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BLOW-UP PROPERTIES FOR PARABOLIC
SYSTEMS WITH LOCALIZED NONLINEAR SOURCE

JuN ZHou

(Communicated by S. Cui)

Abstract. This paper deals with blow-up properties of solutions to a semilinear parabolic system
with nonlinear localized source involved a product with local terms

uy = Au+exp{mu(x,t) +nv(xo,t)}, vi = Av+exp{pu(xo,t)+qv(x,t)}

with homogeneous Dirichlet boundary conditions. We investigate the influence of localized
sources and local terms on blow-up properties for this system, and prove that: (i) when m, g <
0 this system possesses uniform blow-up profiles, in other words, the localized terms play a
leading role in the blow-up profile for this case; (if) when m, g > 0, this system presents single
point blow-up patterns, or say that local terms dominate localized terms in the blow-up profile.
Moreover, the blow-up rate estimates in time and space are obtained, respectively.

1. Introduction

In this paper, we deal with the following problem

uy = Au+exp{mu(x,t) +nv(xp,t)}, x€Q,t>0,

vi = Av+exp{pu(xo,t) +qv(x,1)}, x€Q, >0, (1.1)
u=v=0, x€dQ, >0, ‘
u(x,0) =up(x), v(x,0) =wvp(x), xeQ,

where Q@ C RY is a bounded domain with smooth boundary dQ, p, n>0, g, meR,
pn#0 and xp € Q is a fixed point, the initial data up(x), vo(x) € Co(Q) are non-
negative and nontrivial functions.

Problem (1.1) describes a physical phenomenon where the reaction in a dynamic
system is driven by the temperature at a single point involved a product with local
terms see [1, 12]. Using the methods used in [4, 17] we know that (1.1) has a local
non-negative solution, and that the comparison principle is true.

The blow-up properties of solution to the following single equation

u = Au+ f(u(xo(r),1)), x€Q,1>0,
u(x,t) =0, x€dQ, >0, (1.2)
u(x,0) = up(x) >0, xeQ
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have been discussed by many authors, see [2, 3, 17, 18, 19] and the references therein.
In particular, Souplet [18] proved that if f(u) = uP with p > 1, then

fim (7 — 1)V, 1) = lim (T =)V (1) = (p— )7/ (13)

t—T

uniformly on the compact subset of Q, and if f(u) = ", then
h%HMTfﬂFW@ﬂ:thMTfOFﬂMJMm:1 (1.4)
t— t—

uniformly on the compact subset of €, where T is the blow-up time of u.
In [11], Lin et. al. studied the blow-up properties of solutions to the parabolic
system
U = Au+ e"01) |y, = Ay + e4(0) xeQ, >0,
u=v=0, x€dQ, >0, (1.5)
u(x,0) = up(x) =0, v(x,0) =vp(x) >0, x € Q.

They first proved that the solution (u,v) of (1.5) blows up in finite 7. And for a special
case Q = B(0,R) and xo = 0, they obtain the blow-up rate estimates

—In(T —t) —vo(0) < supu(-,t) <C(1 —In(T —1)), t€[0,T), (1.6)
—In(T —¢) —up(0) < supv(-,t) <C(1 —1In(T —1)), t€]0,T). ’

In [8], Li and Wang considered the following system

u; = Au+exp{mu(xo,t) +nv(xo,1)}, x€Q, >0,

ve = Av+exp{pu(xo,t) + qv(xo,t)}, x€Q,r>0 (1.7)

with null Dirichlet boundary conditions and m, n, p, g are positive constants. They
obtain the necessary conditions and a sufficient condition for which two components
blow up simultaneously and establish the uniform blow-up profiles in the interior. Their
main results were stated as follows.

THEOREM A. (1) Suppose that the initial data (uo(x),vo(x)) satisfies Auo(x) +
exp{mug(xo) +nvo(xo)} = 0, Avg(x) + exp{puo(xo) + gvo(xo)} = 0: if u and v blow
up simultaneously, then p >2m and n > q, or p<mand n< q; if p>m and n > q,
then u and v blow up simultaneously.

(2) Under the assumptions of (1), the following statements hold on any compact
subset of Q.:
(@) Ifp>mandn>q, then

n—

lim (e, ) In(T —1)| ™ = 4 lim v (x,1)| In(T —1)|~" = p—m
t— t—

np —mgq np—mgq’

@) If p>mand n=q, then

1 1
i — -1 = — i — -1 = —
Jimue ) {In(|In(T 1))} = = fim o) In(T o) = 2
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@iii) If p=m and n > q, then

1 1
. . 1 _ 1 . . 1 _
fimu(e ) In( )~ = limv(en) i n(T 1)) =
(iv) If p=m and n=q, then
. 1 1 . 1 1
lim u(x,)|In(T —12)|”" = , imv(x,2)|In(T —1)|” = ——.
t—T m+n t—T p+q
) If p<mandn<q, then
. N1 49— . -l _m—p
}Ln% ulx,)|In(T —1)|7 = mg—np’ }Ln% v(x,t)|In(T —1¢)| p—
In [23], Zhao consider the following local problem
ur = Au+ Aexp{mu(x,t) +nv(x,1)}, x€Q, >0,
v = Av pexp{pu(x.r) + qu(x,i)}, x€Q,1>0, 19)
u=v=0, x€0dQ, >0, ’

u(x,0) = up(x), v(x,0) =wp(x), xeQ,

where Q = B(0;R) = {x € R : x| < R}, up(x) and vy(x) are continuous nonnegative

functions on Q vanishing on dQ; constants A,u >0 p, n >0, g, m€ R and pn #0.
Their main results are states as follows.

THEOREM B. (1) If (n—q)(np—mq) >0 or (p —m)(np —mq) > 0, then the
solution of problem (1.8) blows up in finite time.

(2) If (n—q)(np—mq) <0 and (p —m)(np —mq) < 0, then the solution of
problem (1.8) exists globally.

In this paper, combining [8] and [23], we shall explore the influence of localized
terms and local terms in the blow-up properties of system (1.1). The main methods of
this paper is to extend Souplet’s method [18] to problem (1.1) and establish the uniform
blow-up profiles in the interior. Our main results are stated as follows.

THEOREM 1.1. If (n—q)(np —mgq) >0 or (p —m)(np —mq) > 0, then the so-
lution of problem (1.1) blows up in finite time.

THEOREM 1.2. Assume that (u,v) is a classical solution of (1.1), which blows
up in finite time T. If m, q < 0, then the following statements hold uniformly on any
compact subset of Q.

