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THE DIRICHLET PROBLEM FOR SECOND ORDER
SEMILINEAR ELLIPTIC AND PARABOLIC EQUATIONS

ALKIS TERSENOV

(Communicated by P. Korman)

Abstract. In the present paper the Dirichlet problem for semilinear elliptic and parabolic equa-
tions in general form is considered. New condition guaranteeing the global solvability of this
problem for a wide class of superlinear sources, including e * and |u|P~'u, p > 1, is formulated.
For sublinear case (for example In(1+ |u|) or |u[’~'u, p < 1) this condition is automatically
fulfilled. Our approach gives new a priori estimate of the solution for superlinear, sublinear and
linear case as well.

0. Introduction and Main Results

I. Elliptic case.

Consider semilinear strictly elliptic equation

-ilaij(x)ux,-x, + znllbi(x)ux,. +c(x)g(u) = f(x) in Q, (0.1)

coupled with boundary condition
= . 0.2
u(w)|, = 00) (02)
Here Q is a bounded domain in R". Concerning the nonlinear term g we assume that

lg(&)] < g(n) forall & and 1 suchthat |£] < 7. (0.3)

For example, functions g(u) = |u|? with g € (0,1), g(u) = In(1 + |ul), g(u) = u?
for p > 1 integer, or g(u) = |u|P~'u for arbitrary p >0 as well as g(u) = e satisfy
condition (0.3).

Recall that (0.1) is strictly elliptic if

n —
2 aij(x)&&; > g|E|* forany x € Q, & €R", (0.4y)
ij=1

Mathematics subject classification (2000): 35J25, 35K20.
Keywords and phrases: global solvability, a priori estimates.

© depay, Zagreb 303
Paper DEA-01-22



394 ALKIS TERSENOV

where € is a positive constant. We are interested in the existence of classical solution of
problem (0.1), (0.2), i.e. the solution from C>*%(Q)NC%(Q) for some a € (0,1). Itis
well known that the classical solvability of problem (0.1), (0.2) with smooth coefficients
follows from the a priori estimate of max |u(x)|. There are a lot of different sufficient
conditions guaranteeing the needed a priori estimate (see [2], [4]). In the present paper
we develop a new approach in order to obtain a new condition in which we take into
account the influence of all coefficients of the equation. This approach gives new results
for sublinear, superlinear as well as linear case.
Without loss of generality suppose that

QC {(xl,...,xn) eR": x| <d;i= 1,...,n}

where d; are arbitrarily given positive numbers. Define the quantities ¢; by the follow-

ing:
0 < oy <minga;;, for i=1,...,n. (0.47)
Q

Consider the coefficients b;. Assume that b; are strictly positive functions for i =
1,...,m, strictly negative functions for i =m-+1,....,k and b; =0 for i =k+1,...,1,
where 0 <m < k <1 < n. Define f§; by the following:

Bi=minb; >0 for i=1,....,m, (0.51)
a
—Bi=maxb; <0 for i=m+1,...k, (0.33)
o)
Bi=b;=0, for i=k+1,...,1, (0.53)
Bi=max|b;)| >0 for i=1+1,...,n. (0.54)
o)

Here m = 0 means that there are no strictly positive b;, as a consequence (0.51) is
absent and in (0.53) i=1,....,k ((0.53), (0.54) remain the same);
k = m means that there are no strictly negative b;, i. e. (0.5;) is absent, and in (0.53)
i=m+1,...,1 ((0.51), (0.54) remain the same);
I = k means that there are no identically equal to zero b;, in this case (0.53) is absent,
in (0.54) i=k+1,...,n ((0.51), (0.5;) remain the same);
finally, n = [ means that there are no changing sign coefficients b;.

Put A = max{A~,A"} where

A+ Jmaxg c(x), if maxgc(x) >0

10, if maxgc(x) <0,

A — 0, %f maxg c(x) =0
—maxg c(x), if maxgc(x) <O.

