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A GENERALIZATION OF THE KALMAN RANK CONDITION FOR
TIME-DEPENDENT COUPLED LINEAR PARABOLIC SYSTEMS

F. AMMAR KHODJA, A. BENABDALLAH, C. DUPAIX AND
M. GONZALEZ-BURGOS

(Communicated by M. Kirane)

Abstract. In this paper we present a generalization of the Kalman rank condition for linear or-
dinary differential systems to the case of systems of n coupled parabolic equations (posed in
the time interval (0,7) with T > 0) where the coupling matrices A and B depend on the time
variable 7. To be precise, we will prove that the Kalman rank condition rank [A|B](fo) = n, with
to € [0,T], is a sufficient condition (but not necessary) for obtaining the exact controllability to
the trajectories of the considered parabolic system. In the case of analytic matrices A and B
(and, in particular, constant matrices), we will see that the Kalman rank condition characterizes
the controllability properties of the system. When the matrices A and B are constant and condi-
tion rank [A|B] = n holds, we will be able to state a Carleman inequality for the corresponding
adjoint problem.

1. Statement of the problem. Main results
Let Q C RY be a bounded connected open set with boundary dQ of class C?.

Let w C Q be a nonempty open subset and assume 7" > 0. Let us consider the time-
dependent second order elliptic operator

N N
Loyt == 3 o (a0 gE o)+ 5 ) 251
+c(x,1)y(x,1), (1)

where

aij € W'=(Q), biceL=(Q), 1<i,j<N, (Q=Qx(0,T)),
aij(x,t) = aji(x,t) a.e.in Q,

(2)
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and the coefficients a;; satisfy the uniform elliptic condition
< 2 N
Y aij(x,0)&&; > aglé?, VEERY, ae.inQ, 3)
i,j=1

for a positive constant ag.
For n > 2 and m > 1 given, we consider the linear parabolic system

Oy+L(t)y=A@{t)y+B(t)vlyin Q=Qx (0,T), @
y=00nX=0Qx(0,7),
where
A() e M0, T); L(R™)) and B(-) € CY([0,T];L(R™,R™)) (5)

for an integer M > n. In (4), y = (yi)1<i<n is the state, v € L?(Q)™ is the control
and 1, denotes the characteristic function of the open subset @w. Let us observe
that, for every yo € L*(Q)" and v € L*(Q)™, system (4) admits a unique solution
y € L*(0,T; HH(Q)")NCO([0, T];L*(Q)") which satisfies y(-,0) =yo in Q.

The main goal of this paper is to analyze the controllability properties of system (4)
when m distributed control forces are exerted on the system.

Let us fix Tp, T} € [0,T] with Ty < Tj. It will be said that (4) is approximately
controllable in L?(Q)" on the time interval (Tp,Ty) if, for any yo,ys € L*(Q)" and
any € > 0, there exists a control function v € L?>(Q)™ such that the solution y €
C%([Ty, T1); L*(Q)") to (4) corresponding to the initial condition y(-,Ty) = yo satisfies

Hy('7Tl)_deL2 < E.

On the other hand, it will be said that (4) is exactly controllable to the trajectories
on (Ty, Ty) if for every trajectory y* € C°([0,T];L*(Q)") of (4) (i.e., a solution to (4)
corresponding to v =0) and yo € L*(Q)", there exists a control v € L?(Q)™ such that
the solution y to (4) corresponding to the initial condition y(-,Tp) = yo satisfies

y("Tl> :y*('7Tl) in Q.

It will be said that system (4) is null controllable on the interval (7p,71) when the
previous condition is satisfied for the trajectory y* = 0. Let us remark that for linear
systems as (4), the exact controllability to the trajectories and the null controllability
are equivalent concepts.

