ifferential
quations
& Paeplications
Volume I, Number 2 (2009), 253-284

EXISTENCE, NONEXISTENCE AND MULTIPLICITY
RESULTS FOR SEMILINEAR ELLIPTIC PROBLEMS WITH
MEASURE DATA AND ABSORPTION-REACTION TERM

B. ABDELLAOUI, A. PRIMO, AND T. M. TOUAOULA

To Ireneo Peral,
master and friend,
in the occasion of his 60th birthday.

(Communicated by M. Kirane)

Abstract. In the case where g(u) appears as an absorption term, then under some additional
hypotheses on g we prove that the main problem has a solution for all A > 0 and for all positive
W€ LY (Q). In the case where g appears as a reaction term, then we prove that the main problem
has at least two positive solutions under suitable hypotheses on p . The asymptotic linear case is
also studied.

1. Introduction

This paper is devoted to obtain existence and nonexistence results for nonlinear
elliptic equations of the form

—Au+g(u)= ‘ \Z—HXMIHQ
u>0in Q, (1.1
u=0ondQ,

where Q C RV is an open bounded domain which contains the origin, g is a continuous
function under suitable hypothesesand A, o € R. In the whole of this work, we suppose
that u is a radon positive measure with some additional hypotheses that we will precise
later.
In the case where g = 0, we refer to problem (1.1) as the elliptic Baras-Goldstein
problem (see [10]). By setting
Vo |*d

Jvopax o

o> N2
J

Q ‘x‘z

Ay =

in f
{0eey (Q),0£0}
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we obtain that if A > Ay, then the above problem, with g = 0, has no positive solu-
tion. In the case where A < Ay, then the above problem has a solution if and only if
(Ju], x| ~9H)) < oo where a(A) = (N —2)/2 — /Ay — A.

The case where A = 0 was considered by several authors and it is well known in
the literature, see for instance [11], [13], [9] and the references therein. Let begin by
quoting the result in the absorption case. From the result of [11], we know that the
above problem has a solution for all measure u if g is an increasing function such that
8(s) < CJs|? as |s| — oo with ¢ < N/(N —1). We refer to [13] and [19] for a complete
discussion in this case.

The case of reaction term was considered in [12]. Using capacity estimates and
some tools from convex analysis, under some conditions on g, the authors proved that
problem (1.1) has a solution for all o € (0, *). Recently in [24], the authors consider
the above problem for A = 0 with the reaction term. They give an alternative proof of
the existence result based on an iteration schema. In the case where A > 0, we know
apriori that any supersolution to problem —Au — A # > 0 is not bounded at the origin
and then to insure the existence of positive solution to problem (1.1) we need some
additional hypotheses on the measure.

The paper is organized as follows. In section 2 we give functional tools that we
need in the paper, and we define the main spaces where we will work.

In Section 3 we consider the case of absorption term, namely we will prove that
under some hypotheses on g, the above problem has a solution for all A > 0 and
positive u € L'(Q). At the end of the section, we show that the condition on g is
optimal to get the existence result.

In Section 4 we study the case of reaction term. We will assume that A = Ay,
which is the critical case. In Subsection 4.1 we deal with the superlinear case. Notice
that in this case, problem (1.1) has some convex-concave behavior, therefore under
some hypotheses on u and g, we prove the existence of o such that (1.1) has two
positive solutions for o0 < a*, at least one solution for & = a* and no positive solution
for a > a*. The proof of the existence result for oc = o* and the proof of the existence
of the second positive solution are different from the proofs obtained in [24].

In Subsection 4.2 we consider the asymptotic linear case, namely we will prove
that independently of value of «, problem (1.1) has a solution. In subsection 4.3 we
prove an antimaximum principle for the linear case. At the end, in the appendix, we
continue with asymptotic linear case in variational framework. Following the argument
used in [14], under additional hypotheses on 1, we show that problem (1.1) has exactly
two solutions, one solution or no solution. This is related to the beautiful result of
Ambrosetti-Prodi, see [6] and [7].

2. Functional setting.

Let Q be a bounded domain in RV, with N > 3 such that 0 € Q. Given a € R
we note the weighted Lebesgue space,

L,(Q)= {u : Q — IR measurable, / |u| x| 7" *dx < 00}.
Q
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We consider the Sobolev space W!2(Q), which is defined as the closure of € (Q),
with respect to the norm

jot= (o + voRa)

and we denote by Wol"z(Q) the closure of %;°(Q) with respect to the norm ||.||. If
0 € Q, then for u € WOI’Z(Q) we have the following Hardy-Sobolev inequality

l/t2
AN/—dxé/\Vu\zdx,
7
Q Q

where Ay = (252)? is optimal and is never achieved in Wol’z(Q). Using the improved
Caffarelli-Kohn-Nirenberg inequalities in [31] ( see also [2] for an alternative proof) we
can define the space H(Q) as the closure of 4;;° (€2) with respect to the norm

= [ [ivup = (Y52

H(Q) is a Hilbert space with the following inner product,

(u,vg = /Q [Vqu— (NT_Z)zﬂ} dx, Yu,vin H(Q).

x>
Furthermore, the following embeddings are followed:

N
W, 2 (Q) = H(Q) — W, 4(Q) »— L'(Q) forall 1<r<q’= Nq— and g <2.

Let us denote by H'(Q) the dual space of H(Q) and by (-,-) = (-,-)g y the
duality product. We define:

u— Lu= —Au—AN%.
X

It follows that:

a) L:H(Q)— H'(Q) is a continuous linear isomorphism (uniformly continuous on
bounded sets).

b) (Lu,v)y g = (u,v)H, 50 ||u|lg = ||Lu||r and therefore, L is an isometry.
¢) L is a self adjoint operator, i.e., (Lu,v)p g = (u,v)i = (U, Lv) g .

d) The restriction of L1 to (L")'(Q) with 1 < r < 2* is a compact map in L"(Q).
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Let consider the following eigenvalue problem:

B\ _ Lu=Alx|"?Puin Q,
(EP )_{ u=0o0ndQ, @2

with Q as in the introduction and § < 1. From classical theory of Hilbert Spaces we
get the next classical result.

THEOREM 2.1. There exists an eigenvalue sequence {A(jx|7F)} C RT, with
Mi(]x|72B) — oo as k — oo for which problem (EPP) has nontrivial solution. Noting
E), the eigenvectors associated to A;, then {E; }; is a decomposition of H(Q). Fur-
thermore, the first eigenvalue to (EPﬁ) is simple and isolated and the corresponding
eigenfunctions don’t change sign in Q.

REMARK 2.2. We denote ¢, k € IN, the eigenvector associated to the eigenvalue
Ai(]x|~2P) . Without loss of generality, we can consider that ||¢y||z = 1.

Let a= NT’z , and consider v(x) = |x|u(x), then

H'(Q) — H(Q) — Wy (x| dx, Q) — W™ (x| *dx, ),
f=Lu— urv=|x|"ur —div(]x|2Vv) = |x| °f. (2.3)

We obtain the following equivalence of norms
el = (L) = (= x| div(|x]724V), x| V)

— : -2 _ 2
= (—div(|x| “V")’V>w0*112<\x\—2adx>,w(}’2 = Hv||W01"2(|x|*2"dx)'

Therefore, we get the equivalent eigenvalue problem

gy _ [ —div([x|72Vy) = ulx|~?+2P)yin Q,
(EPT) = { v=00n0dQ. @24)
THEOREM 2.3. There exists an eigenvalue sequence {u(|x|~*+28))} ¢ R,

with Uy — oo as k — oo for which problem (EPﬁ)’ has nontrivial solution. Noting Eﬁ
the eigenvectors associated to A;, then {E;l,-}" is a decomposition of the Hilbert space

W01’2(|x|’2“dx). Furthermore, the first eigenvalue to (EPP) is simple and isolated and
the corresponding eigenfunctions don’t change sign in Q.

