € (0,1),

1

1-¢
ﬁ/o 71 cos? Sfedr

—1)P/?2 p1-C-e
<Ce" P4 %/ rﬂflfp(l —sin? f)dr
€
1-f—¢
<Ce" P4 C / PP (1 sin fu)dr
€

= 1 =¢ 2 2
< Ce™P 4 C(8)eP / Py S / P (1 = sin® f,)2dr
€ €

<Cer T C@)e - 5e v [ o fudr
0

Choosing 0 sufficiently small yields

o=, _
ﬁ/ """ cos fgdr<C£” P,
JO

Thus we may obtain the conclusion by multiplying with eP~".

Similar to the prove of Proposition 2.5 in [7], applying Proposition 3.2 and the
definition of bad balls, we can derive

PROPOSITION 3.3. Write Jo = {i € I B(x{,A¢€) is a bad ball }. There exists a
positive integer Ny which is independent of € € (0,¢&y), such that the number of bad
balls Card J; < Ny.
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Based on this proposition, and by an analogous argument of Theorem IV.1 in [1],
we also have the following consequence.

PROPOSITION 3.4. Let A be the constant in Proposition 3.1. Then there exist a
subset J C Je and a constant h € [A,A9"0] such that

U,'EJEB()C?,AE) C UiEJB(x§>h5)7 |)C;S —xf\ > 8he, LjeJ, i#].

Applying Proposition 3.4, we may modify the family of bad balls, such that the
new one, denoted by {B(x?,he);i € J}, satisfies

Uies, B(x{ ,A€) C UicsB(x{, he), A <h, Card) < CardJg;
xf —x%| > 8he, i,jeJ, i#].

The last condition above implies that every two balls in the new family are disjoint.

PROPOSITION 3.5. Let ug be a radial minimizer of E¢(u,B). Then for any n €
(0,1), there is a constant h=h(n), such that the set {x € A; |u},(x)| <1—n} C B(0,he)
as € € (0,&).

Proof. Suppose there exists a point xo € A\ B(0,h¢) such that |u}(x)| <1—7.
Then all points on the set Sy = {x € A\ B(0,h¢€); x = |xo|} satisfy |uj(x)] <1—n and
hence by virtue of Proposition 3.1, all points on Sy are contained in bad discs. On the
other hand, if |x| > he, Sy cannot be covered by a single bad disc, i.e., Sy is covered by
at least two bad discs (they are not intersected). However, this is impossible. It implies
our conclusion.

Proof of Theorem 1.2. Proposition 3.5 implies that |u,(x)| > 1—1n, as x €A\
B(0,he). Combining this with (2.6), we can see

{xeB;

ul,(x)| < min(2M~/1—M?,1—n)} C B(0,he) U[B(0,1 —pe)\B(0,1—{)].
Thus, the zeros of u, are located near 0 and B when € — 0.
4. Estimate of the convergence rate
Proposition 3.2 shows a convergence rate of f; to /2 as € — 0
/ 7" eos? fedr < Ce™. 4.1)
JK

Obviously, the estimate of Theorem 1.3 is better than (4.1) when ¢ — 0. To prove
Theorem 1.3, some propositions will be given.

PROPOSITION 4.1. Forany T € (0,1/4), there is C > 0 such that

v Pdx.

1
Ee(ue, B(0,1—T)\ B(0,T <C5”’p+—/
e(ue, B( N\BO.D)) p B<0,17T>\B<0,T>| x|
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Proof. By the mean value theorem and Proposition 2.4, forany T € (0,1/4), there
exists T € (0,T) (i = 1,2) such that

leos (1) +cost (1 - T2)] <.
Define new function f3 by the following
f() =) refo,TIU[1-T21];
B =3 =2 G—fA=Tr— (=T &) re[i-T2—e1-7%;

fi(r) =35 =25 =TT +e) =] re[r'.T'+el.

We can obtain

_1\p/2|§n—1| ,1-T?
Ee(ue,B(0,1—T?)\B(0,T")) < C(e+ " P)+M/ A1 g
p

Proposition 4.1 is completed if we notice T > T".
It follows from Jensen's inequality that

Bl -1 >3 [ (e ar
€ ) = »Jr e

1 1T 1T (p— 1)P/2
—/ P~ Leos? fedr+ — / 7sin”fgdr.