There are few results on null controllability of system (4) when n > 1 and most of
them are proved for n =2 and B = (1,0)* (m=1). In [18], [5] and [13] the authors
consider linear and nonlinear systems of two heat equations, one of them being forward
and the other one backward in time, and show the null controllability of the considered
systems. In [1] and [2], the authors give a null controllability result for a phase-field
system and for reaction-diffusion systems (two nonlinear heat equations) when one
distributed control force is exerted on the system. The results in [1] and [2] have been
generalized in [11] in two directions: on the one hand, there are not restrictions on
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the dimension N, and on the other hand, the authors consider nonlinearities which
depend on the gradient of the state. When n > 2, we point out [12], [16], [3] and [4].
In [12] the authors provide a null controllability result for a general cascade parabolic
system. In [16] the author gives a necessary and sufficient condition for the approximate
controllability of a parabolic system with diagonalizable diffusion matrix. Finally, in [3]
and [4] it is also proved a necessary and sufficient condition for the exact controllability
to the trajectories of the autonomous system

(6)

0y—DRy=Ay+Bvl,inQ=Qx(0,T),
y=00nX=0Qx(0,T), y(,0)=ypinQ,

where R is a self adjoint elliptic second order operator given by

N9 dy
Ry(x) = i./z:l E rij(x)gj(x) +c(x)y(x),
with rij e Wh=(Q), 3; ;rij(x) & > ao|&|?, forevery & € RN (Gp > 0),and ri; =rj;
inQ (1<i,j<N), ceL™(Q), D=P 'diag(dy,....,d,)P (with detP #0 and d; >0,
forevery i, | <i<n)and A € L(R") and B € L(R™,R") are constant matrices.

The controllability properties of ordinary differential systems are, nowadays, well
known. To be precise, let us consider the system

X' =A(t)x+B(t)u on(0,T), (7

where A € C"~2([0,T];L(R")) and B € C"~'([0,T]; L(R™,R")) are given and u is a
control. Let us define

Bo(1) = B(1),
d ®)

Bi(l) :A(I)B,‘,I(Z) — EBFI(I)’
(1 <i<n—1)anddenoteby [A|B] € C°([0,T]; L(R"™;R")) the matrix function given
by:
[A|B](t) = (Bo(t) | B1(t) | -+~ | Ba-1(2))-
Let us remark that when A and B are constant matrices, [A|B] € L(R"™ R") is the
matrix given by
[A|B] = (B|AB|A’B|---|A"'B). )

With this notation, one has the following result.

THEOREM 1.1. (Silverman-Meadows [17]). Under the previous assumptions, the
following holds:

1. If there exists ty € [0,T] such that rank [A|B](to) = n, then system (7) is completely
controllable on (0,T), i.e., for every xo,x; € RN there exists a control u € L*(0,T)™"
such that the solution x(-) to (7) corresponding to the initial condition x(0) = x satis-
fies x(T) = x4.
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2. System (7) is totally controllable on (0,T), i.e., system (7) is completely controllable
on every subinterval (Ty,Ti) of (0,T) (0< Ty < Ty <T) if and only if there exists E,
a dense subset of (0,T), such that rank [A|B|(t) = n for every t € E.

In the particular case in which A and B are constant matrices, the concepts of
complete and total controllability on (0,7) for system (7) coincide. Thus, the exact
controllability of system (7) is equivalent to the well-known Kalman’s rank condition
(e.g., see [15])

rank [A |B] = n. (10)

The objective of the present paper is to extend the controllability results stated
in Theorem 1.1 for ordinary differential systems to the case in which the parabolic
system (4) is considered. On the other hand, all along this paper we will assume that
the operator L(r) is given by (1) and satisfies (2)-(3).

Under assumption (5), if 1 < p < M, we can define

Ky(t) = (Bo(t) |Bi(1)| -+~ | Bp-1(1)) € C'([0, T]: L(R"P:R")), (11)

where B;(t) is given by (8), for 0 < i < p — 1. With this notation, the first result of our
work reads as follows.

THEOREM 1.2. Assume that the matrices A and B satisfy (5). Then, the following
holds:

1. If there exist ty € [0,T] and p € {1,...,M} such that
rank K, (t9) = n, (12)

then system (4) is exactly controllable to the trajectories on the time interval (0,T).

2. System (4) is exactly controllable to the trajectories on every interval (Ty,Ti) with
0< Ty <Th <T if and only if there exists E a dense subset of (0,T) such that
rank [A | B](t) =n forevery t € E, (or equivalently, rank K,,(t) =n forall p € {n,...,M}
andt € E).