REMARK 2.4. We denote ¢, k € IN, the eigenvector associated to the eigenvalue

e (Jx|~(¢2B)) . Without loss of generality, we can consider that H(pkHWOL2 (e|-2adx) =

1. Furthermore, @ = |x|%¢x and Ax(|x|"2#) = w(|x|~e+2B)). For the simplicity of
notation, we just write A; and L, except in the case where we need to precise the
correct weight.
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PROPOSITION 2.5. Let v € Wol’z(\x\’hdx) be a weak solution to problem,

—_di —2a — o
{ div(|x|7**Vv) = gin Q, 2.5)

v=00n0Q,
where g € Ly, n=—(N—2)(r—1)/r with r > N/2. Then v € L*(Q).

Proof. 1t is sufficient to see the proof of Lemma 2.8 in [4] with y = (N —2)/2.

COROLLARY 2.6. Let u € H(Q) be a solution to Lu = h, where h € Li(Q), k =
(N—=2)(2—r)/(2r) and r > N/2. Then it follows that v = |x|*u € L™ (Q).

LEMMA 2.7. Under the same condition as in Corollary 2.6, if u € H(Q) is a

solution to Lu = h, with h € Lj(Q), k= (N —2)(2—r)/(2r) and r > N/2, then v =
[x|“u € C*(Q), for some 0 < o < 1/2.

Proof. Ttis sufficient to consider y = (N —2)/2 in Theorem 5.11in [21]. O

Given u a measurable function we will consider the k-truncation of u defined by
w,  |ul
Ti(u) = kﬁ, lu| > k.
u

3. Existence of weak positive solutions

In this section we prove the existence of a positive solution to the problem

—Au+g(u) = | |2+,u1n£2
u > 0in Q, G.D
u=0o0n0Q,

where Q C RV is an open bounded domain with 0 € Q. Moreover under some ad-
ditional hypotheses on g, we will show that the above problem has a non-negative
solution for all A > 0 and for a suitable class of positive radon measures.

We will assume that g is an increasing function such that g(0) =0 and

- g(s) N
sgrfm vE for some g > N_73" (3.2)

Let begin by the following definition.

DEFINITION 3.1. We say that u is a minimal solution to (3.1) if # = 0 and for
any non-negative solution v to problem (3.1), we have u < v.

Our first existence result is the following.
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THEOREM 3.2. Assume that the above hypothesis holds and let 0 < u € L'(Q),
then problem (3.1) has a minimal solution for all A > 0.

Proof. Since u € L'(Q), then define u, = T,(u). Consider w,, the minimal
solution to the problem
Tawn + U (x),

Awn+g( ) A“ ‘2+1 3.3)
W,ZEWO"(Q), w, = 0.

It is clear that w,, < w41 . Using T;(w,) as a test function in (3.3) it follows that

/\VTk Y 2dx+k/ <k [ Y g akic@ +k/udx
W= k

o w2k |x|2

By the main hypotheses on g we know that g(s) > ¢s? as s — oo, for some g >

N N—2"
Hence we conclude

/\VTk(wn)|2dx+k/ wgdxg)tk/ 2 gy Clk A 11, Q)
o wp =k w2k |x|

Jwp =k

. .
< ek wzdx+C(k,/1,e)/ [t kA, 1. Q).
. X
Q

Since g > % ,then 2q¢’ < N, moreover choosing € small enough it follows that

/\VTk(wn)|2dx+k widx < C(k, A€, 1,Q).
Q

wp =k

Hence,

i)/ g(wn)dx < C, ii)/ |W—|"2dx<C, and iii)/ VT (wa)|? < Ck.
Q JQ |X .
Q

Therefore we get the existence of w € Wol"p (Q), p < 3 such that g(wy,) — g(w),

T,
| Tz(v_‘:l)l — % strongly in L'(Q). Thus there results that w solves (3.1) and the
X 2 X

n

result follows. [

REMARK 3.3. It is not difficult to see that the existence result holds for all u €
W=12(Q) + L'(Q), namely for any measure that is continuous with respect to the
Wol"z(Q) capacity.

To see the optimality condition imposed on g in (3.2), we have the following
nonexistence result.
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THEOREM 3.4. Assume that g(s) = |s|? where 1 < q < 5, then for A > Ay,

the problem
—Au+g(u):ﬂt| |2,u>0mQ

eLl (Q).

has no positive supersolution with g(u) Foe

u
" xf?
Proof. We argue by contradlctlon Assume that the above equation has a super-

||
Q CC Q such that 0 € Q, g(u )‘u‘zeLl

solution u* such that g(u*), €L} .(Q) for some A > Ay. Choosing a subdomain

(@) and let A* =A — o > Ay, then u*

loc

satisfies
*

—Au'+g) = A"

x ‘2+h (x), u*>0inQ

u* . .
where h*(x) = 0 — . Hence an iteration argument allows us to prove that the problem

2

—Au+g(u) = At in Q,

[x[?
u>0in Qy, 3.4
u=0ondQy,

has a minimal solution u, < u* obtained as a limit of solutions to some approximated
problems. Using the strong maximum principle we obtain that u, > 0 in Q. Notice
that u, € Wol’p(Ql) forall p < % , then for all € >0 and forall a < % , we get the

existence of 1 > 0 such that / ugdx < € with By(0) CC Q. We choose € such
By (0)

A
that ————— > Ay + o, where § is the Sobolev constant, and fixed 7 as above.
(145-tew)
Let ¢ € 65°(By(0)), then using Picone type inequality as in [4] it follows that

/ |Vq>|2dx>/ A 52
By (0) JBy0) u

*

/ |V¢|2dx+/ ul™'e 2dx>/1/ —>d
By ) IXI

Using Holder and Sobolev inequalities there results that

. N2 (¢=DN 2
/ uj{’lqﬂdx < (/ ¢2 dx) ’ (/ u*q 2 dx)
By (0) By (0) By (0)

(g—1)N 2z .
< S*l(/ w2 dx)N/ 19[2dx.
By (0) J By (0)

n

Thus

=
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(g—DN
Since M < %, we get / u, > dx < €. Therefore we conclude that
By (0)

. 5 A* ¢2 ¢2
/ |V¢|dx>——————7—/i —7dx>(AN+o)/i —dx,
By (0) (1+S5-1en) /By (0) Al By (0) ||

a contradiction with the optimality of the Hardy inequality. Hence we conclude. [

4. The case of reaction term

4.1. The superlinear case

In this part we consider the next problem

Lu= —Au—AN% =g(u)+ auin Q,
x
u>0inQ, (4.1
u = 0on 0dQ.

We assume that g is a regular convex function such that the following hypotheses hold:
i) g'(s) >0 forall s >0,

ii) |g(s)| < Als|+Cls?, p < 5,4 € (0,A1),

ey i 8(8)
iii) }L‘?oslw = oo for some 0<O-<N72'

We begin by the following result (a part of the proof can be found in [5]).

THEOREM 4.1. Consider the problem

Lw = uinQ,
w > 0inQ, 4.2)
w=0o0n0dQ,

where L is a positive Radon measure. Then problem (4.2) has a positive solution if and
only if (U, |x|~*) < oo. Moreover w verifies:

w

) W GLI(Q)forall >0,

2) |Vwllx|~* 1+ € LY(Q), where v = %2 and € > 0.

Recall that a = NT’2

Proof. If .#1(Q) is the set of radon measures u such that (|u],|x| ™) < e, then
existence and uniqueness result to problem (4.2) is obtained in [5] where it is also
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proved that the condition u € . (Q) is necessary and sufficient for the existence of a
positive solution. It is not difficult to show that w = lim w,,, where w,, solves
Nn—o0

Lw, = f,in Q,
w > 0in Q, (4.3)
w=0o0n0Q,

with f, € L(Q), ||fallp1(q) < € and fy — p in the sense of measures. Using the

theory of renormalized solutions, we obtain that w, — w strongly in WO1 1(Q), for all
g<N/(N—1).