(@) Ifm, q<0 and pn—qm>0, then

lithT(T _ t)Qeu(x,t) _ 99(0./9)11/(]1117(1m)7
lim, 7 (T —1)%e"™) = 5o (0 / )P/ (Pr—am)

where 6 = (p—m)/(pn—qm), 6 = (n—q)/(pn—qm).
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(@) Ifm=0and q <0, then
lim, 7 |In(T — )| tu(x,t) = (n—q)/(np), lim,_7 |In(T —1)|"v(x,t) = 1/n.
(i) If m=q =0, then
lim; 7 [In(T — )| 'u(x,t) = 1/p, lim,_7|In(T — )|~ v(x,t) = 1/n.
@(iv) If m<0 and q =0, then
lim, 7 |In(T — )| 'u(x,t) = 1/p, lim;_7 |In(T —1)|~'v(x,t) = (p —m)/(np).

REMARK 1.1. When m < 0 and ¢ < 0, Theorem 1.2 shows that the localized
terms eP“(04) and ¢™0*) play a leading role in the blow-up profile.

REMARK 1.2. In the case when m >0 and ¢ <0, or m <0 and g > 0, we do
not know how to deal with the blow-up properties of system (1.1).

Next we focus on the case m, g > 0. Let us first introduce the following assump-
tions:

(H1) m, ¢ >0 and Q = B(0;R), xo =0;

(H2) initial data u(x), vo(x) : B(0;R) — R! are nonnegative nontrivial, radially
symmetric non-increasing functions and vanish on dB(0;R);

(H3) the initial data uo(x) and vo(x) satisfy Aug(x)+ exp{muo(x)+nvo(0)} >0
and Avg(x) + exp{puo(0) + gvo(x)} > 0 in Q.

REMARK 1.3. Under the assumption (H2) and Q = B(0;R), the solution (u,v)
of problem (1.1) is radially symmetric and non-increasing in x (see [5]). Therefore,
u(x,t) =u(rt), v(x,t) =v(r,t) and u(0,7) = maxgu(-,1), v(0,7) = maxgv(-,z).

THEOREM 1.3. Let p >2m >0 and n > q > 0, and assumptions (HI)-(H3) hold.
Let (u,v) be a classical solution to problem (1.1) in B(0;R) x (0,T), which blows up
in finite time T. Then u and v must blow up simultaneously.

THEOREM 1.4. Under assumptions (HI)-(H3), if (u,v) is a classical solution to
problem (1.1) in B(O;R) x (0,T) and u, v blow up simultaneously in finite time T,
then the parameters m, n, p and q must satisfy: (a) p > m and n > q, or (b) p <m
and n < q.

THEOREM 1.5. Let the assumptions (H1) and (H2) be satisfied. If (u,v) is a
classical solution of problem (1.1) which blows up in finite time T, then x =0 is the
only blow-up point.

REMARK 1.4. When m > 0 and g > 0, Theorem 1.5 illustrates that the local
terms ¢”“**) and ¢"(“*) dominate the localized terms e”*(04) and ¢"™*0*) in the blow-
up profile.

When u and v blow up simultaneously, we may estimate the blow-up rate as
follows.
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THEOREM 1.6. Under the condition of Theorem 1.4, there exist constants 0 <
¢ < C such that the following statements hold for all 0 <t < T.
(@ Ifp>mandn>gq,or p<mandn<q, then

Inc(T —1)~% <u(0,1) <InC(T —1)79,

Inc(T —1)7% <v(0,7) <InC(T —1)~°,

where 0 and o are defined in Theorem 1.2.
(i) If p>m and n=q, then

c[In(T —1)| < exp{(p —m)u(0,2)} < C|In(T 1),
o(T 1)~ <exp{gv(0,)}{v(0,)} 7" < C(T —1)~".
@iii) If p=m and n > q, then,
o(T — 1) < exp{mu(0,0)H{u(0,0)}7"7 < C(T—1)7",
c|In(T —1)| < exp{(n—q)v(0,1)} < C|In(T —1)|.
(iv) If p=m and n = q, then
el In(T —1)] < u(0,) < CIn(T —1)],
c|In(T —1)| <v(0,t) < C|In(T —1)]|.

REMARK 1.5. If m=g¢q, n = p and up(x) = vo(x), then the system (1.1) turns
to a single equation. From Theorems 1.2-1.5, we draw a complete conclusion on the
blow-up profiles. More precisely, the problem possesses uniformly blow-up profile if
and only if m < 0.

Furthermore, for problem (1.1) with suitable initial data, its blow-up rate in space
can be evaluated as follows.

THEOREM 1.7. Let (HI) and (H2) be satisfied. Suppose further that there exists
some constant ¢ > 0 such that uy(r) < —cr and vj(r) < —cr in [0,R]. If the classical
solution (u,v) of problem (1.1) blows up in finite time T, then

u(r,t) <In(Cr=*), v(rt) <In(CrP), (n1) € (0,R] x[0,T)
holds for some constant C > 0 and for any o >2/m,  >2/q.

REMARK 1.6. For the following coupled equations with the same initial and
boundary condition as system (1.1)

ur = Au+exp{mu(0,t)+nv(x,t)}, v = Av+exp{pu(x,t)+qv(0,7)}, x € B(O;R), t >0,

the assertion of Theorems 1.3-1.4 and 1.6 are still true only if we keep assumption (H2)
and replace assumptions (H1) and (H3) by (A1) and (A3) respectively,
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(A1) The initial data ug(x) and vo(x) satisfy Aug(x)+exp{muo(0) +nvo(x)} >0
and Avg(x) + exp{puo(x) +¢v(0)} > 0 in B(O;R).
(A3) n>0and p > 0.

REMARK 1.7. A simple modification of our proofs, we can get the similar results
(that is, replacing p with p|Q| and g with ¢|Q| in Theorems 1.2-1.7, where |Q| is the
measure of ) to the following nonlocal semilinear parabolic systems

w = Au~+exp{mu(x,t) +n [ov(x,t)}, x€Q,1>0,
vi =Av+exp{p Jqu(x,t) +qv(x,1)}, x€Q,1>0,

u=v=0, x€0Q, >0, (1.9)
u(x, 0) = uO(x)7 V(x70) = VO(x)a x € Q.

Similarly, as Remark 1.6, we can consider the following problem
uy = Au+exp{m [ou(x,t) +nv(x,1)}, x€Q, >0,
v = Avexp{pu(x.1) + fr(x.1)}, x€Q,1>0, (110
u=v=0, x€0dQ, >0, ’
u(x,0) = up(x), v(x,0) =wp(x), xeQ.