Actually, we will show that, under assumption (12), if we write
B(t)= (b'(0)|D*(t) |-+~ |b™(1)), b'()ecM((0,T])", 1<i<m,

then, there exist r € {1,...,m} (the total number of effective controls), a set {bli 1<
i < r} (the effective controls) and a non degenerate closed interval [Ty, T1] C [0,T] such
that system (4) is exactly controllable to the trajectories on the time interval (7p, 7))
(and therefore, on (0,7)) when we exert on the system the r control forces

B(t) = (0]--0|b""(£)|0]---|0|62(2)|0]---|0] 67 () |0] - |0).

In fact, we will see that, on the time interval (Tp,7}), system (4) is equivalent to a
cascade parabolic system. We will deduce the null controllability properties of (4) from
the corresponding results for cascade parabolic systems stated in [12].
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REMARK 1.1. Assume that A and B satisfy (5) and let us fix an integer p €
{n,..,M}. At first sight it could seem that condition (12) is weaker that the following
condition: there exists #; € [0,T] such that rank K,,(t;) = n. But, in fact, we will see
that both conditions are equivalent. In Section 4 (see Corollary 4.2) it will be seen,

[g[l&);] rank K, (1) = IIGI?&);] rank K, (1),
for every p > n.
A similar result has been proved by J.-M. Coron in [6] (see Proposition 1.19,
p. 11): “If A(:) € C=([0,T]; L(R")) and B(-) € C*([0,T]; L(R™,R")) and there exists
to € [0,T] such that (12) holds, then there exists € > 0 such that rank K, (t) = n for
every t € ([0,T]N (1o —€,00+€))\ {to} "

As in the case of finite-dimensional linear systems, it is interesting to point out that
the existence of # € [0, T] satisfying (12) is not a necessary condition to have the exact
controllability to the trajectories on (0,7 of system (4). Following [6], we will give an
example of matrices A € C*([0,7]; L(R")) and B € C*([0,T]; L(R™,R")) such that

rank K, (1) <n, Vp>landVre[0,T],

and system (4) is exactly controllable to the trajectories on (0,7 (see Section 5). Nev-
ertheless, when A and B are analytic functions on [0,7], we will show that condi-
tion (12) is a necessary and sufficient condition for the exact controllability to trajecto-
ries of system (4). One has the following result.

THEOREM 1.3. Let us suppose that A and B are analytic on [0,T]. Then, sys-
tem (4) is exactly controllable to the trajectories on (0,T) if and only if there exist
to € [0,T] and an integer p such that (12) holds.

As in the case of system (7) and as a consequence of Theorem 1.2 (or Theo-
rem 1.3), when A and B are constant matrices we obtain that the Kalman rank con-
dition (10) is a necessary and sufficient condition for the exact controllability to the
trajectories of system (4) on (0,7T). Thus, one has the following result.

THEOREM 1.4. Assume A € L(R") and B € L(R™,R"). Then, system (4) is
exactly controllable to the trajectories on (0,T) if and only if (10) holds.

Let us remark that a similar result to Theorem 1.4 has been already proved in [3]
and [4] for system (6). To be precise, in [3] and [4], a necessary and sufficient condi-
tion for the null controllability on the time interval (0,7) of the system (6) is stated
(D = P~ 'diag(dy,....,d,)P, A € L(R") and B € L(R™ R") are constant matrices and
detP #0 and d; > 0, for every i, 1 <i<n). When D = Id we obtain system (4) for
L(t) = —R and the condition given in [3] is equivalent to (10).

So as to state our next result, let us consider a trajectory of system (4) y* €
L2(0,T;H} (Q)") N C°([0,T];L*(R)"). Thus, it is possible to characterize the initial
data yo that can be exactly driven to y*(-,7) when A and B are constant matrices and
condition (10) is not fulfilled. One has the following result.
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THEOREM 1.5. Assume A € L(R"), B € L(R™,R") and rank[A|B] = ¢ < n.
Let X C R" be the linear space generated by the columns of [A|B]. Then, given yy €
L2(Q)" and y* € L*(0,T;HH(Q)")NCO([0,T];L*(Q)"), a trajectory of (4), there exists
a control v € L*>(Q)™ such that the solution to (4) corresponding to the initial condition
y(+,0) = yo in Q satisfies
if and only if yo—y*(-,0) € L*(Q;X).