Let begin by proving 1). Assume that A < Ay and consider y € Wol"z(Q), the
unique solution to the problem

g
Ay =\ ——+ —.
VEARE T

It is clear that y =~ c|x| "+ V=% Since (u,y) < oo, hence using an approximation
argument we can use Y as a test function in (4.2). Therefore we get

ww w
Ay—A /— :/— o
( N )Q ‘X‘de+<lhll/> J ‘x‘gdx<

Choosing A very close to Ay it follows that \X\Z% € L'(Q) where ¢ = /Ay — 1.
Hence the proof of the point 1) follows.

We continue to prove the point 2). We observe that |Vw||x|~¢~7*¢ € L' (B\B,(0)).
Hence we have just to prove that |Vw||x|~¢~"¢ € L(B,(0)), for r small.

Using T (w,)w as a test function in (4.3) and letting n — oo, we get

[ WTePyar <kif.v) < Ck.
Q

Thus from the result of [4] and using the behavior of y near the origin we conclude
that

N
/ |Vw|?|x|~*"€dx < oo for all € > 0 and for all ¢ < N_1
Q

Fixed ¢ < N/(N —1) such that g is very close to N/(N — 1), then using Holder in-
equality it follows that

—a+e g-1)(a=¢)

= _
/ V| [x] =4 T edx = / V|| = T
Q Q

g—1

. 1 . q—1
< (/ |VW\4\xra+fdx)"(/ |x|*“+“%dx) .
2 2
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Using the hypothesis on ¥ it follows that
_ _ar
/ x|~ iy < oo,
Q

Hence the result follows. [

The next result will play an important role in the proof of the main result of this
section.

THEOREM 4.2. If w is the solution to problem (4.2), then [ |x| “widx < oo, for
Q

all g < ]% As a consequence the next problem

Lw; =wlin Q,
wir > 0in Q, 4.4)
wi = 0o0n0dQ,

has a unique positive solution.
Proof. Using Theorem (4.1) we have just to show that [ |x|~“w?dx < e. Without

Q
loss of generality, we can assume that B;(0) C Q. Let ¢(x) = |x|7* —1, then ¢ €

H(B1(0)) and ¢ solves

Ay .
Lo = ﬁ in B1(0), ¢ =0 on 9B, (0).

Since (U, ) < oo, then using an approximation argument, we obtain that

—A(wp®) = ¢“<A% + 1)+ w(ad® T (~Ag) — a(ar— 1) 2|V[?)

¢ch N a(pocflw

+200% 'VoVw = Ao+ 1)

Jef? Jef?

—a(a— 1) w|Vo > +209“ ' VWV + (1, 0).

Notice that # € L'(Q) forall & > 0. Therefore using the main properties of w

and ¢, it follows that
O 0% 2uivoP € 1},.(@)
‘x‘z ’ loc :
From Theorem 4.1, we obtain that |¢*~!VwVe| = |Vw||x|~**~1 € L'(Q). Hence
wo®* € L} and —A(wp*) € L}, .. Then, from [13], we obtain that (w¢*)7 € L}

loc loc* loc*

Thus wi¢ € L'(Q) and then the result follows. [

As a consequence of the previous result we have the main Theorem of this section.
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THEOREM 4.3. Assume that the above hypotheses on g hold. If u € #,(Q) is a
positive radon measure, then there exists o > 0 such that for all o, € [0, 0] problem
(4.1) has a minimal solution.

Proof. We divide the proof in several steps.

Step 1. Let E = {a > 0 such that problem (4.1) has a minimal solution }. We
claim that if E # @, then E is an interval. To prove the claim we suppose that E # 0.
Let o € E and consider u a solution to (4.1) with o = ¢, then ug is a supersolution
to (4.1) with o < . It is clear that O is a subsolution. Hence using an iteration
argument we get the existence result. Therefore o € E for all o € (0,0). Thus we
conclude that E is an interval and then the claim follows.

Step 2. 'We will show that E # 0. We follow closely the argument used in [24].

Let wy ¢ be the solution to the problem

Lwi g = ot in Q,
Wia > 0in Q, (4.5)
Wwio = 0ondQ.

It is clear that wy o = a1, the unique positive solution to the problem
Lw = pu.

By iteration, we define wiy o (W41 respectively ) as the unique solution to the
problem

LWkJrlA,OC = g(Zf:I Wi,oc) - 8(25;11 WLOC) in 97 (4 6)
Wit1,0 = 0 on 0Q, ’

and
Lwgy = g(Zi'C:l W,') - g(zi'zll Wl') in Q, 4.7
Wiy1 = 0on 0Q, '

respectively. Using the hypotheses on g and Theorem 4.2, we obtain that g(Zf: | Wia)
is well defined and that w1 o > 0. If we suppose that problem (4.1) has a solution u,
then by iteration we define ugy1 g = Ug o — Wit1,o - Hence ugyq o solves

Luk+l,0€ = g(u/ﬁLl,OC + Z{F;Lll WLOC) - g(E{c:1 Wi,OC) in Q7 (4 8)
Uktl,00 = 0 on 0Q. '

For simplicity of typing we set vi g = 25-:11 Wi o, then we define the odd function
hi.o(x,5) by

(el vea)—glna)  if 530
hk,oc(x7s) = {hk,a(xvs) - —hkﬂ(X, —s) if s<0.

Itis clear that w1 ¢ solves
Lw = hy o (x,w) + Br.o.(x) W]y =0, (4.9)

where By o (x) = g(vi,a(x)) — &(vi—1,a(x)) . Thus to prove the existence of a solution u
to problem (4.1) we have just to prove that problem (4.9) has a solution for some k£ > 1.
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Notice that by using the main properties of g, we have
i, (x,8) < (A1 +C(vi o +5)P Dsforallx € Qs >0,

and
B (%,8) < A +C (v +5)7 ! forallx € Q,5 > 0.

We claim the existence of m € IN such that wy, o € H(Q) and By € L (Q) with
0> 1\352 Notice that
-1
Bro =8ka) —8k—1,0) < 8o )Whkao < (M1 +CV,’;O¢ YWia-

Let begin by proving the existence of m € IN such that wy, o € H(Q). From the
result of [24] we get the existence of mg € IN such that wy, o € L*(Q\B,(0)) for r
small and for all m > mg. Hence we have just to prove the desired regularity in B,(0).
We will show that wy,, o =~ Clx|~* as x — 0, for some m; > my, and this allows us to
get the desired regularity. We use the result obtained in [3] and [16].

Using the hypothesis on p, it is not difficult to see that ()Ll + W ;1) e L(Q)

for some r > & and for all k> 1. If |x| Wy, (A +CVy ) € L*(Q) for some
s > 1, then from the regularity result obtained in Corollary 5. 1 of [3], we obtain that
x|~ W, +1,0 < C and then the result follows. If not, then from Theorem 4.2 and using
Hoélder inequality, we obtain that [x| Wy, « (A1 +Cvh ) € L'(Q). Hence from Corol-
lary 5.11in [3], we obtain that [x| Wy, 41,a € L"(Q) forall r > 1. Therefore using again
Holder inequality and the hypothesis on p, we get the existence of s > 1 such that
X Wy 1,0 (A1 —&-CVN+1 o) € L*(Q) and then we conclude that |x|™*wy,, 424 < C.
Thus wyi26 € H (Q) and then the first part of the claim follows. The same discussion
allows us to show the existence of m, € IN such that B, o € LQ(Q) with 0 > A?—ivz for
all m > my,. Hence the claim follows.