There are many known results about blow-up properties for parabolic equations,
we refer to [6, 7, 8, 9, 10, 11, 13, 15, 16, 24] and the references therein. We remark
a recent paper [22], in which, Xiang et. al. considered the following Cauchy problem
with moving source

uy = Au+ Aexp{mu(xo(t),t) + mv(xo(t),1)}, x€RN, 1>0,
ve = Av+ wexp{pu(xo(t),1) + qv(xo(t),1)}, x€RN, 1>0, (1.11)
u(x, 0) = Mo(X), V(X, 0) = VO(x)7 X € RNa

where xo : RT — R is Holder continuous, and A, u > 0, m, n, p, g are constants
with pn > 0. They first give the blow-up criterion, and then deal with the possibilities of
simultaneous blow-up or non-simultaneous blow-up under some suitable assumptions.
Moreover, when simultaneous blow-up occurs, they also establish the precise blow-up
rate estimates.

This paper is organized as follows. In the next section, we consider the uniform
blow-up profile to problem (1.1) and prove Theorems 1.1 and 1.2. In Section 3, we
prove Theorems 1.3-1.7.

2. Proofs of Theorems 1.1 and 1.2

In this section, we investigate the blow-up profiles of (1.1) and prove Theorem 1.1
and 1.2.
2.1. Proof of Theorem 1.1

We use the results of [23] (see Theorem B) and comparison principle (see [14]
and [15]) to prove Theorem 1.1. Without loss of generality we may assume that
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up(x), vo(x) >0 in Q. And hence u, v >0 in Q x [0,T), T being the maximal
existence time of (u,v).

Let B(xp,d) be the ball centered at xy with radius d > 0 such that B(xg,d) C Q.
Let (u,v) be the solution of the auxiliary problem

= Au+exp{mu(x,t) +nv(x,7)}, x € B(xp,d), t >0,
y, Av+exp{pu(x,t) +qv(x,t)}, x€ B(xp,d), t >0, (2.1)
u=v=0, X € dB(xp,d), t >0, ’

H( 0) up(x), v(x,0) =vy(x), x € B(xo,d),

where ug(x) and yy(x) are non-negative smooth symmetric, radially non-increasing
functions which are less than ug(x) and vo(x) on B(xg,d) respectively. Then u(-,7) and
v(-,t) are radially symmetric non-increasing. By the comparison principle, u > u, v > v
as long as (u,v) and (u,v) exist. By Theorem B, (u,v) blows up in finite time, and so
does (u,v). The proof of Theorem 1.1 is complete. O

2.2. Proof of Theorem 1.2

In what follows we intend to verify Theorem 1.2. For convenience, denote

10 =) 7o) = [ s, g6 = "0, G0 = [[g(s)as. (22)

Before we prove Theorem 1.2, we claim that if (u,v) is a classical solutions of system
(1.1) which blows up in finite time 7', that is

(o)l [[V( ) [l — 0 as £ =T, (2.3)
then u and v blow up simultaneously if m < 0 and ¢ < 0. In fact, we have

LEMMA 2.1. Let f, F, g, and G be the functions defined in (2.2). Assume that
(u,v) is a classic solution of problem (1.1), which blows up in finite time T. Let m <0
and q <0, then

lim g( )=1lmG(t) =oo, lim f(¢r) = lim F(r) = . (2.4)

t—T t—T t—T t—T
Moreover, u and v blow up simultaneously.

Proof. Since (u,v) blows up in finite time T, it can be deduced that
()l — 0 08 [9(-s1) o — o0 a5t — T

Without loss of generality we may assume ||u(+,t)||. — o as t — T. Suppose in the
contrary, that lim,_,7 g(¢) < eo. So, from the equation of u in system (1.1), we know
that u exists globally, since m < 0, this is a contradiction. Therefore, lim,_. g(¢) = .

Combining lim, 7 g(t) = oo and g(r) = ™! yields that v(xo,t) — oo ast — T.
Namely, # and v blow up simultaneously.
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Next, we infer that lim, .7 G(t) = c. Set U(t) = max gu(x,t), then U(z) is
Lipschitz continuous and

U'(t) <e™Wg(t) ae. in [0,T). (2.5)
By integrating (2.5) we get

—LemmU) L [Tg(s) — LV O = G(1) — LeVO) if m <0,
U(t) < [58(s)+U(0)=G(t) + U(0) if m=0

from lim,_,7 U (¢) = oo, it follows that lim,_,7 G(t) = .

Furthermore, because if lim,_,7 ||v(+,#)|| = o= which was showed above, applying
similar arguments as above to the equation of v in system (1.1), it is reasonable that
lim,_,7 f(¢) = o and lim,_,7 F(¢) = e. The proof of Lemma 2.1 is complete. O

LEMMA 2.2. Let f, F, g, and G be the functions defined in (2.2). Under the
conditions of Theorem 1.2, the following statements hold uniformly on any compact
subset of Q.

() Ifm<0and q<O0 then u(x,t)~ fﬁ n[-mG(1)], v(x,t)~ féln[qu(t)].

@i@) Ifm=0 and q <O then u(x,t) ~ G(t), v(x,t)~ f—ln[ qF (1)].

@@ii) If m=q=0 then u(x,t) ~ G(t), v(x,t)~F(t).

(iv) If m<0 and g =0 then u(x,t) ~ —L1In[-mG(t)], v(x,t) ~F(t),

here the notation u ~v means u/v—1ast—T.

Proof. (i) Let m < 0 and g < 0. Direct computations demonstrate

et
7;{@6711‘} = 75Aeiqv+ Z{qu\Vequ +f(t)
Since €™ < 1 and e?” < 1 for u, v> 0 and m, g <0, we have
e > e MmN (e R s0), )
—gae U= A gV (= P41,
Consequently, (— %e”"“, — L—;e"”) is a super-solution of the problem below
=Aw+m|Vw> +g(t), 7 =Az+q|Vz>+ f(t), (x,t) €Qx(0,T),
—=z=0, (x,6) €9Q % (0,T), (2.8)

w
w(x,0) = f%e””“()()‘), 7(x,0) = —L—]e —qvo(x) xXeEQ,

where g(t) = ¢4 f(r) = eP"*04) A simple modification of Theorem 4.1 in [18]
asserts that uniformly on any compact subset of Q hold

W(x7t) BT ||W('7I)H°° _ . Z(x7t) BT ||Z('7t)||°° _
Moy Mo UV MEy MR 0 Y
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By comparison methods, we obtain that

Loy, Lo, neaxT).  (2.10)
q

m
Hence, from (2.9) it follows that, uniformly on any compact subset of Q holds

—mu(x,r) e~ av(xit)
mG(t) 1, liminf; 7 — (z)

—mu( t)” lle= qv(- t)”
mG(1) —qF (1)

liminf; 7 & 1

WV

WV

)

- (2.11)

liminf, 7 >1 1.