In order to study the controllability properties of system (4), we will consider the
corresponding adjoint problem

{ Qo+ L (1) =A*(1)p +Fy+V-FinQ,

13
(p:OOHZ, (p(’T):(pO inga ( )

where Fy = (F},....,F})* € L*(Q)", F = (F'|F?|...|F") € L*(Q; L(R";RN)), ¢ €
L2(£2)” and where, by means of V- F, we are denoting the column vector V- F =
(V-F1,V.F2? ... V-F")*. The operator L*(¢), the adjoint operator to L(t), is given by

: Y oy % 9(by)
L“’y(“)—‘i7§1a<“if<x7f>a<x7f>)‘izzl G )

+c(x,)y(x,1).

It is by now well known that the exact controllability on (0,T) to the trajectories of
system (4) is equivalent to the existence of a positive constant C such that, for every
@o € L*(Q)", the solution ¢ € C°([0,T];L*(Q)") to the adjoint system (13) (corre-
sponding to Fyp =0 and F = 0) satisfies the observability inequality

0G0l <C [[ B @0CP (14)

where we have omitted, as we do along all this paper when no confusion is possible,
the Lebesgue measure dxdt. Under hypothesis (12), we will prove inequality (14) as
a consequence of a global Carleman inequality for the solutions to (13) in the effective
control interval (7p,7;). In the particular case in which A and B are constant matrices
we will see that (7, T1) = (0,7) and will obtain

THEOREM 1.6. There exist a positive function o € C>(Q) (only depending on
Q and ) such that, if A € L(R") and B € L(R™,R") satisfy (10), then there exist two
positive constants Co and oy (only depending on Q, ®, (ajj)i<i j<n, n, m, A and
B) and integers £ >3, £ >0 and (> > 2 (only depending on n, m, A and B) such
that, for every @y € L*(Q)", the solution ¢ to (13) satisfies

16,0) cl( [ e ser
0x(0,T)
+S // 72806 ( ‘FO‘2 +S // 72806 |F2> (15)
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Vs > 59 = 0y (T—|—T2—1-T2Hc\|2/3—|—T2 \beo) In inequality (15), o(x,t), y(t) and

I(d,z) are respectively given by: o/(x,t) = op(x)/t(T —1t), y(t) = (T —t))_1 and

- 2// 250142 V|2 4 // 25ty (1) .

We will prove Theorem 1.6 from the corresponding global Carleman inequal-
ity satisfied by the solutions to scalar parabolic equations with a right hand side in
L*(0,T;H 1(Q)) (see e.g. [9] and [14]).

The rest of the work is organized as follows. In Section 2 we will recall some
known results on controllability of cascade parabolic systems which will be used later.
Section 3 will be devoted to proving Theorems 1.4, 1.5 and 1.6, i.e., we will study in
this section the case of constant matrices A € L(R") and B € L(R™ R"). We will deal
with the general case in Section 4. We will devote Section 5 to give some remarks and
additional results. We will finalize the work with an appendix where we will give a
sketch of the proofs of the results stated in Section 2.

2. Some known results

As said above, we will obtain the proofs of Theorems 1.2, 1.4 and 1.6 as a conse-
quence of the results on controllability for cascade systems stated in [12]. For the sake
of completeness, let us recall these results in the precise way they are going to be used.

Let us consider the controlled system

ow~+ L(t)w = C(t)w+ Dul in Q, (16)
w=0o0nZX, w(-,0)=wpinQ,
where u = (uy,up,...,u;)*, with 1 < r < n, and the coupling and control matrices C
and D satisfy: C € CO([O,T],L(R")) is given by
Cll(l) Clz(l) Clr(l)
0 sz(t) ---Czr(t)

co=| . . | (17)

with

0 0 1 ocw' (1)
si€N, ¥_;si=n,and D € L(R",R") such that D = (es, |es, |- |es,) with S; =
1+ Zi; 11 sj, 1 <i<r (ej is the j-th element of the canonical basis of R"). Observe
that (16) is a cascade system and, by means of D, we are exerting r distributed controls.
Therefore, we can apply the controllability results stated in [12] and obtain
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THEOREM 2.1. Under the previous assumptions, given wy € L*(Q)", there exists
acontrol u € L*(Q)" such that the corresponding solution w to (16) satisfies w(x,T) =
0in Q.