Fixed m > max{m + 1,m,}, then following the argument of [24], we can easily
prove that £, ¢ is an increasing function in ¢ and that f3, o is strictly decreasing with
respect to or.

Recall that W is the unique solution to problem Lw; = u. By iteration, we define
Wy as the unique solution to the problem

~ k=15 \p—1)3 i
ka = (A] +C(Zi:l Wl) )kal mn Q’ (410)
Wi = 0 on 0Q.

Notice that w; < oW, hence by induction and using the properties of g we can
prove that wy < awy, for all k. In the same way, we have

0 < B () < (A1 + OV Wi < B
where [j’m a= ()Ll +C(X wi)P~ 1)Wm. Therefore we conclude that

'(Isl + vimo) 5] < [(& + 0) +C(Is] +vima)” ]

|hm,a(s7x)‘ <
< (/l+6)\s|+C1|s\"+O!p 1Cy(2py )P~ 1]s]
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where o is such that A +0 < A;. We set {(x) = (I, 7)1, as above we know
that { € L"(Q) for some r > &, thus

[ (5,2)] < (A + 0) + 1L (x))[s] +Cls]”.

Choosing ¢ small, since p > 1, we get the existence of i, the minimal solution to the
problem

Lii = ((A +0) +a"*1€(x))ﬁ+clﬁ”+afm,a, u€H(Q).

It is clear that i is a supersolution to problem (4.1). Since O is a subsolution, then
an iteration argument allows us to prove the existence of a minimal solution. Hence
E#0.

Step 3. Let a* = sup{o € E}, then o* < co.

Let ¢ be the solution to the problem

—Adp =A1¢, and ¢ > 0.

It is clear that ¢ € %(Q). Using ¢ as a test function in (4.1), we obtain that

Al/u(p / ¢dx+oc/¢du

Since g(s) = (A1 4+ 0)s—C, it follows that C [ ¢dx > o [ ¢du. Hence o < oo.
Q Q

Step4. a* € E. Let {a,} be an increasing sequence such that ¢, T o* as n— oo.
Consider u, the minimal solution to (4.1) for a = «,, hence u, < u,, if n <m and
then {u,} is an increasing sequence in n. Let y € €;°(Q) be a regular fixed function.
Using Picone type inequality as in [4], it follows that

2
/|Vq/|2dx>)t/W_2dx+/g(u")qlzd
Q Q |X| Q tn
1+

Notice that by the hypothesis iii) on g we obtain that g(s) > c¢s!*% — C, hence we

conclude that
/\vw\2dx A/Wd +/ /u yldx,

¢’ ¢2
where we have used the fact that — <

w2 " ou?
sequence we get the existence of a measurable function u such that u,, T u a.ein Q and
u® € L}, (Q). Let xg € Q be such that u,(xo) — u(xg) as n — . Using the general

extension of the maximum principle obtained in [18], we obtain that

forall n > 1. Since {u,} is a monotone

C}un(x0)>C(/l H26 dx+/ ()6 )dx),
Q
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where 6 (x) = dist(x,dQ). Hence we conclude that
Ay (utn) Ay (u) strongly in L}, (Q)
BE 8\Un PE 8 gly loc\5=)-

It is not difficult to show that u is a distributional solution to (4.1) for ax = a*.
FH ‘ and g(u) are in L'(Q). Let ¢; the
X

—A¢; =1,¢; =00n Q.

To complete the proof, we need to show that

solution to the problem

It is clear that ¢; ~ CS(x). Using ¢; as a test function in the equation of u,, there
results that

/u,,dx_ )L/ 5 |2¢1dx+/g tn ¢1dx+/¢1du
Q

/l/ FE dx+/g u,)o dx+g[5(x)du)<C.

Therefore the Monotone Convergence Theorem allows us to conclude that u € L'(Q).
Let ©Q; be a regular domain such that Q CC Q; and define y, as the solution to the
problem

—Apr = yo in Q1,0 =00n dQ;.

Using Y, as a test function in the u, -equation, it follows that
u
Ju-suza [ (i e+ [ stun)gsa
Q Q Q

Using the strong maximum principle we know that y, > ¢ in Q. Hence we conclude

that
A / =

Auy, A
Thus W —l—g(u,,) — ﬁ
X

x < / uydx < C.
Q

+ g(u) strongly in L!(Q) and the result follows. [

REMARKS 4.4. Fixed m as above, it is clear that solutions to (4.9) are critical
points to the functional

1
Ima() = 5wl = [ Hyalvw)dr— [ Brawds,
Q Q

where Hy, o (x,5) = [i hm,o(x,1)dt . Using the properties of g, we easily get that J,, o
is well defined and J,, o € €' (H(Q)). Notice that for & small, J,, ¢ has a concave-
convex geometry. This will be used to prove the existence of a second positive solution.
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Let consider the next set P = {a > 0|/, has a local minimum uy }. If o € P
and ug is the local minimum of J,, ¢ in H(Q), then v =0 is a local minimum of the
functional

. 2
d(v) = %(/ |Vv\2—AN&?)dx—/F()L,x,v)dx, 4.11)
Q Q
where )
F(x,v):/ flx,s)ds
0
and

| hna(X,5 4+ 16 (X)) — B o (%, ug(x)) if s>0
f(“)_{o, if 5<0,

it is clear that

flx,s) = {gfs—&-uoc(X)-l-Vm,oc(X))—g(ua(x)—&-vm?a(x)) ii iig

Therefore we get the next result.

THEOREM 4.5. If o € P, then J,, o has a second critical point and then problem
(4.9) has a second positive solution. As a consequence, problem (4.1) has also a second
positive solution.

Proof. We argue by contradiction. Assume that w, is the only critical point of
Jm,e.- Then v = 0 is a local minimum and the unique critical point of ®. It is clear that
® has the mountain pass geometry. Choosing wy € H(Q) such that ®(wp) < 0 and
consider

I'={y:[0,1] = Hy y(0)=0,y(1) =wp} and ¢ = inf max ®(y(z)).
vel'tel0,1]

Using the properties of g we obtain that ¢ > 0. Notice that, in general the functional
@, dos not satisfies the Ambrosetti-Rabinowitz condition. Hence to prove the existence
of a critical mountain pass point of @ we follow closely the argument used in [27], see
also [1]. Let v > 0, then define the functional ®, by

1 2 .
O, (v) = 5(/ V|2 fAN‘V?)dxf v/ F(x,v)dx. (4.12)
X .
Q Q
By a continuity argument we get the existence of € > 0 such that forall v € .# =

[1—¢,1+ €], the family of functional {®,},c.» has the same geometry as ®, namely

= inf max ® 0.
c(v) inf max, v(¥(1)) >

Notice that @, (wg) < 0 for all v € .# . Using Theorem 1.1 in [27] we obtain that for
almost every v € .# there exists a sequence {v,((v)} such that: i) {v,((v)} is bounded in
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H(Q) ii) CDv(v,iV)) — ¢(v) and iii) CD/V(V]((V)) — 0 in H~!(Q). Using the subcritical

behavior of g, we obtain that {v;(v)} is a bounded Palais-Smale sequence of @, . Thus,

(v)

up to a subsequence, v; ' — ) strongly in H(Q), where (V) solves

AV A ﬂ = VY inQ
v N\x\z vi(x,v\V)) in (4.13)
vV =0 on dQ,

with ®,(v(¥)) = ¢(v). Let {v,} be a decreasing sequence in .# such that v, | 1 as
n — oo and consider v("*) the corresponding solution to problem (4.13). We will prove
that {v(*»)} is bounded in H (). For the simplicity of notation we set v, = v{¥).

Let ¢; be the solution to problem

%:Al¢1 in Q

¢ =0 on dQ.