\\/

, liminf, 7

On the other hand, we know that U’(r) < ¢™/("g(r) and V'(r) < e?"f(r) ae. in
[0,T), where U(t) = max gu(x,t), V() = max,.gv(x,7). In view of lim; .7 F(t) =
lim,—.7 G(t) = = and m, ¢ <0, we see that

e~ MU e—av()
limsup ———— < 1, limsu <1 2.12
O B ST O 212
So, (2.11) and (2.12) guarantee that, uniformly in any compact subset of €2
—mu —mu(-t) —qv qv(-
lim < _ Jim 1€ b= ) i T i e _ (2.13)
t—T —mG(t) t—T —mG(t) t—T —qF(l) t—T —CIF( )

(ii) Let m =0 and ¢ < 1. Analogous to case (i), we find that (u, —ée"”) is a super-

solution of (2.8) with w(x,0) = up(x), z(x,0) = _56 ~0(¥) | Proceeding as case (i) we
arrive at the corresponding conclusion.

Cases (iii) and (iv) can be treated similarly. The proof of Lemma 2.2 is complete.
O

LEMMA 2.3. Let f, F, g, and G be the functions defined in (2.2). Under the
assumption of Theorem 1.2, for any given constants §, € and T satisfying 0< 5, e <1
and T > 1, there exists T such that for all t € [T, T), the following statements hold.

(@) Ifm<0and q<O0 then

g6 4(p—m)[— CIF(I)]L,{§r%(”—CI)[—mG(t)]%}
6= h (n—q)[=mG(1)] 5w <10 (p—m)[—qF (1) .

@) If m=0 and q <0 then

£8 i pl—qF ()] 7 < T(n—q)er®0), §(n—q)er®) <e 't ip[—gF(1)]
(i) If m=¢q =0 then
e8pe™ ) L tnePS) | §nerCl) L e lrpet @),
(iv) If m <0 and g =0 then

p—m

S(p—m)e) < e~ lehin[—mG(1)] 5, €8 mn[-mG(1)] T < t(p—m)e"F ).
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Proof. (i) If m < 0 and g < 0. Observe that F'(t) = f(r) = e”0!) and G'(t) =
g(t) = ™) By (i) of Lemma 2.2, we know that for chosen positive constants § <
1 < 7, there exists fyp < T such that

[=8mG()]P/ =) < F'(t) < [-tmG()]P/ ™)t € [to,T),

2.14
8aF O] <G < [P, efor). Y
And thus,
_ p/(—m) p/(=m)
EomGIP™ dF  [ZemGOIM T . (2.15)
[—TqF (1)]"/=9) = dG = [—§qF (1)
In view of the right-hand side of (2.15)
[—8qF (1) “VdF < [—-tmG(@)]P/ "™ dG, t € [ty,T). (2.16)
Integrating the above inequalities yields that for #p <t < T,
_§g)/(—a) _a—n m(—tm)P/(=m) _m—p
B0 15 (), < M G ) 0.16)
< H G 1),

Due to lim, 7 F(t) = 0 and ¢ < 0, for given constant 0 < € < 1, there exists 7 : 7y <
fo < T such that F{4=/4(zy) < (1—¢&)F4="/4(¢) forall ¢ € [y, T) . Hence from (2.16)
it can be deduced that for 7o <t < T
_n q—n _r m—p
€6 a(p—m)[—qF ()] © <t 7 (n—q)[-mG(t)] " . (2.17)

Application of similar analysis as above to the left-hand side of (2.15) guarantees that
there exists #; < T such that for 5 <t < T,

m—

_r _n q-n
£8 1 (n—q)[-mG(n)] """ <t 1(p—m)[—qF(1)] 7 (2.18)
Set T = max{fo,t{)‘}, then (2.17) and (2.18) ensures (i) of Lemma 2.3. Analogous of
case (i), we can draw other conclusions of Lemma 2.3. The proof of Lemma 2.3 is
complete. O

Proof of Theorem 1.2. Choose {&;}7 |, {&}7,, {mi};~, satisfying 0 < &;, & <1
and 7; > 1 with &;, &, T, — 1 as i — co. Putting (5,¢,7) = (&;,&,7;) in Lemma 2.3,
we get T < T such that the corresponding (i)-(iv) of Lemma 2.3 hold for all T, << T.

(i) Let m < 0 and g < 0. From (i) of Lemma 2.2 if follows that for such sequences
{6}, and {7;}72 |, there exists {r;};>, :#; <T with ; — T as i — oo such that

1 1
f%ln[ oimG(1)] < u(xp,1) < fgln[frimG(t)], p<t<T. (2.19)
Denote T} = max{s;, f‘,}, then (2.19) and (i) of Lemma 2.3 assert that for ;" <t < T,
F/(1) > 8" -G o))/

. p ’)9 (2.20)
> 8, ©(8/7) "o m)(g(;/@)” ’"[ qF (1))

1
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F'(t) < is"(r,/S) wzm(o/(g, 0)) 7 [—qF (1)) 45 . (2.21)

Notice that 1+ 2 "9 = qp(';% = —= < 0 if pn > gm. Integrating (2.20) and (2.21) from

t to T and using of lim; 7 F(t ) = oo, we obtain that, for T <t < T,

Cla(0/0) 7 < (T —1)[~qF ()] ™ <c;'o(c/0) 77, (2.22)

where
po 2 P PO

_ro _ P2 __Pr_
=8 1 (8,)T) TP C= 1, © (1)8) Mo, P

1
Since ¢; — 1 and C; — 1 on the account of &;, &, 7, — 1 and T.;* — T as i — oo, by
letting i — oo in (2.22) we find

—gF )]/ 9 ~ 6°(0 )/ r=am(T — 1)~ (223)
Similar as above, it can be inferred that
[—mG (1)) ~ 0%(5/0)" (Pr=am)(T —1)=9, (2.24)
From (i) of Lemma 2.2, (2.23) and (2.24), we know that
(T - t)ee“(x”) ~ 99(6/9)”/0’"7“1), (T —t)"ev(x”) ~ 66(9/6)’7/@"76””) (2.25)

uniformly on any compact subset of €. That is, uniformly on any compact subset of Q
holds

: _ A\ ulxt) _ g0 n/(pn—qm) 1; _\O () _ 5O p/(pn—qgm)
lim(7 —¢)"e 0°(c0/0) , }LII%(T )% c%(0/0) .