This controllability result is a consequence of an appropriate global Carleman in-
equality satisfied by the solutions to the adjoint problem to (16):

(18)

Y+ L )y =C*(t)y+Gop+V-GinQ,
W:OOHZ, W('aT):WOinQ;

where Gy = (G}, ...,Gl)* € L*(Q)", G = (G'|G?|...|G") € L*(Q; L(R";RY)) and
Vo € L*(Q)". We recall that V- G is the column vector given by V-G = (V-G',V
G?,..,V-G")*.

Under the previous hypotheses, one has the following result.

THEOREM 2.2. There exist two positive constants 60 and 6y (only depending
on Q, o, (a;j)i<ij<n, n, C and D) and integers (; > 3, E}C >0 and Ei > 2, with
1< j<rand 1 <k<n, (onlydepending on (s;)1<i<r, n and r) such that, for every
Wo € L*(Q)", the solution v to (18) satisfies

253% Co(Z // e 2%y (1)" ys, ?

+];1[/1// ~2501y, |Gk|2+s // -2y Gk|2]>’ (19)

for every s > 5y = 0y <T—|— T2 —|—T2HCH§°/3 —l—TZHbHZo). In the previous inequality,
o(x,t), y(t) and 3(d,z) are as in Theorem 1.6.

Theorem 2.2 is proved in [12] but, for the sake of completness, we will include a
sketch of the proof in an appendix at the end of the paper.

3. The case in which A and B are constant

We will devote this section to prove Theorems 1.4, 1.5 and 1.6. As said above, we
will show that, by means of an appropriate change of variables, system (4) is equivalent
on (0,T) to a cascade parabolic system as system (16). We will deduce the proofs of
Theorems 1.4 and 1.6 from Theorems 2.1 and 2.2.

We first present the proofs when B € R"” (m = 1, one control force) and then, the
general case B € L(R™,R").

3.1. One control force

All along this subsection, we will assume that A € L(R") and B € R". Therefore,
[A|B] € L(R™).
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Proof of Theorem 1.4. Firstly, observe that, as an easy consequence of Theo-
rem 1.5, (10) is a necessary condition to obtain the exact controllability to trajectories
of system (4) on the interval (0,7).

On the other hand, let us assume that condition (10) holds. Then, we have that the
matrix P = [A|B] € L(R") satisfies detP # 0. Also, we can readily show the equalities

AP = (AB|A’B|---|A"B) = PC
(20)
Pel =B
where e; = (1,0,...,0)*, C is the matrix
000 ... —ay
100 ... —ap—
C: 01 O e —Ap_2 (21)
00.. 1 —qa

and a; € R, 1 <i< n, are the coefficients of the characteristic polynomial of A. Indeed,
if p(A) = A" +a1A" '+ aA" 2 +---+a, 1A +a, is the characteristic polynomial
of A then, as a consequence of the Cayley-Hamilton theorem, we have p(A) = 0, that
is to say,

A" = —q A" — AT — g A —add,

hence
A"B = —alA"_lB — aQAn_zB —-—a,_1AB — a,B.

Thus, P~!AP = C with C given by (21).
If y is the solution to (4) associated to the condition y(-,0) =y € L*(Q)", then
w = P~y is the solution to

(22)

ow—+L(t)w=Cw+evlyin Q,
w=0o0nZX, w(x0)=P lyyinQ,

with C given by (21). Clearly, system (4) is exactly controllable to the trajectories on
the time interval (0,7) if and only if system (4) is null controllable on (0,7). Since
detP # 0, system (4) is null controllable on (0,7) if and only if system (22) also is
null controllable on (0,7).

To finalize, the null controllability of system (22) can be obtained as a consequence
of Theorem 2.1 appliedto C, D=e¢;,m=1,r=1,S=1and s; =n. U

REMARK 3.1. Observe that condition (10) is independent of w. Thus, if condi-
tion (10) is not satisfied, then system (4) is not exactly controllable to the trajectories
on the time interval (0,7) even if we take ® = Q.