Obviously

A7 <cl@) <AT, Je(x)| <A (0.6)
Before we pass to the strict formulation of the result let us briefly describe it. The
key role plays the constant K which depends on o;,3; and d;. This constant we find
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in the explicit form (see (1.1) in Section 1), here we only mention that K — +oo when
at least for one value of i (say ip) o, — +oo or fBj, — oo or dj; — 0. Consider the
relation KM — A g(M +maxyq |¢|). For nondecreasing g(u) we take A instead of A .
If there exists a constant M such that

KM —Ag(M+ma > ma
§(M+max 9]) > max]

then (under smoothness assumptions) we prove the existence of a classical solution of
problem (0.1), (0.2) such that |u| < M. Obviously in sublinear case such M always ex-
ists. In superlinear case we need some additional restrictions. Let us give two examples
(for details see Examples 2 and 4 from Section 3). Consider the case g(u) = |u|?~u,
p>1 (or g(u) = u? if defined) and ¢ =0. If

j{)ﬁﬁKp—l
pA

max () < ( .

then there exists at least one solution for which the estimate

i< (597

takes place. Let us take g(u) =€ and ¢ =0. If c(x) <0 (ie. AT =0) then for
arbitrary (smooth) f(x) we prove the existence of at least one solution and for this
solution the estimate £
maxg | f(x
g =7
ju()] < T2
holds. If K > A" > 0 then we prove the existence of at least one solution under the
assumption
K
<KIn——K+AT,
mgazlx| F(x)] N +

moreover this solution satisfies the estimate

K
lu(x)| < In =
In particular for the equation
Au+e"=0

with zero boundary conditions we guarantee (for details see Section 3 Example 3) the
existence of at least one solution if

this solution satisfies the inequality
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Let us now formulate the result. Denote

fo= mgle(X)\, do =lg§2X\¢(S)I~

THEOREM 1. 1. Let Q be a bounded domain in R" satisfying an exterior sphere
condition at each point of the boundary. Assume that a;j(x), bi(x), c(x), f(x) €

C*(Q), g(z) €C* and ¢(s) € C°(IQ) for some o € (0,1). Suppose that conditions

loc

(0.3), (0.41) hold and there exists a positive constant M such that
KM —Ag(M+ o) > fo, (0.7)
then there exists a classical solution of problem (0.1), (0.2) such that

max |u(x)| < M + ¢yo.
Q

If function g(u) is nondecreasing, then condition (0.7) can be substituted by the
following one
KM —A"g(M+ ¢o) > fo. (0.8)

2. If ¢(x) < 0 and g(u) is a strictly increasing function then the solution is unique.

COROLLARY. Assume that conditions of the Theorem concerning the smoothness
of aij, bi, ¢, g, dQ, ¢ are fulfilled. Suppose that conditions (0.3), (0.4,) hold. If g

is nondecreasing function and ¢ < 0, then for any f(x) € C*(Q) there exists a classical
solution of problem (0.1), (0.2) and

fo

< =
m§x|u(x)| X

This Corollary immediately follows from (0.8), since A™ =0 if ¢(x) < 0.

II1. Parabolic case.

This approach can be easily extended to the parabolic case. Consider the following
equation

zn: a;j (t,X)ty,; + N bi(t,x)ux; +c(t,x)g(u) —u, =f(t,x) in Or =(0,T) xQ, (0.9)

n
i,j=1 i=1

coupled with conditions

u(0,x) = up(x) for x € Q, u(t,x) 5 o(t,s), (0.10)

here St = (0,T) x dQ. Similarly to the elliptic case we suppose that

n

3 a;i(t,x)EE; > €|EF forany (1,x) € Or, £ ER, (0.11y)
ij=1
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0 < oy <mina; for i=1,...,n. (0.113)
Or

Assume that b; are strictly positive functions for i = 1, ..., m, strictly negative functions
fori=m+1,....,kandb; =0fori=k+1,...,1,

pfi =minb; >0 for i=1,...,m, (0.12y)
or

—pBi =maxb; <0 for i=m+1,...k, (0.12;)
Or

—Bi=b;=0 for i=k+1,...,1. (0.123)

—pPi =max|b;| >0 for i=[+1,...,n. (0.124)
Or

Concerning m, k and [ see the elliptic case.
Put A = max{A~,A"} where

1+ {maxQT c(t,x), if maxQTc(t,x) >0

0, if maxs c(t,x) <0,

—maxQTc(t,x), if maxg_ c(t,x) <O0.