t—T
(2.26)
(if) Let m =0 and g < 0. Analogous as the proof of case (i), it follows from (ii)
of Lemma 2.2 and (iii) of Lemma 2.3 that for T <t < T

G'(1) > 8 [—qF (1))
> 5/ %ar/q ~l(n—q)]" 7 exp{£LG(1)}
n(n—2q) n2 " 2.27
= & I [ (1 — )] exp{ 2ZG(0)), 2:27)
"(" 29) n2

G'(1) <7 ™8T [(eip)~ (n— )7 exp{ 2L SEG(1)}
And hence, for T* <t < T

n(ﬂ 2q) a2

np / > q(n—q) W 1 B n%
T COIE0 6n<n 29) a2 et =g, (2.28)
exp{—;5,G(1)}G'(1) < 7 D 5D (gp) " (n— q))] s

Define A= —In(np)— %’ In(n—gq). Integrating (2.28) from 7 to T and using lim,_,7 G(t) =
oo, we deduce that for 7 € [T*,T),

G+ (T —1)) < 22 G(t) < Ci+|In(T —1)], (2.29)
n—q
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where

A+11(<n 2(/)) In7+ - qln[pglgn/( )]7

C,—A+"(<" 220 105+ 2 n[pe 577,

By joining (2.29) and (ii) of Lemma 2.3, it follows that for 7;* <t < T,
ci+|In(T —1)| < ——ln(—qF(t)) <G+ |In(T —1)], (2.30)
q

where

¢i = Ci— ;- In[; 1sflr7ﬁ}, Ci=C— oo InfegT 15, it

B

Consequently, (2.29) and (2.30) guarantee that for Tl* <t <T,

Ci+|In(T —1)| < npG(t) <6i+\ln(T—t)\
(T =0l = (= g)InT =n)] = I —n)] 7
cl'+n\ln(T*t)\ < In[—qF (1)] <Ci+|ln?T—t)| (2.31)
| In(T —1)] —q\ln(T—t)\ S T (T —1)]

Note that ¢;, 6, HAJrn”qunp, and ¢;, C; — —In(np) +1In(n—q) because of §;, €, T, —
1 as i — oo. By letting i — o0 in (2.31), we get

. _ AT S AP -1 _n—4
}erTlln[ gF (0)]|In(T —1)] 0 }erTlG(t)\ln(T t)] o (2.32)

Therefore, it can be deduces from (i) of Lemma 2.2 and (2.32) that uniformly on any
compact subset of Q,

u(x,t) ~ G(t) ~ L In(T —1)|, v(x,t) ~ féln[qu(t)] ~ %|ln(T —1)]. (2.33)

And therefore, uniformly on any compact subset of Q,
lin% |In(T — 1) tu(x,2) = (n—q) / (np), lin% |In(T — )| 'v(x,t) = 1/n.  (2.34)
t— t—

Finally, we can verify the cases (iii) and (iv) by similar means of cases (i) and (7). So,
we complete the proof of Theorem 1.2. O

3. Proofs of Theorems 1.3-1.7

In this section, we pay attention to system (1.1) with m, g > 0. By the results of
[4] and [20], applying standard methods we find from the assumptions (H2) and (H3)
that the following results are true:

(R1) u(x,t) >0 and v(x,¢) >0 in B(O;R) x (0,T), where T is the maximal exis-
tence time of the solution (u,v) to problem (1.1).

(R2) u(x,t) =u(rnt), v(x,t) =v(r,t) and u,(r,t) <0, v.(r,£) <0 in (0,R) x (0,T).

(R3) u; >0 and v, > 0 for (x,z) € B(O;R) x (0,T).

To prove Theorems 1.3-1.6, we begin with an elementary lemma, which will play
an important role in the following proof.
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LEMMA 3.1. Let assumptions (HI)-(H3) be satisfied. Suppose that (u,v) is a
classical solution of problem (1.1) which blows up in finite time T, then for some t| <
T, there exists a positive constant € < 1 such that

u; > eexp{mu(x,t)+nv(0,7)}, v > eexp{pu(0,t)+qv(x,t)}, x € B(O;R), t; <t < T.

(3.1)

In addition,

u;(0,1) < exp{mu(0,t) +nv(0,1)}, v;(0,2) < exp{pu(0,t) + qv(0,1)}, 0 <z < T.
(3.2)

Proof. By the result (R2) listed above

u(0,t) = max u(x,t), v(0,t) = max v(x,t), 0<t<T. (3.3)
XEB(0;R) XEB(0;R)

Hence, Au(0,¢) <0, Av(0,7) <0 forany 0 <7 < T. And thus

1 (0,1) < exp{mu(0,t) +nv(0,1)}, v;(0,2) < exp{pu(0,t) + ¢qv(0,1)}, 0 <z < T.
(3.4)
which is just the assertion (3.2).

Next, we infer the assertion (3.1). Since (u,v) blows up in finite time 7', and
ur, v; 2 0 for all (x,7) € B(O;R) x (0,T), it can be deduced that for any 7y : 0 < 1y <
T, u(x,t0) Z 0 or v (x,9) # 0 in B(0;R). Otherwise, (u,v) can not blow up in finite
time. Denote ¢ = u;, ¥ = v, then

@ =A@ +exp{mu(x,t) +nv(0,¢) } (m@(x,t) + ny(0,1)), x € B(O;R), 1o <t < T,
v = Ay +exp{pu(0,t) + gv(x,1)} (p@(0,¢) + qw(x,1)), x € B(O;R), to <t < T,
o(x,1) = y(x,1) =0, X[ =R, <t <T,
o(x,00) 2,20, w(x,19) =,Z0, x € B(x;R).
(3.5)
The maximal principle shows that

o(x,1) >0, w(x,t)>0, V(x,t)€B(O;R)x (to,T),

%<0, Sr<o, V(x,1) € dB(O;R) x (1, T),

(3.6)

where 1 is the unit outward normal. By the standard method it follows that for any
t i tg <ty < T, there exists 0 < € < 1 such that

o(x,11) = eexp{mu(x,t))+nv(0,t1)}, w(x,t1) > eexp{pu(0,s1)+qv(x,r1)}, x € B(O;R)
(3.7)

i.e., for x € B(0;R)
Au(x,11) +exp{mu(x,t;) +nv(0,11) > eexp{mu(x,t;) +nv(0,11)}, (3.8)