—A0 — Ay (4.14)

Using ¢; as a test function in (4.13) we get

vy / £ vm) Grvmdx = Ay / v 91dx.
Q

Q

Therefore using the definition of f and the convexity hypotheses on g we get the exis-
tence of a constant C; such that

/¢1vndx<C1 and /q>1f(x,v,z)dx<C1.
Q Q

Let now ¢, be the solution to problem

fmprAN% —1inQ
¢ =0 ondQ.

(4.15)

From Proposition 2.5 and using the Hopf Lemma, we get the existence of c¢j,cp > 0
such that c;¢; < ¢ < c2¢;. Taking ¢, as a test function in (4.13) we obtain that

/v,,dx:v,,/f(x,vn)¢2dx<czvn/f(x,vn)¢1dx<C. (4.16)
Q Q

Q

Hence [ vp,dx < C. Since @y, (v,) = c(vy) < ¢+ 1, then using (4.13) we obtain that
Q

/ SO vn) vy —2F (x,v,))dx < C. (4.17)
Q
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We prove now the energy estimate. Assume by contradiction that ||v,|]| H(Q) — = as

n— oo. We set w, = , then [|wy|g(q) = 1, hence we get the existence of

[Valla (@)
wo € H(Q) such that, up to subsequences wy, — wy weakly in H(Q) and w, — wy
strongly in L*(Q) for all a < 5= . Moreover w, verifies
“Aw AN 2 an(x7 Vn) .
2 vallae

Since w, — wy weakly in H(Q) we obtain that

n—oo

/(—AWO AN‘ ‘2 —hm/an‘ o forall ¢ € 67°(Q). (4.18)
Q

From (4.16) we obtain that f(x,v,) is bounded in L} (Q). Therefore (4.18) implies
wo = 0. Let z,, = t,v, where t, is defined as

Ih = inf{t €[0,1] | @y, (tv,) = max CDvn(svn)}.
s€[0,1]
We prove that #, € (0,1) for n large enough. Since ®,, (0) = 0, it follows that #, # 0
for all v,. To show that t # 1 we claim that
lim @y, (z,) = +-oo. (4.19)

n—oo

We argue by contradiction. If liminf®,, (z,) < M, we set u, = vV4Mw,, then u, — 0
n—oo

weakly in H(Q), hence [ F(x,u,)dx, [ uy,dx — 0 as n — oo. Therefore we obtain that
Q Q

' 3
D, (uy) =2M — o4 / F(x,up)dx > EM as n — oo, (4.20)

On the other hand, using the definition of z, and observing that u, = %vn, we
obtain that
(I)vn(un) < q)vn(Zn) <M,

a contradiction with (4.20). Hence (4.19) is proved.

Therefore, taking into account that ®,, (v,) = ¢4, < ¢+ 1 and by the claim, we
conclude #, # 1 for n large enough. As a consequence by the definition of z, we have
(@), (zn),2n) = 0, hence we conclude that

Dy, (z0) = 2/ (%,2n)zn — 2F (x,25)) dx — o0 as n — oo,

By the fact that the function [(x,s) = f(x,s)s — 2F (x,s) is an increasing function in s,
it follows that
f(x7Zr1)Zn - ZF(X, Zn) < f(-x7 Vn)Vn - ZF(X, Vn)
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and then i

/ FOvn)vy —2F(x,vy))dx — o0 asn — oo,

Q
a contradiction with (4.17). As a consequence we conclude that |[v,|[q) < Ci. Thus
using the subcritical behavior of g we conclude that, up to a subsequence, v, — v
strongly in H(Q), where v is a critical point of ®. Hence problem (4.1) has a second
positive solution. [

As a consequence, using the main ideas of [20] and [8], we get the next global
existence result.

THEOREM 4.6. Assume that o € (0,a*), then problem (4.9) has a second posi-
tive solution.

Proof. We fix o € (0,a*), o < &1 < o¢*. Let wo, wy the minimal solutions of
(4.9) with o = oy and o = | respectively. It is clear that wy < w;. Let

M={weHQ): 0<w<w}

Notice that M is a convex closed set in H. Since J,, ¢, is bounded and lower semi
continuous over M, then we get the existence of ¥ € M such that

Inao(9) = inf Jry ().

Notice that & # 0 since Jy, o, (W) < 0, where w solves L(W) = Bi,q (x),w € H(Q).
We conclude that J;,, ¢, (%) < 0. Using a similar argument as in Theorem 2.4 in [30],
we obtain that & is a solution to (4.9). If 4 # wy, we have done. Suppose that ¥ = wy.
We will prove that in this case ¥ is a local minimum to J,, o, and then using Theorem
4.5, we conclude.

We argue by contradiction. Assume that ¢ is not a local minimum of J,, o, , then
we get the existence of {v,} C H(Q) such that [[v, — &||g@) — 0 and Ju,ay(va) <
i (D). Let wy = (vy —wy)+ and ¢, = max{0,min{v,,w; }}. Itis clear that ¢, € M

and
0 if v,(x) <0,

On(x) =< wu(x) 0 < vy(x) < wy(x),
wi(x) if wi(x) <v,(x).

Let T, = {x € Q: ¢y(x) = vy(x)} and S, = supp w,. Notice that supp v;| = T,,US,,.
We claim that |S,| — 0 as n — oo, where |- | is the Lebesgue measure. Let € > 0,

E,={xeQ:v,(x) Zwi(x) > (x)+},
F,={xe€Q:v,(x) 2w (x) and w;(x) < (x) + 5},

where § is a positive constant that we will chose later. Using the fact that

0= [{re@: w(s) < (0} = [NF1 fr€ 1) < D)+ <}

1
=lim [{xeQ:wi(x) <3x)+ ;}|a
e
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we get the existence of &y = 1/jo such that if § < &,
{reQ:wi(x) <P(x)+8}<e/2.

Thus we conclude that |F,| < &/2. Since |[¢n —wol[2() — 0 as n — e we obtain that

.. 2
giving 1) :‘Sz—g,fornkno,

2
£
—2/\\1”719\2(1)62/ vy — O 2dx > 82|E,|.
Ey
Q

Hence |E,| < 5. As S, C F,UE,, we conclude that |S,,| < & for n <ng, then [S,| — 0
as n— oo,
If Q(x,w) = Hpy o (x,w ) + Bm.ao (x)w , then we have

1
naal00) = [ (0 = v i / 0
Q

2

:%‘/T'n<\v¢n<x>|2 |¢r|12)dx /TnQ(x,¢n)dx+§./Sn(|an( o AN‘V‘z)dx
_./;nQ(x’V")der?./ (19 ()P = Ay (|V;|22)dx
o
:%/Tn(\V%(x)F*AN ‘P,?z)dxf/ Q(x,([)”)derl/ (1 (£ 1) 2
AN(W”iiyl)z)d SnQ(x W+ wi)dx + 5 / Vv (x)2 AN(T)agz)dx.
Since
!(V‘Pn(x)z ¢22)dx/n(v¢”( )2 AN|¢|22 der/ ([t AN| ;)d

Q/Q(x’%)dx:./T.,, Q(x,q),,)dx—k/sn O(x,wy)dx

then using the fact that wy is a supersolution to (4.9) with o = ¢, we obtain that
1 W +wi)?
T (Vi) = Tm,ap (@n) + 2 /5 [([V(wn+ Wl)‘z o AN(nxizl))