2¢ep T /24 n+1
Combining this with (4.1) and (4.2), we obtain

1

1-T 1 -7
E/ (fLyPr ldr+ﬁ/ " cos? fedr
T

1 -T (=1 p/2
< —/ u(1 —sin” fo )" ldr+Ce" P
pJr re

L Ce"+Ce™P LCe™P, 4.3)

Applying the integral mean value theorem and (4.3), we can find Tli €(0,T](i=1,2)
such that

1
- [cos? fe(T})) + cos® fe (1 — T2)] < Ce"P. (4.4)
Consider the functional
-T2 2
Eo -1 = [ o241 L s par
JAS B 1 7l r 2ep Tll :

1

Clearly, the minimizer p; of E(p,[T}!,1—T7]) in Wfle’p([Tll7 1 —T3,RTU{0}) exists.
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PROPOSITION 4.2. Write p = p; and py is the minimizer of E(p,[T{',1 —T7]).
Thus

1-12 /2,2 1 r1-77 )
/Tl (p? +1)(p )/ dr+8p i cos’ pdr < Ce"?.
1

Proof. Step 1. Obviously, the minimizer p; solves the classical problem
1
—(wP=22p,), = o C0sP sinp on [T}, 1—T2], (4.5)
p(N) =Fe(T), p(1=T7)=fe(1-T}), (4.6)

where w = p,2 + 1. Using the maximum value principle, we can see p < /2. In view
of (2.6) and Proposition 3.4, we can obtain

sinp(r) > min(sinp(7}),
sinp (1 —T?)) = min(sin fe (T}}),
sin fe (1 —T7)) = min(1 — n,2M~/1 — M2) :=C; > 0. (4.7)

Since p; is a minimizer, it is led from Proposition 2.4 that

E(py, [T} 1= T7]) SE(fe, [T, 1 = T]) < CEe(fe, [T} 1 - TE]) <C. (4.8)

Step 2. Take the function { € C=((0,1];[0,1]) such that:

{=1on(0,7], {=0in [1 =T, 1], |§| < C(T}, T7).

Multiplying (4.5) with {p, and integrating over [T}!,1 — T?], we have

/2 2 1-1? 2 1 -7
w(P=2)/2p7 - m +/Tl wP=22p (Copr+ Eppr)dr SP/T £p,cospsinpdr.
1 4.9)
First we will estimate the second term on the left-hand side
1-T2
’/Tl w220 (Gpr+ Cppr)dr
1
1-12 1 -T2
<[, g i2ars | [ (PG wlg ar
Tll p Tll
1-T2
gc/ Crlgry Loz | <o Lo (4.10)
Tll p r:Tl1 p r:Tl1
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Next, combining (4.8), (4.6) and (4.4), we derive

1-72
- ’/T Cprsinpdr

1-12
‘/ £pycospsinpdr| <
T}

1 1-17 1-T2
= f/ (4,'(:osp),dr+/T1 {rcospdr
1

er

1
Tl
1 1- T
< —cosp +— cos’ pdr < C.
=oep =1} &P Jr}

Substituting this and (4.10) into (4.9) yields

1
wr=2/22 ’ L <CH+-wP|
r=T| )4 r=T|

This result, together with wP/? = w(P=2)/ 2(p? +1), implies

wh/? <C. 4.11)

_7l
r=T;

Step 3. Take ¢ € C((0,1];[0,1]), £ =0 on (0,7}'], { =1in [1 = T2,1] and |{| <
C(T{,T7). Similar to the argument of step 2, using (4.4)-(4.8), we also obtain

Wb/ <cC. (4.12)

r=1-T2

Step 4. Multiplying (4.5) with cosp and integrating over [T}, 1 —T7], we have

1-12 1 r1-77 1-12
/ w(p*z)/zpr2 sinpdr+ 5_1’/1 cos’ psinpdr = —/ (w<p72>/2p, cosp),dr.
T, 7

1 1
1 Tl

Thus, using (4.11), (4.12) and (4.5)-(4.7), we can deduce that

1T} 2 1 '1*T12
2
/Tl T pldr+— 3 cos® pdr
't

1=-T7 (p2) . 1 =17 5 .
<C(/ w Z p; s1n;oa’r—&—8—p/1 cos psmpdr)
7]

1

17T12

2
‘ <ce"?,
1

<C‘/1 wP=2/2p cosp), dr’ C’
T,
Proposition 4.2 is proved.