On the other hand, we have deduced the exact controllability to the trajectories of
system (4) showing that, under assumption (10), system (4) is equivalent to system (22)
(C is given by (21)) on the time interval (0,7). Observe that [C|e;] = Id. The pair
(C,ey) is the so-called Brunovsky’s form of (A,B).
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Proof of Theorem 1.5. By the Cayley-Hamilton theorem, we have that the space
X is A-invariant, that is to say, we have A(X) C X and, therefore, {B,AB, ...,Aé‘lB}
is linearly independent and X = span {B,AB, ...,A‘"'B}. In particular,

A'B= B+ pAB+ -+ oA 'B.
Let pyy1,...,pn be n— € vectors in R” such that the set
{B7AB7~"7A£71B7p€+17"‘7pn}

is a basis of R". If we set P= (B|AB|---|A“"'B|ps1|--+| pn) € L(R"), then Pe; =B

and
. Ci Ci2 . “1,p_ [ Ci1Ci2
AP-P( ) c22>’ ie, P AP-( ) c22>

with Cp € L(R" ! RY), Cyp € L(R" ) and C}; € L(RY) is given by

000 ... g
100 ... o

Cp = 010 ... o3
00 .. 1 (07]
Letus fix yo € L?(Q)" and a trajectory y* € C°([0, T]; L*(Q)) of system (4) and let
y be the solution to (4) corresponding to v € L?>(Q) and the initial condition y(-,0) = yo.

As in the proof of Theorem 1.4, if we set w = P~!(y —y*), the function y satisfies
y(-,T) =y*(-,T) in Q if an only if the solution w to

_{C11 Cp2 .
Btw—l—L(t)W—( 0 C22>w+ellwv1nQ7

w=00nZX, w(x0)=P!(yo—y*(-,0)) inQ

(23)

satisfies w(-,T) =0 in Q.
On the other hand, given uy € L*>(Q)", it is not difficult to see that uy € L>(Q;X)

if and only if there exists wy € Lz(Q)f such that ug = P(“(’)o) _

If yo —y*(+,0) & L*(Q;X), then we have that yy — y*(+,0) = P(ZO) with wy €
1
L2(Q)', wy € L2(Q)"" and wy # 0 in Q. Observe that, if v € L?(Q), the correspond-
1
ing solution to system (23) can be written as w = (Zz ) with w? € CO([0, T]; L?(Q)"*)

independent of v. Moreover, using the results on backward uniqueness for the parabolic
system d;w? + L(t)w?> = Cypow? proved in [10], we can conclude that w?(-,T) # 0 in
Q. So, systems (23) cannot be driven to zero at time 7 and (4) cannot be driven from
yo attime O to y*(-,T) at time T'.



TIME-DEPENDENT COUPLED LINEAR PARABOLIC SYSTEMS 437

If yo —y*(+,0) € L*(Q;X), then yo — y*(+,0) = P(M(})O) with wo € L*(Q)*. Now,
for a control v € L?(Q) fixed, the solution to (4) which satisfies y(-,0) = yo has the

1
form y = y* +P<M6 ) with w! € C°([0,T];L*(Q)") the solution to

ow! +L(t)w' = Cpyw! +e11,vin Q,
wl=00nZX, w!(x,0)=wpinQ.

We can readily verify that [Cy;|e;] satisfies condition (10) and, therefore, the previ-
ous system is null controllable on (0,7). We conclude that the solution to (4) corre-
sponding to v and initial data yq satisfies y(-,7) = y*(-,T) in Q. This finalizes the
proof. [

We will finish this section proving the Carleman inequality stated in Theorem 1.6.

Proof of Theorem 1.6. The proof is a consequence of Theorem 2.2. Let ¢ €
C%([0,T];L*(Q)") be the solution to the adjoint system (13) corresponding to Fy =
(Fl,...,F)* € 2(Q)", F = (F'|F?|...|F") € L*(Q; L(R";RY)) and ¢y € L*(Q)".
Let us consider P = [A|B] and y = P*¢. Taking into account (20), we easily check
that the function y € C°([0, T];L*(Q)") solves (18) with C given by (21)), yo = P*@p,
Go=P*Fy and G = FP.

It is easy to check that Theorem 2.2 can be applied to y with D = ey, inferring
the existence of a positive constant Cy (only depending on Q, w, (a;j)1<i,j<n. 7 and
C) and integers £ >3, ¢} >0 and £2 > 2, with 1 <k < n, (only depending on 1) such
that (19) holds for every s > sy with

So.= 60 (T+ T2+ T2l 23+ T2|b|12)..