Similarly to the elliptic case, the global solvability of problem (0.9), (0.10) fol-
lows from the a priori estimate of max |u(¢,x)| (see [3]). It is well known that the
phenomenon of blowing up of the solution may occur (see [6]), i.e. |u(f,x*)] — oo
when t — t* at least for one x € Q. The preventive effect of the linear diffusion and of
the convection was investigated in [8] (see also the references therein). The Theorem
below extends these results to the equation in general form, moreover here we take into
account the effect of the diffusion and of the convection in all directions simultaneously.
Concerning the preventive effect of the nonlinear diffusion see [7] and [9].

Let us formulate the result. Denote

- — {0, if maxg_ c(t,x) =0

fo = max [f(s,x)], ¢o =max|d(z,s)|, m =max|up(x)|.
Or St Q

THEOREM II. 1. Let Q and g(z) are as in Theorem I. Assume that a;;(t,x),
bi(t,X), ¢ (t,%), £(,x) € G (Qr), 8(z) € CLL, and 9(1,5) € COQ X (0,T)), uo(x) €
C%(Q) for some € (0,1). Suppose that conditions (0.3), (0.11;) hold and there ex-
ists a positive constant M such that

KM — Ag(M+m+-¢o) = fo, (0.13)
then there exists a classical solution of problem (0.9), (0.10) such that

max |u(t,x)| < M+m+ ¢y.
Or
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If function g(u) is nondecreasing, then condition (0.13) can be substituted by the
following one

KM —ATg(M+m+ o) > fo. (0.14)
2. If g(u) is Lipschitz continuous function then the solution is unique.
By classical solution we mean function from C,{;ra/ 2’2+O‘(QT) nco(Qy).

REMARK. The estimate of the solution is independent of T .
Consider the following equation

U +b-Vu= oAu+ [uP'u in (0,T) x {|x| < do} (0.15)

where o >0, b= (b,...,b) and the constant b # 0 and p > 1, with initial boundary
conditions

u(0,x) =up(x) for x€Q, u=0 on Sr. (0.16)

From Theorem II it follows (for details see Example 7 from Section 3) that if

mP~1,

a+b pP
>
2do(1+do) ~ (p—1)r~!

then there exists a global (i.e. for all # > 0) solution of problem (0.15), (0.16) and

p
max |u(f,x)| < ——m.
nax fu(r,2)| < -

Actually this means that for the given initial data and domain the solution of prob-
lem (0.15), (0.16) can not blow up if convection or diffusion or the sum of convection
and diffusion are big enough.

In the first section we define in the explicit form the constant K, in the second we
prove Theorems I and IT and in the last section we give several examples demonstrating
the results of the paper for linear, sublinear and superlinear equations.

1. Definition of the constant K (o, 3;,d;)

Suppose that k > 1, we put

27 lrl(al—‘rﬁl) . I
maXnm if n—l—k,
2{( lrl(at+ﬁl)+ ,Y'Lk+|"i05i .
max = if n=1>k
ik r2d; (1+d VA2 g rid? 2 ’
K= max 1 1";(061+ﬁz)+2, k1 li% fn>l=k (111)
1Sk | r2di(1+d)+ 3 kHy(ZvI, 2y;d;—1) ’
Zf 1r1(az+ﬁz)+2, k+1rzaz+2, 141710 .
max if n>1>k
R r2di(1Hd) F 3y ridE 2430 y( 2 —2yd;—1) ’
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for k =0 we put