—(|VW1|2—AN;V—%2)}dx—/S (Q(x,wy +w1) — Q(x,w1))dx

n

1 1
|x|2 EHW’ZHIZ-I—"_EH(V’Z)*HIZ-I
= [{@wn+w1) = Qxwr) = Qulerw

Q

v 2
g (99 P = Av Y = sy ) +
Q
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1 1
> I (9) + S lIwall + 311 (vn) - |7

f/ {Q(x,wn +wp) —0(x,wy) — Qu(x7W1)wn}dx.
Q

Since
O(x,wy +wi) — O(x,w1) — Qu(x,wi)wy
= Hm,OCQ (-x7 (Wn + Wl)+) - Hm,OCQ ()C,Wl) - hmA,OC() (-x7 Wl)wm

using the properties of g, in particular the point iii), it follows that

[ {00+ w1) =00 w) = Qutwwn i bt = o) -

Q

Thus
1 2 1 2
Tmao(va) > Jma(0) + 31l (1 = 0(1) + 311m) [y
1
= o () + 31wl By (1= 0(1)) (1),

Therefore we conclude that Jy, o (9) > Jim,ep (V) = Iy (©) for n > ng, which is a
contradiction. Hence the result follows. [
4.2. The asymptotic linear case

In this subsection we will consider the resonance problem,

Lu = f(x,u)+ pin Q,
{ u=0ondQ, “.21)

where f(x,s) is such that f(x,0) =0 and

1) (+8)x|7 < W < (M1 —08)|x| 728 forall 1,s € R,1 # 5,k >0,

[xs) [xs)

2) lim = 60_(x), lim =0,(x).
§——00 S §—00 S
Recall that Lu = —Au — AN% . Then we have the next existence result.
X

THEOREM 4.7. Assume that f satisfies the hypotheses 1) and 2), then problem
(4.9) has a solution for all u € #,(Q). In addition, if u is a positive measure and
k=1, then (4.9) has a minimal positive solution.
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Proof. From the above hypotheses on f, we get easily that
(A 8)x 72 < 0-(0), 04 (x) < (As1 — 8)|x P

We follow by approximation. Let u be a measure such that u € .#,(Q), then we get
the existence of a sequence {f,,} € L*(Q) suchthat ||f,||1 <C, f, — u in 4 (Q) and

/ |fullx|“dx < C for all n. Consider w,, € H(Q) the unique solution to the problem
Q

(4.22)

Lwn = f(x,wn) +fn in 97
u=0onodQ.

The existence and uniqueness of w,, follow by the hypothesis 1) on f. We claim that
{w,} is bounded in L!(Q). We argue by contradiction. Assume that ||w||;1 — o and

f(x,w,,)

let v, = HWW#, then ||v,||; = 1 and v, solves Lv, = Vn+ Hv{—n\l in Q. We set
n L n
L) e 2,
Dy(x) = ()
f5(x,0) x| if wy,(x) =0.
It is clear that {D,} is bounded in L=(Q) and that Az + 6 < Dy (x) < Ay — 8 forall

n. Hence we get the existence of Do(x) € L”(Q) such that D, — Dy in L™ weakx
topology and Ay + & < Do(x) < Agy1 — 0. Then v, is a solution to the problem

Ju
[[wal|

Since Ay + 0 < Dy(x) < Ayq — 6 for all n, we get the existence of ¢, € H(Q), the
unique solution to the problem

Ly, = x| 72Dy (x)v + (4.23)

Lo, = |x|72ﬁDn(x)¢n + Slgnfx%

Using the fact that § < 1 and by the hypothesis on D,,, there results that |¢,(x)| <
C0|x|’N772 for all n € N. Using ¢, as a test function in (4.23), we obtain

de: fo Ondx.
RS Tl

It is clear that
_N=2
\/fnqbndx\g/cl\fnﬂx\ : dx+c2/|f,1|dx<C.

Q Q Q
[va
|x[2

main normalization. Hence we conclude that ||wy||;1 < C. Using the same test function

C|Q . .
dx < € — 0 as n — oo, a contradiction with the

Therefore we have that <
[[wal[ 1
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as above, we conclude that {—5} is bounded in L!(Q). Hence using the classical

Wn
[x?
theory of renormalized solutions we obtain that {w,} is bounded in WOI’(’(Q) for all

qg< %, and then w,, — wg weakly in Wol’q(Q). Passing to the limit as n — oo, we
obtain that w solves

N
Lwo = f(x,wo) + U, wp € Wol’q(Q), forall g < N_T1
Hence the result follows.

4.3. The antimaximum Principle

In this subsection we deal with the case f(x,s) = A|x|2$s, namely we consider
the problem

{Lu:)t|x|2ﬁu+h(x) inQ, 4.24)

u=0ondQ,

where h(x) € L (Q) C H'(Q) is such that h(x) Z 0. From the Fredholm Alternative
Theorem, we get that:

i) If A # A;,Vi, being A; the eigenvectors associated to problem (2.2), then (4.24)
has an unique solution for all 4 in H'(Q).

ii) If A is an eigenvalue of (2.2), then (4.24) has a solution if and only if / h¢ =0
JQ
for any eigenvector ¢ associated to A, i.e, h € Ker (L— AlId)".

If h(x) > 0, h(x) #0, then h & Ker (L — A1Id)"* and there is no solution in H(Q) to
(4.24)with A = A;.

THEOREM 4.8. (Anti-maximum Principle) Assume that h(x) is a nonnegative
function such that h € Lj(Q),k= (N —2)(2—r)/(2r) and r > N/2. Suppose that
A #£ A, Vi and let u € H(Q) be the unique solution to (4.24), then

i) if A <Ay, it follows that u > 0 in Q,
ii) there exists €(h) >0 such that if Ay <A < Ay +€(h), then u < 0in Q.

Proof. Assume that A < A, then to prove i) we take u~ as a test function in
(4.24). Hence,

2
(Lu,u™) = 7(/ |Vu_[2dx — Ay ;T;dx) = 7/1/ \x\*zﬁuadx+/h(x)u,dx7
Q Q Q Q

) HM*H?-I(Q) < /lgf2 |x|~%Pu? dx. Since A < A;, we can conclude that u~ = 0, so the

proof is finished in this case.
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We prove now ii). We follow an argument by contradiction. Assume that for all
€, > 0, there exists u, € H(Q), a solution to the problem

Lty = Aulx|"?Pu, 4 h(x) in Q,
u, = 0ondQ,

with A < A, < A; + &, and u,(x,) > 0 for some points x, € Q. Without loss of
generality, we can assume that &, — 0 and x, — X € Q, as n — oo,

Two cases are possible.

Case 1: If we suppose that {u,} is bounded in H(Q), then we conclude that
for some subsequence, u, — ug in H(Q) and u, — ug in L% (Q). Therefore, ug is a
solution to

{ Lug = A1 |x|~2Pug+h(x) in Q, (4.25)

uy = 0on 0Q.

In fact, notice that u,, — ug in H(Q). Getting ¢; as a test function in (4.25), it follows
that:

(Lug, ¢1) = /11/ x| ¢y Modx+/ hoydx,
Q Q
SO / h¢dx =0, but h#£0, h > 0, then we reach a contradiction.
Q

Case 2: We suppose that ||u,||g — o. We consider v, = uy /||ty || , then vy (x,) >
0. It follows that v, > 0 in Q, C Q and since ||v,||z = 1, then for some subsequence,
vy — vp in H(Q) and v, — vg in L% (Q). Furthermore,

_ h
LVn = A,”|x| Zﬁ Vi + m, (426)
n

h
and since ——— — 0in H'(Q), then
tn] |

LVO = 1,11)0 in Q,
vo = 0 on 0Q.

In fact, notice that v, — vo in H(Q). From the simplicity of the first eigenvalue, we
conclude that vo = a¢; .

a) If vy =0, then v, — 0in H(Q) and v, — 0 in L% (Q). Therefore,

Vn

1= |[vallfy = 2n /Q \X\fzﬁV%der/g dx — 0in H(Q),

[[otn]|
a contradiction.

b) If vy > 0, then v, — vp > 0in H(Q), and v, — vo > 0 in L% (Q). We choose vy as
a test function in (4.26) and then

(At = 2o0) 1t |2 /Q x|~ 2B vvodx — /Q hvo > 0.
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Since (A; — A,) < 0 and thanks to the strong convergence in L% (Q), we conclude that

so vg = 0, which is a contradiction.