Av(x,11) +exp{pu(0,1;) + gv(x,t;) = €exp{pu(0,t;) + qv(x,11).
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Since w(x,1) = u; (x,t) — e exp{mu(x,t) +nv(0,2)}, z = v, — eexp{pu(0,2) + qv(x,) } .
By using the ideas of [3, 21], we are sure that w(x,7) > 0, z(x,z) > 0. Indeed,

wr —Aw = (uy — Au); — emexp{mu(x,t) +nv(0,1) } (u; — Au)
—enexp{mu(x,t) +nv(0,7)}v,(0,1)
+em? exp{mu(x,t) +nv(0,¢)}|Vu|?
> (uy — Au); — emexp{mu(x,t) +nv(0,1) } (u, — Au)
—enexp{mu(x,t) +nv(0,7)}v,(0,1)
> mexp{mu(x,t) +nv(0,1) }w, x€B(O;R), 1) <t <T,

z—Az > qexp{pu(0,1) +qv(x,t)}z, x€B(O;R), 1) <t <T, (3.9)
w(x,t1) = Au(x,t;) + exp{mu(x,t;) + nv(0,1;)}
—gexp{mu(x,t;) +nv(0,1)} >0, x € B(0;R),
Z(xatl) :Av(x,tl)+exp{pu(0,t1)+qv(x,t1)}
—eexp{pu(0,t;)+qv(x,t;)} >0, x € B(O;R),
w(x,t) =z(x,t) =0, |x| =R, nh<t<T.

The maximum principle implies that w, z > 0. Therefore,

u; > eexp{mu(x,t)+nv(0,7)}, v > eexp{pu(0,t)+qv(x,t)}, x € B(O;R), t; <t < T,
(3.10)
which means the assertion (3.1) is true. The proof of Lemma 3.1 is complete. O

3.1. Proofs of Theorems 1.3, 1.4 and 1.5.

In this subsection, we prove Theorems 1.3 and 1.4.
Proof of Theorem 1.3. Assume on the contrary that u blows up in finite time T
and v is bounded in B(O;R) x (0,T). By (3.1) and (3.2) in Lemma 3.1, we have

eexp{mu(0,t) +nv(0,7)} <u,(0,7) < exp{mu(0,z) +nv(0,1)}, t €[t;,T),
eexp{pu(0,1) +qv(0,1)} < v (0,7) < exp{pu(0,7) +qv(0,1)}, t€[,T).

As v is non-negative and bounded in B(0,R) x (0,T), we claim that v(0,7) > ¢ > 0,
where c is a constant. Indeed, let w be the solution of the heat equation w;, = Aw with
null Dirichlet boundary condition and w(x,0) = vo(x), then the comparison principle
asserts that v > w in B(0,R) x (0,T). Since 0 € B(0;R) and vo(x) > 0,# 0, for any
fixed #; € (0,T), there exists some constant ¢ = ¢(¢;,T) > 0 such that w(0,7) > ¢ for
all 1y <t < T, and so does v. Without loss of generality, we assume that #; = 0, thus
v(0,¢) > ¢ >0 forall ¢ € [0,T). Therefore, there exist positive constants C; > C, and
C3 > C4 such that forall ¢ € [t,7T),

(3.11)

Ce™ O <uy(0,1) < Ce™ O, Cue ) <y (0,6) < Cse . (3.12)
Due to m > 0 and lim,_,7 u(0,7) = o, integrating the first equation of (3.12) yields
mCy(T —1) <™ O <mC (T —1), 1 <t <T. (3.13)
Consequently, for z € [t;,T)

p

CalCim(T — 1)) < v,(0,1) < C3[Com(T — 1)) . (3.14)
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As p > m >0, it can be deduced that lim,_,r v(0,#) = eo. This is a contradiction.
Therefore, Theorem 1.3 is completed. O
Proof of Theorem 1.4. By (3.1) and (3.2) in Lemma 3.1, we have

eexpl(m—p)u(0,1)} _ du(0,1) _ exp{(m—p)u(0,1)}
exp{(q—n)v(0,1)} ~ dv(0,r) ~ eexp{(q—n)v(0,1)}
In view of the right-hand side of (3.15)

gexp{(p —m)u(0,1)}du(0,r) < exp{(n — q)v(0,¢) }dv(0,1), (3.16)
when p > m, suppose on the contrary that n < g. By integrating (3.16), we see that

u(0,5)[}, < sgy expl(n - )(OﬂH\\@nﬁmﬁ Qv(0.n)}, ifp=m,
o exp{(p —m)u(0,5)}j, < oy exp{(n—q)v(0,1)}, if p>m.
(3.17)
Since lim,_,7 u(0,7) = oo, taking + — T in the above leads to a contradiction. Conse-
quently, n > g. When n > g, by using of analogous argument, we can show p > m.

Similarly, we may conclude (b) of Theorem 1.4. O

(3.15)

Proof of Theorems 1.5. Assume on the contrary that (u,v) blows up at another
point x* # 0. Furthermore, we may consider without loss of generality that u blows
up at the point x* as t — T, i.e. limsup,_,; u(x*,7) =co. Set r* = |x*|, then r* > 0.
Since u(x,7) = u(r,t) is non-increasing in r, limsup,_,; u(r,¢) = oo for any r € [0,r"]
with r = |x]|.

Let a be fixed number satisfying a = r*/3 and

B (0;R) = B(O;R)N{x € RN |x; > a} = {x € B(O;R)|x; > a}.
Define
J(x,1) = uy, (x,1) + c(x1) exp{mou(x,1)}, (x,t) € By (0;R) x [0, T), (3.18)

where 0 < my < m, and ¢(x;) = €(x; —a)* with &€ > 0 is a small constant to be deter-
mined.
A straight computation yields

Jr —AJ = (uy — Au)y, +moc(xy) expmou(x,t)](u; — Au) — ¢ (x) exp[mou(x, )]
—2mgexplmou(x,t)]c’ (x1)ux, —mie(xy) explmou(x,t)]|Vul?
< {mexp[mu(x,t) +nv(0,1)] — demg(x; — a) explmou(x,t)] }J
—c(x1) explmou(x,1)]{ (m — mg) exp[mu(x,t) +nv(0,7)]}
—c(x1) explmou(x,t)]{ —4empo(x; — a) exp[mou(x,t)] +2(x; —a) =2}
< bJ — c(x;) exp[mou(x,t)|{ (m —mo) exp[mu(x,t) + nv(0,2)] }
—c(x1) exp[mou(x,t)]{ —4emoRexp[mou(x,t)] + 2R}, 519
3.19

where b = mexp[mu(x,t) +nv(0,t)] —4emp(x; —a) exp[mou(x,t)]. Remember that v(r,¢) >