2’-"_1 rioG .
max, ——=-"—— if n=1>0
S i 2 ’
n
max =1 [i%
K= Tiyn %(ezyidi—2yidi—l)
S it E it

oy rid? 24y 3 (€N =2y 1)

if n>1=0, (112)

maxy; 5 if n>1>0,

here y; = % fori=1I1+1,..,nand r;=0or 1 for i=1,...,n. Denote

k ! n .
d=Yr2d(1+d)+ 3 nd2/2+ Y (2 —2pdi—1),  (1.2)
i=1 i=k+1 i=l+1 11

where r; (0 or 1) are defined from (1.1). If the definition of K gives several sets of
numbers {ry,...,,} for which the maximum in (1.1) is obtained, then we select the set
which gives minimum for d. Consider several examples in order to explain (1.1), (1.2).

i) Suppose that d; =dy, o =0, Bi=pp fori=1,...n,i.e. n=1=k>1,
then

K — max 2i=171(@0+Bo) oo+ Po
ri Z?zlriZdo(l-i-do) 2d0(1—|—d0)

and
d =2dy(1+dyp).

ii) Consider the equation:
3
Z aij(x)uxixj +c(x)g(u) = f(x).
ij=1

Inthiscase k=0, n=1,1i.e.

zmx{ﬂ 0 oG o +0p o +03 O+ 03 061+062+063}
di’d;’ d3’ di+d3’ di+d; dy+d3 di+d5+ds
For example,

o+ on+ o

| tdytds
means that maximum is obtained when r| = r, = r3 = 1 and we take

d=d}+d}+d3.

If

Gu+op+oz  _og+op 0
2 2 2 T 4“2 2 T C
di +ds5+dj di +d; ds
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i.e. maximum is obtained when ry = =r; =1, aswellaswhen ry =rn =1, r; =0
orrp =0, rp=1, r3 =0, then we take
o
K=22 d=d,
d? 2
2
ie.rn=0,rn=1,r=0.
Suppose that d; = min{d;,d;,ds} and o = a; = 0. In this case we have
22?=1 ril; 204

K =max —/——

=, d=d}.
YL rid; di :

iii) Consider the equation:
3 3
3, (i, + 3 bty +c(x)g(w) = f(x) in @ C R,

i,j=1 i=1

Assume that by > 81 >0, by < —f» <0, max|b3| > 0. Inthiscase n > 1=k (n=3,
k=2)i.e.

ri(on+Br) +ra(o+Br) +r303

K=
T n2dy (1 +dy) + r2ds (14 do) + (2P — 25d; — 1)
:max{ o1+ B o+ B 0373
2d1(1 +d1) ’ 2d2(1 +d2)7 (627/3‘13 —273d3 — 1)7
o+ o+ B+ B o+ B+ o+ B+ o

21(1+d)+ 251+ o) gy (14 dy) 4 SE22BE 2y (14 dp) 2L

o +ao+oz+ B+ B }

2y3d-
2d1(1+d1)+2d2(1+d2)+%

For example,
_ ot B
2d;(1+d;)

means that maximum is obtained when r; = 1, r, = r3 =0 and we put
d= 2d1(1 —|—d1).

Suppose that
a+p t+p
2d\(1+dy)  2dr(1+dy)’
i.e. maximum is obtained when ry =1, n=r3=0and r; =0, =1, r3; =0. If
dy > d, we take

o+ B
=—= d=2d,(1+d,),
2dy(1+da) 2 2)

Othe] WiSe

= AP g—2ai(1+d)).
2d,(1+dy) i(1+d1)
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2. Proof of Theorems I and I1

Consider the auxiliary equation

2": aij(x)uyx; + zn:bi(x)uxl. +c(x)gm(u) = f(x) in QCR", (2.1)
ij=1 i=1
where
8(u), for [ul <M+ ¢o
gm(u) = q g(M+@o), for u>M-+¢o (2.2)

g(—M — ¢y), for u < —M — ¢y.