¢) If v < 0, for every € > 0, we consider Qy = Q\ By(0), then v, — vo in C1*(Q;))

9 P)
av\f a—v‘fi C*(Qy). If X € Q. then 0 < vy(x,) — v(¥) < 0, which is a

contradiction. Hence we conclude in this case. n
Assume that ¥ € dQ. Let denote Qy \ D, = {x € Q;, dist(x,0Q) < —}.
n

and

d
By Hopf Maximum Principle, there results that a_Vo > 01in dQ. Hence, by the conti-

nuity of — 8\/ , we get the existence of ¢ > 0 and no € IN such that Vn > ng, we have

v,
(;1 > — 5 >0in Qp \ D,.

Since v, =0 on dQ, v, <0 on dD, and v,(x,) > 0, we get the existence of
{P.} € Qy \ D, such that v,(P,) > 0 and Vv,(P,) = 0, which is a contradiction with
v, ¢
av

We consider now the case where x,, € By (0), then recall that v,(x,) > 0. We use
the change of variables in (2.3) w, = |x|*v,, then we obtain an equivalent problem in

Wo (=2 nL=(@) N C' (@),

h
—div([x|"NDVw,) = Aulx| N 2w, + x| T S

| Tl
wy, = 01in Q,,.

)

It follows that

—div(jx|" N2V, ) = Ay x| V2w,
where w; = |x|?v; < 0 is the first eigenvector associated to the eigenvalue problem in
the space W01’2(|x|’(N ~2)dx). Moreover, w, — wy in €1%(Q), in particular w,(x,) —

w1 (x,) < 0. Since wy(x,) = |xn|“Vn(xs) = 0, we reach a contradiction. Hence the result
follows. [
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5. Appendix
5.1. Semilinear problems
We consider the following problem in Hy(Q),

= —-2p i
oo fE g o

where B < 1, h(x) € L;(Q) C H'(Q),k = (N—2)(2—r)/(2r) with r > N/2, and
f(u,x) = |x|"*Pg(u) with g € €>(R) is such that

1) £(0) =0,
2) ¢"(s) > 0in R, namely, g(s) is a convex function,

3) lim g'(s) =0, lir+n g(s)=086"and 0< 8 <A <8" <Ay
§—— oo §—r-o0

REMARK 5.1. Since g(s) € C2(R) and g'(s) is an increasing function, then

lim g(s) =& and lim g'(s) = §”
§—r— oo §—00
implies 0 < &’ < g'(s) < 8”. Therefore, g(s) is strictly increasing function and since

g(0) =0 we state that sg(s) > 0 for s > 0. Furthermore, by integration it follows easily
that 6’s < g(s) < 8”s in [0,s] and 6"s < g(s) < &8's in [s,0].

We begin by proving the next result.

THEOREM 5.2. Assume that the above hypotheses on g hold, then problem has

at most two positive solutions uy, uy such that uy < uz. Moveover if u is a solution,
then v = |x|"u € €%(Q).

Proof. Assume that problem (P) has two solutions u; and u;. Consider w =
u; — uy, then w solves

Lw= flx,ur) — Fxoun) = x| 2680 =802)
upy —up

uy)—g(uy) .
S =80 it 1) (o) and (o) = 1 0) For () = ).
From the hypotheses on g we conclude that 0 < n(x) < A,. Since w # 0, then
Ai(n(x)) =1 for some i. It is clear that 1 = A;(n(x)) > Ai(d2) = f{—i Hence it fol-
lows that i = 1 and then w has a fixed sign, therefore u; < up in Q.

Assume by contradiction that problem (P) has three solutions u; < uy < uz. Con-
sider wi = up —uy and wy = u3 — us, then

where 1 (x) =

L(Wl) =M (x)w1 and L(Wz) = 1’]2(X)W2.
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Using the convexity of g it follows that 1; (x) < m2(x), hence we get a contradiction
with the fact that A (1, (x)) = A (M2 (x)). O

The next lemma will be systematically used in this section.

LEMMA 5.3. Let 7z be a real function such that |x|%z € €%(Q), then for any h
such that |x|h € €%(Q), problem (5.1) has a subsolution u; such that u < z in Q.
Moreover, |x|"u; € €%(Q).

Proof. Let u any solution to problem (5.1). By setting v(x) = |x|“u, a = =5=, it
follows that

(5.2)

—div(|x|~V2Vy) = x| 2Pg(|x| %) + x| *2Ph(x) in Q,
vy =0o0n0Q.

It is clear that v € €%(Q). To prove the lemma we have to show that for all z;(x) =
|x|%z(x) such that z; € €%(Q), there exists a subsolution v; of (5.2) such that v| €
%Q(Q) and V1 < 21 -

Let A and & fixed constants such that

lim @S&*80<&</11. (5.3)

§—>—o00 S

For fixed k > 0, consider ¢ as the solution to the problem

—div(|x|"¥Ve) = Alx| P — Alx[ 7 HPhin Q,¢ € Wy (x| *dx, Q).
It is clear that ¢ € €%(Q) and @ < 0 in Q. We set v = ¢ — k, then v solves
—div(]x| "V Vy) = A x| 2B — Ax| 2 Pk =Alx| 2 Pyin Q, v=—k on 0Q.

Since A < Ay, using the strong maximum principle we conclude that v < —k. Since
21, |X|*h € €*(Q), then we can choose k large enough such that

v<z and [|[x|*h

€ (Q) < EOk-

g(lx[~v)

< A — &, hence we conclude that
[~y

Using the main properties of g we get

g(Jx|7%v) > Alx| "y + €ok|x|~* and then
e =P g (x| v) > Al 24Py + ekl 22
Thus

—div(ja] " 2Vy) = |22 < (a2 7) — eoklaf 2
< ol 2Pl ) + 4 h i,
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and then the result follows. [
In the sequel, we will assume that 1 € €% (Q). Define

Ni = {h € €%(Q) : problem (5.1) has exactly one solution},
N, = {h € €%(Q) : problem (5.1) has two solutions},

N3 ={h € €%(Q) : problem (5.1) has no solution}.

Let N = N; UN,. We begin by proving the next lemma.

LEMMA 5.4. Let M be a bounded set of €*(Q), then there exists p > 0 such
that if u is a solution to problem (5.1) with h € M, then |||x|%u| |%a(§> <p.

Proof. As above, by setting v = |x|%u, problem (5.1) is equivalent to the problem

—div(|]x]" NV 2vy) = x| g (Ix]7V) + x| Phin Q. (5.4)

Therefore we have just to show that ||v

istence of v € ¥*(Q) such that for all solution to (5.4) with 4 € M, we have v > v.
Fixed A asin (5.3), then

% (Q) < p forall h € M. We claim the ex-

g([x %) = Al s — Cla 7.
Let Ci = supyep |Al] 4o (q) - Thus
=P g (x~4v) + x| 7P h(x) = A 7Py —Clx| (x| 7 ).
Consider now v the unique solution to the problem
—div(a| = V) = A 20— Claf ().

Then v € €%(Q) and since A < A, it follows that v < v, where v is any solution to
(5.4). Hence the claim follows. To prove the lemma we argue by contradiction. Suppose

the existence of a sequence {h,} C M with ||v,| \cga@) — oo, We set wy, = I . ’
Vnllge @)
then B
—a—2 —a —an
~div( v = PR ) T s
anucga(ﬁ) [[Vn c*(Q)

Using the linear behavior of g we obtain that {w,} is bounded in
€% Q) Wy (x| V2 ax, Q).