0 in [0,R) x [0,T) and v(0,7) = maxo<,<rv(rt) for t €[0,T), then v(0,7) > ¢ > 0 for
some constant ¢. By mg < m, there exists € so small that for 0 < € < g

(m — mo) exp[mu(x,t) +nv(0,1)] — 4emoR exp[mou(x,t)] + 2R > 0, (3.20)
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in B (0;R) x (0,T). Consequently, from (3.19) and (3.20) follows
Ji—AJ—bJ <0, (x,t) €BS(0;R) x (0,T). (3.21)

Moreover, since ug, <,#% 0 (otherwise, uy = 0, which contradicts the assumption on
up), by standard methods one can deduce that u, < O provided that r # 0 and ¢ > 0.
And thus, uy, (x,t) <0 for (x,7) € F;(O;R) x (0,T). Replacing [0,T) by [¢*,T) for
some 7* € (0,T) in following discussion, we may assume that u, (x,#) < 0 holds on
B, (0;R) x [0,T). Hence, there exists & so small that for 0 < & < &,

J(x,1) <y, (x,0) +€(R—a)* <0, (x,1) € IBS(0;R) x (0,T). (3.22)
On the other hand,

J(x,0) = uy, (x,0) + c(x1) exp{mouo(x) }
<y, (x,0) + €R? Max . 50:x) exp{mouo(x)} (3.23)
<0, VxeB'(O:R).

Provided that 0 < & < & for some sufficiently small &3.
Set € = min{1,¢&;,&,¢&}, then (3.21) and (3.23) hold. Application of the maxi-
mum principle to (3.21)-(3.23) ensures that

J(x,t) <0, (x,¢) € BS(0;R) x (0,T). (3.24)

Namely
—exp{—mou(x,t)}uy, > c(x1), (x,¢) € BS(0;R) x (0,T). (3.25)
Taking y = (24,0,0,---,0) and z = (+*,0,0,---,0), then y, z € B} (0;R). Integrating
(3.25) yields that
z 1
0< / c(xr)dx; < —exp{—mou(z,t)}, 0<t<T. (3.26)
y my

The fact that limsup,_,; u(z,7) = o= and mg > 0 leads to a contradiction. Therefore,
u blows up at a single point x = 0, and so does the solution (u,v) of system (1.1).
Consequently, we conclude the Theorem 1.5. O

3.2. Proof of Theorem 1.6.

In this subsection, we prove Theorem 1.6 by introducing a lemma first, which
shows the relationship between u(0,7) and v(0,7).

LEMMA 3.2. Under the conditions of Theorem 1.4, for any given 0 < § < 1, there
exists t| < Ty < T such that the following statements hold for all t € [Ty, T).
(@) Ifp>mandn>gq,or p<mandn<gq, then

deoexp[(n—q)v(0,1)] < Oexp[(p—m)u(0,t)], &0 exp[(p—m)u(0,t)] < oexpl[(n—q)v(0,t)].
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@) If p>mand n=q, then
de(p —m)v(0,1) < exp[(p —m)u(0,7)], Seexp[(p —m)u(0,2)] < (p—m)v(0,7).
@iii) If p=m and n > q, then
deexp|(n—q)v(0,0)] < (n—q)u(0,1), d&(n—q)u(0,1) < exp[(n—q)v(0,7)].
(@) If p=m and n=q, then 6ev(0,7) <u(0,t), deu(0,t) < v(0,1).

Proof. (i) (a) Let p > m and n > g. One can deduce from the right-hand side of
(3.15) that

I expl(n— @)v(0,1)]
_ 0,5)] < — 0,5)] < .
exp[(p m)u( 7s)]|t1 S(I’l 76]) CXp[(}’l q)V( S)Htl E(n _ q)
(3.27)
Notice that lim,_.7 u(0,7) = oo and p > m, for given 0 < d < 1, there exists 7, : t; <
t» < T such that exp[(p —m)u(0,2;)] < (1 —9)exp[(p —m)u(0,)] for t, <z < T, thus
1

(
(3.27) ensures p%mexp[(p —m)u(0,1)] < mexp[(n —q)v(0,1)] fort € [12,T), i.e.,

p—m

oe(n—q)expl(p —m)u(0,t)] < (p—m)exp[(n—q)v(0,1)], t €[, T). (3.28)

On the other hand, application of similar analysis to left-hand side of (3.15) derives that
for given 0 < § < 1, there exists #5 : 7y <#; < T such that

de(p—m)exp[(n—q)v(0,1)] < (n—g)exp[(p —m)u(0,1)], 1€5,T).  (3.29)

Define Tp = max{1,,1; }, then we come to the conclusion (i) from (3.28), (3.29) and the
definition of 8 and o. Analogously, we can demonstrate other cases. O

Proof of Theorem 1.6. (i) We need only prove the case (a) p > m and n > ¢, since
the case (b) p < m and n < g can be treated similarly. Combining the first inequality
of (3.2) and (i) of Lemma 3.2, we see that

ur(0,1) < [0/(8£0)] "D exp[(m+nc /0)u(0,1)]. (3.30)
Since —m—n6 /0 = —m—nt=0 = —L=1 = —1/6 <0 and lim,—.7 u(0,t) = e, by

integrating (3.30) we find that there exists constant ¢; > 0 such that
u(0,0) > In[c) (T —1)7%), Thy<r<T. (3.31)

Applying the above argument to the first inequality of (3.1) and using (i) of Lemma 3.2
show that there exists a constant C; > 0 such that

u(0,0) <In[C(T —1)79], Ty<t<T. (3.32)

Consequently, it follows from (3.31) (3.32) and (i) of Lemma 3.2 that there exist posi-
tive constants 0 < ¢y < G, such that

Infea (T — )% < v(0,7) < In[Co(T —1)~°]. (3.33)
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Let ¢ =min{cy,c;} and C = max{C;,C,}, the (3.31)-(3.33) imply the desired conclu-
sion (i) of Theorem 1.6.