For |u| < M + ¢y equations (2.1) and (0.1) coincide. Our goal is to establish the
a priori estimate |u| < M+ ¢ for the solution of problem (2.1), (0.2) and by this to
reduce the solvability of problem (0.1), (0.2) to the solvability of problem (2.1), (0.2).
If 0Q € C>** and ¢ € C?*%(9Q) then the estimate |u| < M + ¢y of the solution of
problem (2.1), (0.2) implies the estimate of the solution of this problem in C2+O‘(Q)
(due to the Schauder estimates) depending only on the data of the problem. Hence the
classical solvability of problem (2.1), (0.2) follows from the Leray-Schauder theorem
(see [3, Chapter 11]). For the continuous boundary value and the domain satisfying
only the exterior sphere condition the basic procedure is to approximate the function
¢ by smooth functions and the domain by smooth domains (for more details see [3,
Sections 15.5, 15.16]).

LEMMA 1. Assume that all conditions of Theorem I except of the condition on
monotonicity of g(u) are fulfilled. Then for any classical solution of problem (2.1),
(0.2) the following estimate holds

[u(x)] < M+ go.
The constant M is defined in (0.7).
Proof. Denote
- M
M=—
d )

d was defined in (1.2). Introduce nonnegative functions #;(x;) by the following:
fori=1,...,m we put

d; —x; — (1 +d;)(x; —di)>7 (h:/ =M, k< _M)>;

h,-(x,-) :]\7[<
fori=m+1,....k

hi(x;) zM(# +(1 +di)(Xi+di)>, (h;/ =-M, h >M)>;

fori=k+1,...,1
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andfori=1[+1,...,n we take

hi(xi) = %2 (e2n — et —y(xi+ ), (= M= yihl, 1] >0).

Yi
Put
v(x) = u(x) — Z rihi(x;) > ¢o,
r; were defined in (1.1), (1.2). For
n 82
L= a;
i.,jz;l Y 0x;0x;

we have

n 1
Lh =" ai(x)rih] (xi) = =M Y riaii(x) — Y, riaii(x)(M + yihj(xi)).
i=1 i=1 i

It is clear (due to (0.4,)) that

n

Lv=f(x)—2b,-(x)uxi—c( Ve (u —|—M2 riaii(x) + 2 riaii(x)yihl (x;)
i=1 i=1 i=l+1

> f(x) =Y bi(x)ux, — c(x)gu(u +M2r,a,+ 2 ri oYl

i=1 i=1 i=l+1

Suppose that at the point N = (Ny,...,N,) € Q\ dQ function v(x) attains its positive
maximum. At this point we have v >0, Vv =0 or:

u(N) > h(N) = ¢o, uy,(N)=rhi(N;) i=1,...,n.

Taking into account conditions (0.5) and the fact that b < —M fori=1,...m, k. > M
fori=m+1,...,k and h}(x;) >0, o;y; = B; > |bi| for i=1+1,...,n, we conclude

n

k
Lv| > f(N)+M Y riBit Y, rifii(Ni)(eiyi = bi(N)) = c(N)gm (u(N)) +M
i=1 i=l+1

k n
> f(N)+M Y, riffi+M Y, rioi — c(N)gmu(u(N))

i=1 i=1

1M=

= f(N)+MK —c(N)gn(u(N)). (2.3)

Recall that ¢ <A™ (see 0.6), now due to the fact that gy (u) > 0 for u > 0, we obtain

c(N)gu (u(N)) < A" gu (u(N)).
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Moreover gy (u) < g(M+ ¢o) for u > 0. In fact, if u > M+ @, then gps(u) = g(M +
00), if 0 <u< M+ ¢, then gy(u) = g(u) < g(M+ ¢p). Thus, due to the fact that
g(u) is nondecreasing function for u > 0,

AT em(u(N)) < A" g(M+ o)
and from (2.3)
Lv| > f(N)+MK —c(N)gu(u(N)) > f(N) +MK — A" g(M +¢o)

> f(N) + MK — Ag(M+ p) > 0. (2.4)

This contradicts the assumption that v(x) attains its positive maximum at N. From
inequality u(x) —h(x) < 0 on dQ we conclude that

u(x) —h(x) <0 in Q.