PROPOSITION 4.3. There holds

-1 p/2 1-T2
Ee(fe, [Ty, 1= T7)) <C8”/2+%/1 Llergy,
Tl
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Proof. Define

fe, rel0,TU[l—T31];
f4(l‘): € [ 11] [2 1 }

01, re[Tl,l—Tl].
Since u, is a minimizer, we have

X

x|

Eeue,B) < Ee((=sin f3(r),cos f3(r)), B).

Thus

Ee(fe, [T} 1-T7))

1 [1-T¢ -1 p/2 1 -7
< ;/1 1 (p,ernr—zsinzp) r”’ldr+—/ l 7"~ cos? pdr.
Tl

Combining this with

1-7¢ —1 /2 —1 /2
/Tl l{<prz+nr2 sinzp)p 7(nr2 sinzp)p ]rnldr

1
1-12 1
p I , n—1 4 n—1
T2 T {/0 [(p’+ 2 o P)s+( r2

(p=2)/2
sinzp)(l fs)} 8 ds}przr”ldr
1-T2
<c[ o) prar<ce,
1

as well as Proposition 4.2, we get

1 17T12 n—1 . [7/2’7
ES(ff>[Tll>1_T12])<—/T ( 5 smzp) " dr

pJt} r

1 -7 _1)p/2 p1-T¢
+Ce"?  —— l r’“lcoszpdr<C5”/2—~-u Loy,
28[7 Tll p . Tll

Thus we complete Proposition 4.3.

REMARK 4.4. Similar to the derivation of (4.3), using (4.1) and Proposition 4.3,
we may get

1-1¢ 1 112
[ g tars = [ ol far <cet® @)
Tll ep Tll

Comparing this with (4.3), we see that the exponent of € is improved from n — p to

n/2. Thus, this estimate is better as € — 0.
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Proof of Theorem 1.3. Similar to the derivation of (4.4), by (4.13) and the mean
value theorem, there exists 7 € (T}, T] (i = 1,2) such that

% [cos? fe (T )+ cos? fe (1 — TF)] < Ce™/. (4.14)

The minimizer p; of the functional

| 2 LT /2 Len o,

_ —— p 2

Elpu(r1=m) = [ o) s [ ol par

in Wflg’p ([T},1—T2,RT U {0}) also exists. Similar to the proof of Proposition 4.2,
using (4.14), we can also derive

-7 2 (r=2)/2 2 LT 2 Gl1]
/ (7 +1) prdr+ = cos” pdr < Ce

1 1
T2 T2

n2 | @-1)p

where G[j] = 37 +-—5+,7=0,1,2,---. By an argument of Proposition 4.3, we also

obtain n ,
—1P 1-T
Ee(fe, [T2la 11— T22D < ceflll 4 7(’1 ) /1 ’ i
P T.

2
Furthermore, similar to the derivation of (4.3), using (4.13), we may get

1-77 1 -T2
/ (fo)Prtdr+ — Pt eos? fedr < CeCl.
T,

1 p 1
2 E'TZ

Comparing with (4.13), we have improved the exponent of € from G[0] =n/2 to G[1].
Proceeding in the way above (its idea is to improve the exponent of € from Glk]
to G[k+ 1] by induction), we can see that for any k € N

=T, 1 T w2 @k-n)p
/1 ’ (fé)”r’”ldr+—p/ ’ P lcos? fedr < Ce 1 F
T,

k+1 € Tk+1

where Tki+1 € (T},T],i=1,2,k=0,1,2,---. Letting k — o and noting T > T, we get
our conclusion.
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