(ii) Let p > m and n = g. By joining the second inequality of (3.2) and (i) of
Lemma 3.2, we have

v (0,0) < [(p—m) /(8€)]P/ P~ [y(0,1)]P/ P~ explgv(0,1)], Ty <t <T. (3.34)

Observe that lim,_,7 v(0,1) = oo, it follows (3.34) that

/;; ) e~ 5P/ gs < [(p—m)/(8e)|P/PT"N(T —1), Ty<t<T. (3.35)
Similarly, in view of the second inequality of (3.1) and (i/) of Lemma 3.2 we have

/v :) ) e 5P/ PMgs > g[Se(p— )P P(T — 1), Ty<i<T.  (3.36)

Since
Jrony e s /0
mm -
t—T e—qv(01) (V(OJ))*p/(p*m)
; fv°<°07l> e~ 5P/ (p—m) g
@ O 0D (o(0,)) P (337)
—e~y—r/(p—m) :

Vo gemtyp ) — B gmavy~T=p )
: ~1 1
= lim R
p—m

i.e.,
q/ e~ s PIP=m g o =1 O (1(0, 1)) P/ (P, (3.38)
v(0,t)

Therefore, by (3.38) there exists 7} < T such that for all 7 € [T}, T)

exp[—qv(0,1)] /'°° asep)(pm) . — 2exp[=qv(0,1)]
0. m S By PPy TR 3.39
2[v(0,¢)]p/(p=m) 1, v(0,1) e s [v(0,1)]7/(P—m) (3.39)

If T* = max{Ty,T1}, then it can be deduce from (3.35), (3.36) and (3.39) that there
exist come positive constants ¢ < C such that

(T — 1)~ explgv(0,0)][v(0,0)]/P~™ < C(T —1)7!, T*<tr<T.  (3.40)
In addition, on account of the first inequalities of (3.1) and (3.2), and n=q
eexplgv(0,1)] < exp[—mu(0,1)]u: (0,7) < explgv(0,8)], T* <t <T. (3.41)

Hence, (ii) of Lemma 3.2, (3.40) and (3.41) ensure that exist some constants ¢; < C}
such that

cl(T —1)~ ' <expl(p—m)u(0,0)]u, (0,1) <C (T —1)~!, T*<r<T. (3.42)
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Due to p > m, for some constant ¢ < C, integrating (3.42) in [T*,#) yields
c|In(r —1)| <exp[(p —m)u(0,1)] < C|In(t —¢)|, T*<t<T. (3.43)

Therefore, we come to the conclusion (ii) of Theorem 1.6 from (3.40) (3.43) and n =gq.
(iii) If p =m and n > ¢q, the conclusion (iii) of Theorem 1.6 follows the similar
way as case (ii).
(iv) When p = m and n = ¢, it follows from (3.1), (3.2) and (iv) of Lemma 3.2
that

gexp[(m+nde)u(0,t)] < u(0,¢) <exp[(m+n/(5€))u(0,t)], To<t<T. (3.44)

Recall lim,_,7 u(0,¢) = oo, integrating the above yields that for Tp <z < T

S¢
I[(T — 1) (mSe +n)/(8€)] mem < u(0,1) < In[e(m+nde)(T —1)] 7wz, (3.45)
Consequently, for some positive constants ¢ < C, there exists Ty < T* < T such that
c|In(T — )| < u(0,t) < C|In(T —1)|. (3.46)

Moreover, from (3.46) and (iv) of Lemma 2.3 that there exist positive constants ¢ < C
such that

c|In(T —1)] < v(0,7) < C|In(T —1)|. (3.47)
Therefore, (3.46) and (3.37) imply the conclusion (iv) of Theorem 1.6. O

3.3. Proof of Theorem 1.7

Similar as in subsection 3.2, we will apply the ideas of [5] to proceed our discus-
sion for Theorem 1.7. We only need to verify the estimate of u, since the estimate
of v can be obtained analogously. Set J(r,t) = u,(r,7) + c(r)exp[mou(r,t)], (r,t) €
[0,R] x (0,T), where 0 < my < m and c(r) = er'*% with any constant § > 0 and
small € to be defined. Direct computation for J shows thatin (0,R) x (0,T),

Jo =40 =0,y
= (u — ;1 Uy — )+ moc(r) explmou(r,t)] (u; — N;l Ur — Upr)
—(N—=1)r=1c(r) explmou(r,t)] — " (r) exp[mou(r,t)]
—2moc’ (r) expmou(r,t)]u, — m3c(r) explmou(r,t)] (uy)
< {mexp[mu(r,t)+nv(0,1)] —2emo(148)rd expmou(r,1)] yu,—c" (r) explmou(r,1)]
+moc(r)exp[(m+mo)u(r,t) +nv(0,¢)] — (N — 1)r='c/(r) exp[mou(r,t)]
< bJ — c(r) exp[mou(r,t)]{(m — mg) exp[mu(r,t) +nv(0,¢)] + (N — 1+ §)R~2}
—c(r)explmou(r,t)]{—2emo(1+ 8)R? explmou(x,1)]},

2

(3.48)
where b = mexp|mu(r,t)4+nv(0,1)]—2emo(1+8)rd exp[mou(r,t)]. Note that v(r,r) >0
in [0,R) x [0,T) and v(0,7) = maxo<,<gv(r,t) for t € [0,T), then v(0,) > ¢; > 0 for
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some constant c;. Consequently, by 0 < my < m, we know that there exists & > 0
small enough such that for 0 < € < g

(m—mo) exp[mu(r,t) +nv(0,1)] +8(N — 1+ 8)R™2 —2emq (14 8)R® exp[mou(r,1)] >0
3.49)
in (0,R) x (0,T). Thus from (3.48) and (3.49), we get

N—-1
r
In addition, as u(r,¢) > 0 for (r,t) € (0,R) x (0,T) and u(R,t) =0 forall r € (0,T),

the strong maximum principle for parabolic equations guarantees that u,(R,z) < 0 for
t € (0,T). Hence, there exists & > 0 small enough such that for 0 < € < &

Jr—

Jo— T —bI <0, (r1) € (0,R) % (0,T). (3.50)

J(0,1) = u,(0,1) =0, J(R,t) = u,(R,t)+€R'™ <0, 1€ (0,T). (3.51)

J(1,0) = u)(r) + er' 9 exp[mouo (r)] < —cr—+ erR® explmoup(0)] <0, re (0,R),
(3.52)
provided that & < &3 = cR~® exp[—mquo(0)]. Therefore, choose € = min{1,&,&,£3},
then (3.50)-(3.52) hold. Application of the maximum principle to (3.50)-(3.52) asserts
that J(r,7) <0, (r,7) € (0,R) x (0,T). Thatis

—exp[—mou(r,t)Ju, > er'*®, (rt) € (O,R) x (0,T). (3.53)

Integrating this inequality we obtain that

)
u(rit) < 1n(2'9+i%r2+5 o000 < emo /(24 8) /M0 0y, (3.54)

Since § > 0 is arbitrary and 0 < mg < m, it is obvious that (24 0)/my > 2/m, and
(2+68)/my > 2/m can be made arbitrarily to 2/m. Consequently, (3.54) implies the
assertion of u. So, we conclude Theorem 1.7. O
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