Obviously,
h(x) = rihi(x;) + o
i=1
m k 1 n
< Zrihi(_di) + 2 I"ihi(di) + 2 I"ihi(O) + 2 rihi(di) + ¢

1

1 i=m+1 i=k+1 i=l+1
B k 1 n 1
=M Y r2d(1+d)+ Y rid? /24 ¥, i (e 2ydi— 1)| + 6o = M+ .
i=1 i=k+1 i=i+1 Yi
Finally, B
u(x) <M+ o in Q.
Now let us obtain the estimate u(x) > —M — ¢y. Consider function
w(x) = u(x) + h(x).
Due to (0.4;) we have
n - n n
Lw = f(x) = X bi(x)uy; — c(x)gm(u) — M Y riaig(x) — Y, riaii(x)vihi(x;)
4 i=1 i=1+1
< f(x)— Z bi(x)uy, — c(x)gnm(u) —MZ 70 — Z 10l (x;).
i=1 i=1 i=l+1

Suppose that at the point N’ = (N7,...,N,) € Q\ dQ function w(x) attains its negative
minimum. At this point we have w <0, Vw =0 or:

u(N') < —h(N") < = <0, uy,(N')=—rili(N}), i=1,...,n.
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Similarly to the previous case we obtain
k n n
Lw < f(N')— 2 2 rili(N)) (047; — bi(N')) — c(x)gm(u(N")) —1\712 rio
i=1 i=l+1 i=1
< f(N') = MK — ¢(N')gm (u(N")). (25)
We have
gu(u(N")) = —g(M+ ¢p).
In fact, if —M — ¢p < u(N’) < 0, then, due to (2.2) and (0.3),
gu(u(N")) = g(u(N')) = —g(M + ¢v),
if u(N') < —M — ¢, then
gam(u(N")) = g(=M — o) = —g(M + ¢y).
Assume that ¢(N') > 0, then ¢(N")gpr (u(N')) = —c(N")g(M + ¢) and
MK +c(N")gu(u(N')) = MK — ¢(N")g(M + ¢)
> MK — A" g(M+ o) = MK — Ag(M+ o).
If ¢(N') <0, then ¢(N')gp (1) = c(N")g(M + ¢) (because gp(u) < g(M + ¢p)) and
MK +c(N")gu(u(N')) > MK +c(N")g(M + @)
> MK — A" g(M+ ¢o) > MK —Ag(M+ ¢o).
Hence from (2.5) we obtain

Lw| < F(N'Y=MK+Ag(M+¢o) <O

This contradicts the assumption that w(x) attains its negative minimum at N’. Taking
into account that u+ /4 > 0 on dQ we conclude that

u(x) > —h(x) > —M— ¢ in Q.
Finally
u(x)] < M+ go.

Lemma is proved.

LEMMA 2. Suppose that conditions of Lemma 1 are fulfilled and g(u) is nonde-
creasing function, then for any classical solution of problem (2.1), (0.2) the following
estimate holds

|u(x)] < M + do.

The constant M is defined in (0.8).
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Proof. Similarly to (2.4) we obtain
Ly| > f(N)+MK —ATg(M+dg) =0
and as a consequence

u(x) <M+ do.

Let us obtain the estimate from the below. Similarly to (2.5) we have
Lw v s F(N") = MK —c(N")gpr(u(N')).
If ¢(N") > 0, then (as in the proof of Lemma 1)
MK +c(N')gm(u(N')) > MK — 2" g(M + ¢o).