Hence classical regularity theory allows us to prove that w, — w strongly in €%(Q).
Thus HWH%@,@) = 1. Since v, >V, then w > 0. Consider ¢, the first eigenfunction
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defined in Theorem 2.3. Using ¢; as a test function in (5.5), we obtain that

. - | —a—2P —a . —a
/11/ |x|72a72ﬁ¢1wndx = / x| g([x|"va) 1 dt M
. Q | ‘Vn C*(Q) a ‘ |vn ¢%(Q)

Q
> /Y/ x| 722 gyw,dx +o(1).
Q

Letting n — oo, it follows that

M / x| 7228 o wdx > 7[/ x| =242 gy wdx,
Q Q

which is a contradiction with the fact that A > A; and that w = 0. Hence we get the
desired result.

LEMMA 5.5. Under the same hypotheses as in the previous lemmas, we obtain
that N is a non bounded convex set with N—U = N, where U = {z € €*(Q) : 2 > 0}.

Proof. We begin by proving that N is a convex set. Let hj,hy € N and let uy,u;,
the corresponding solution to hy and hy. Let h =thy + (1 —¢)hy where 0 <7 < 1, and
define & = tuy + (1 —1)uy. Since f(x,u) < |x| 2P (t(g(ur) + (1 —1)g(u2)) = £ (x,u1) +
(1—1)f(x,uz), we conclude that

L) =tL(uy)+ (1 —1)L(uz) > f(x,u) + h.

Therefore i is a supersolution to problem (5.1). It is clear that |x|%u € €%(Q), then
using the previous lemma, we get the existence of a subsolution u to problem (5.1)
with & < i. The existence result follows using an iteration argument. It is clear that N
is non empty. To see that, we consider ¢ € %;°(Q) such that ¢ =0 in B,(0) CC Q.
By setting i = Lo — f(x,9), it follows that # € N, thus N # 0. We prove now that
N—U=N.Leth* € N—U,then h* = h; —z < hy with h; € N. Let u; be a solution
to (5.1) with & = hy. It is clear that u; is a supersolution to (5.1) with 7 = h*. Using
Lemma 5.3 we get the existence of a subsolution u#, such that u, > u;. Hence an it-
eration argument allows us to prove the existence of a solution to problem (5.1) with
h=h*. Thus h* € N. Therefore we conclude that N is not bounded. [

As a consequence we get easily that N3 = CN and N3 — U = N3. We prove now
the main result of this section.

THEOREM 5.6. Under the above hypotheses on g, we have that N is a closed
convex set, Ny = Int(N), Ny = dN. N3 is a convex open set and it is not bounded.

Proof. We begin by proving that N3 # 0. We claim the existence of Cp > 0 such
that if 7 € ¥*(Q) with h(x) > Cp, then problem (5.1) has no solution. To prove the
claim, we use the main properties of g. Notice that

g(s) > As—C forall s € R,
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g(s) >As—C forall s € R,

where A < A1 < A. We set Co = Cy. Let h € €*(Q) with h(x) > Cy. Assume by
contradiction that # € N. Let u be a solution to problem (5.1) corresponding to the
above h. Then

Lu= f(x,u)+ x| Phuc HQ). (5.6)

Using u_ as a test function in the above equation, we get
)
—(/ |Vu_|?dx— Ay ﬁdx) = /g(x,u)ufdx+/|x|72ﬁhu,dx
X
Q Q Q Q
> —&/ |x|72ﬁu2,dx+/ x| 2P u_(h(x) — Cy)dx.
Q Q

Since h(x) > Cy, there results that

2

/|Vu,|2dx—AN/ rﬁdxé&/hrzﬁu%dx.
x

Q Q Q

Using the fact that A < A;, we conclude that u_ =0 and then u > 0. Taking ¢; (the
first eigenfunction defined in Theorem 2.3) as a test function in (5.6), it follows that

M / uq>1|x|72ﬁdx:/\x\fmg(u)qndx—i—/\x\fmh(x)(pldx
' Q Q

Q

>7 / uon x| "2 dx + / x|~ 2Pu(h(x) — C)dx = & / udn x|~ 2B dx.
Q Q Q

Since u = 0, we reach a contradiction. Thus & € N3 and then N3 # 0.

To complete the proof, we use classical Leray-Schauder topological degree, see
[14].

For h € €%(Q), we define T(f) =w € €*(Q), the solution to the problem

—div(]x|"N2vw) = [x|7 PR, w e W) A (Jx] "V Pax, Q).

It is clear that T is well defined as a linear operator from €% (Q) into €% (Q). We set
G(w) =T (g(|x|~*w)). It is not difficult to see that G is a compact operator from E in
itself, where

E={we?€*Q): w=0o0n0dQ}.

Define now ¥(w) = w — G(w). Solving problem (5.2), and then problem (5.1), is
equivalent to solve W(w) = T (k). Using Lemma 5.4, we know that for all C > 0, there
exists R(C) such that if W(w) =T (h) with [|h||eg) < C, then [|w||gag) < R(C).
Hence the topological degree deg(V, Bg,Sh) is well defined and it is independent of R
once we have R > R(||h

va@)-
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In the same way, it follows that deg(\P, Bg, Sh) is independent of & once we have
||A]le @) < C2 and R> R(Cy). Since N3 # 0, then for 7" € N3, we get deg(, Bg, Sh”)
= 0. Hence there results that

deg(W,Bg,Sh) =0, Vh € €*(Q), VR > R(||h

(@)

We prove now that N C dN. We argue by contradiction. Let A* € N; with
h* € int(N), then for € small, A*+ € € int(N) and then we get the existence of a
solution w to the problem

—div(jx| "NV ) = [P (x| we) + [P (1" +e),
we € Wy 2 (Jx] "™ dx, Q).

Let w* be the unique solution to (5.2) with & = h*. Itis clear that w¢ is a supersolution
to the corresponding equation with 4*. Since 4* € Nj, then necessary w* < wg, other-
wise we get the existence of second solution to problem (5.2) with 2 = h*, which is a
contradiction with the fact that 2* € N;. Hence w* < we and by the strong maximum
principle it follows that w* < w, in Q. Set @ = w, —w", then @ solves

—div(|x|"V2Ivae) = x| 7220 (x) @ + e|x| P,

where

o) — B we) =gl )
[ (we —w)

Hence we conclude that A;(6(x)) > 1. On the other hand, using the convexity of

g, we obtain that g'(]x|7w*) < 6(x) in Q. Hence 1 < A1(0) < A1(g'(|x|7*w*)).

Therefore I — G'(w*) is invertible and then G’(w*) has no eigenvalue in [0,1], thus

i(¥,Bg,Sh*) = +1, the topological index.

Since the global topological degree is 0, we conclude that problem (5.2) has a
second solution corresponding to & = h*, a contradiction with the fact that h* € N .
Hence N; C ON.

We prove now that N, C Int(N). Let k; € N,, then problem (5.1), with h = hy,
has two solutions uy,up such that u; < up in Q. Setting w; = |x|*u;, i = 1,2, we get
the existence of two solutions w; < w, to problem (5.2). Let w* = wy —wy, then

—div(x| "2 9w) = x| 2B p (),
where

(i) —(lxm)
P = e )

Hence A;(p(x)) = 1. Using the properties of g it follows that
&' (K[~ “w2(x)) < p(x) < g'(]x| w1 (x)) in Q.
Thus we conclude

Mg (I~ wa(x))) <1< A4 (g"(Ix] w1 (x)))-
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Now, since g'(|x|"w2(x)) < Ay there results that A>(g’'(|x|"“wa(x))) > 1. Hence
®'(wy) and W(w,) are invertible. Therefore using the local Inversion Theorem, we
conclude that #* € Int(N,). Therefore, N C Int(N).

Ny =

Since N =Ny UN,, Ny C dN and N, C IntN, we conclude that N, = IntN and

ON and the result follows.
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