Suppose now that ¢(N’) < 0. Due to (0.3) if g(u) is nondecreasing then g(u) < 0 for
u <0, hence
MK +c(N")gu(u(N')) > MK.

Hence
Lw| <O0.
N/

As a consequence we conclude that
—M — ¢ < u(x).

Lemma 2 is proved.

Thus we conclude that any solution of problem (2.1), (0.2) is at the same time the
solution of problem (0.1), (0.2).

The uniqueness can be proved by standard arguments based on the maximum prin-
ciple. Theorem I is proved.

Similarly we can prove Theorem II. The only difference here is that in the regular-
ized equation

i a;j (1, X)tyx; + N bi(t,x)ux, + c(t,x)gu (1) —up = £(2,x) in Or = (0,T) x Q

n
ij=1 i=1

we take
g(u) for |ul <M~+m+ ¢o,
em(u) =4 gM+m+¢y) for uz=M+m+ ¢y,
g(—M —m— @) for u < —M—m— ¢.

and in the definition of Z(x)we put

hx) = 2": rihi(x;) +m—+ @y.
i=1
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Similarly to the elliptic case we can prove that u(#,x) — h(x) can not attain its positive
maximum and u(#,x) + h(x) its negative minimum in Q7 \ 'y, where I'r = QU St
Taking into account that

u—h<0, u+h>0on I't
we conclude that
—h(x) <u(t,x) < h(x)

and hence
ut,2)| < M +m+ do

3. Examples
Let us give several examples demonstrating Theorem I and Theorem II. We start
with elliptic case. Suppose that conditions of Theorem I are fulfilled.

EXAMPLE 1. Sublinear cases.
Consider equation

n n
D @i (%), + N bi(x)uy, + c(x)[ul! = f(x) 0<g<1. (3.1)
ij=1 i=1
Condition (0.7) takes the form: there exists M > 0 such that

KM= A(M+90) — fo > 0.

Obviously, for ¢ € (0,1) we can always select such constant M.
For the equation

n n
Y, aij(X)u; + Y bi(x)uy, +c(x) In(1+[u]) = f(x) (32)
ij=1 i=1
condition (0.7) takes the form: there exists M > 0 such that

KM —AIn(l+M+ ¢o) — fo = 0.

Here we can also select such constant M.
Thus the classical solvability of problem (3.1), (0.2) and (3.2), (0.2) for any Holder
continuous f(x) follows immediately from Theorem L.

EXAMPLE 2. Superlinear case g(u) = e".
Consider equation

n

2 a,-j(x)uxixj + 2": bi(x)uy, +c(x)e" = f(x). (3.3)

ij=1 i=1
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For simplicity we take here homogeneous boundary conditions

=0. 4
"o 0 (3.4)

Condition (0.8) for (3.3) takes the form: there exists M > 0 such that
MK —ATM > f.

Suppose that K > A" > 0. Function F(z) = Kz—A"e* for z > 0 attains its maximal
value at the point

K
ZOZIHF.

Put M = zp. Obviously

K
Thus if

K
K>A">0 and fo<Kln)L—+—K, (3.5)

then Theorem I guarantees the existence of a classical solution satisfying

K
lu(x)| <In =
If ¢(x) <0,ie. AT =0, then condition (0.8) takes the form: there exists M > 0
such that
MK > fo.
Thus taking M = foK~! we conclude that there exists a classical solution for any f(x) €
C%(Q) and
fo

(o) < 2.

ExXAMPLE 3. Consider a special case of equation (3.3):
Au+e" =0. (3.6)

In [1] it was shown that there exists a positive number k depending on the dimension
n, such that if the diameter of Q is less than k, then there exists at least one solution of
problem (3.6), (3.4). Let us apply Theorem I to equation (3.6). Here AT =1, f =0.
Condition (3.5) takes the form K > 1, 0 < K(InK — 1) or

K >e.

One can easily see from (1.1) (Section 1) that for (3.6)

n
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i.e.

K—Zmax{l 12 2 n }
&+ B+ AT B+ 4 d?

Without loss of generality we can assume that d; = min;{d;} and hence

2

K==
di

Thus we see, that if the size of the domain is small enough even in one direction, namely

then (independently of the dimension of the domain) there exists at least one solution
of problem (3.6), (3.4). Moreover, for this solution the a priori estimate |u(x)| < In K
holds. We can take K = e to obtain the estimate

u(x)[ < 1.

EXAMPLE 4. Superlinear case g(u) = |u|’~'u and g(u) =u”, p > 1.
Consider equation

D, @i (X + D bil)y + () ] u = f(x). (3.7)
ij=1 i=1
Condition (0.7) for (3.7) takes the form

KM — AM? > f.

Function F(z) = Kz — Az” for positive z attains its maximal value at the point
( K ),%1
w0=|— .
=1

K\, p—1
F(M) = (—)" kP
pA p
We see that Theorem I guarantees the existence of the classical solution for Holder
continuous f(x) satisfying the additional condition

Put M = zp, obviously

ﬁ)ﬁ[{p—l
pA

f0<( P

and the solution in this case satisfies the inequality

lu(x)| < M = (p%)ﬁ.
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Obviously, instead of g(u) = |u|?~'u we can take g(u) = u” if defined.

EXAMPLE 5. Consider a special case of equation (3.7):
Au+ pu® = f(x). (3.8)

In [5] it was shown that problem (3.8), (3.4) with f = 0 has nontrivial solution. Let us
formulate the condition guaranteeing the solvability of problem (3.8), (3.4) with f Z0.
As in Example 3

K= 2
d*’
where d; = min;{d;}. Thus if
V2
fO < 11437
W\dl

then there exists at least one solution of problem (3.8), (3.4) and for this solution we

have the estimate 1

d1\/\!«l‘.

Ju(x)] <

EXAMPLE 6. Linear case.
Consider the equation
Lu+c(x)u= f(x), (3.9)

where

n n
Lu= 2 aij(x)uxl.xj + Zbi(x)uxl..
ij=1 i=1

From Theorem I it follows that if
c(x) <AT <K,

then there exists a solution of problem (3.9), (0.2) for an arbitrary (Holder continuous)
f(x). Thus we have the estimate from the below on the first eigenvalue of the operator
—L. If Ay is the first eigenvalue of —L, i.e. there exists a nontrivial solution of the
problem

—Lu=Au in Q, u=0 on JQ,

then
M =K.

Condition (0.8) for (3.9) takes the form
(K=A")M = fo+ A" go.
From Theorem I it immediately follows that if

K—A1>0,
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then for an arbitrary Holder continuous f(x) there exists a classical solution of problem
(3.8), (0.2) such that

fo+A"do
mgazlx\u(x)\ < v + ¢o.

This estimate is more precise than standard estimates for the linear elliptic equations
(see, for example, [2, Sec. 3.3] or [4, Chapter III, §1]).

Let us turn to the parabolic case. Suppose that conditions of Theorem II are ful-
filled.

EXAMPLE 7. Consider the following equation
ur+b-Vu=oAu+gu) in (0,7) x {|x| < do} (3.10)
where o2 >0, b= (b,...,b) and the constant b # 0 with initial and boundary conditions
u(0,x) = up(x) and u=0 on Sr. (3.11)
One can easily see (see Section 1) that in this case
_oa+b
T 2do(1+dy)
Condition (0.13) for g(u) = [u|P~'u, p > 1 (or g(u) = u? if defined) takes the form
KM — (M+m)?P > 0.
Function F(z) = (z+m)Pz~! obtains its minimum at the point z=m(p —1)~!. Let us

take
m

M=——.
p—1
From Theorem II we have that if

a+b p? -1
= m )
2do(1+do) ~ (p—1)P~!

then there exists a global solution of problem (3.10), (3.11) and

14
max |u(f,x)| < ——m.
nax fu(1,2)| < -
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