If we set ¢! = maxj<i<n E,ﬁ and 2 = maxj<i<n Eﬁ, we deduce

6.0 <G (s [ e v
0x(0,T)
4 // 2500, (\Go\2+s // 250t |G2)

for every s > 59, with 61 a new positive constant which only depends on Q, w,
(aij)1<i,j<n, n and C. In this last inequality we have used that, when s > 6,72 and
v < U, onehas (sy(¢))” < C(sy(r))* in (0,T), where C is a constant only depending
on v, u and Op.

From (10), one has detP # 0, e = B* (P*)"" and ¢ = (P*) 'y. for a new
positive constant Cy = Co(Q, , (aij)1<i j<n,N,A, B), from the previous inequality, we
obtain that inequality (15) is satisfied for every s > 5. This ends the proof. [J
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3.2. The constant case: m-control forces

In this section we will deal with the general problem of null controllability for
system (4) in the autonomous case A € L(R") and B € L(R™ ,R"). To this aim, we
will suppose that m > 1, v € L*(Q)™ (m-control forces), and

B=(b'|b*]---|b™)

with b’ € R" (1 <i< m). As in the previous section, [A|B] € L(R™;R") is given
by (9).

Let X be the linear space generated by the columns of [A|B]. Then, dimX =
rank [A|B] = k < n. In the next result, we will construct a special basis of X which
allows us to prove Theorems 1.4, 1.5, and 1.6. One has:

LEMMA 3.1. Assume that rank[A|B] = k < n. Then, there exist r € {1,...,k}
and sequences {lj}1<j<r C{1,2,....m} and {s;}1<j<r C{1,2,...,n} with T s; =k,
such that

B = J{b",AbY,... A 1D}
j=1

is a basis of X. Moreover, for every j, with 1 < j < r, there exist Ot,i__\,j eR (1<Ki<],
1 <k <sj) such that

J . . S
RIZESY (O!Ls,bli +ag, bl 4o ATl ) : (24)
i=1

Proof. In order to obtain the proof, we will give a constructive method which

selects a basis of X that satisfies (24) from the columns of [A|B]. For every i with
1 <i<m,letusset

X, =span{b', Ab' ... A" b},
X; =span{X;_1,b', Ab',... A"p'}, 2<i<m, X,=X.

Again, as a consequence of the Cayley-Hamilton theorem, we deduce A(X;) C X;. We
are going to construct r; and a basis of X; for which (24) holds for every j, with
I<j<rn.

Without loss of generality, we can assume that b’ # 0 for all i and thus, we set
Iy =1and r; =1. If s; = dimX), taking into account that X; is A-invariant, we infer
that {p'1,Ab" ..., A1 ~'pl1} is a basis of X; and for 1 < j < r =1, (24) holds.

If dimX, > dimX;(=s;), thenwe set r, =r; +1(=2), [, =2 and s, = dimX, —
dimX; . If dimX, = dimXy, then r, = ri (= 1). In both cases and using again the fact
that X, is A-invariant, one has that

n
(J{pY,40,...,A% b7}
j=1
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is a basis of X; and (24) is fulfilled for 1 < j < rp.
Finally, given i, with 1 <i<m—1,and

ri

(J{pY,A0,...,A% b1}

j=1
a basis of X; such that (24) holds for every 1 < j < r;, we can construct a basis of
Xit1 as follows: If dimX;;; > dimX;, wedo rivy =ri+1, L, =i+1 and s;41 =
dimX;;; —dimX;. If dimX;,;; = dimX;, we set r;1; = r;. Again, using that Xj;; is
A -invariant, we deduce that

Titl

(J{pY,40%,..., A% b1}

j=1
is a basis of X;y; and, for 1 < j < riyq, (24) is satisfied. If we take r = r,,, we obtain
the proof of this lemma. This finalizes the proof. [l

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. Again the necessary condition can be deduced as an easy
consequence of Theorem 1.5.

On the other hand, if condition (10) is fulfilled, then dimX =n, X being the linear
space defined in Lemma 3.1. Let B and P be, respectively, the basis of X provided by
Lemma 3.1 and the matrix whose columns are the elements of B, i.e.,

P= (bll ‘Abll \--~|A51_lbll |- \bl’ \Abl" ‘...|ASI‘_1blr> ) (25)

Let us observe that the basis B has been constructed in such a way that (24) is satisfied.
As a consequence of this equality we obtain

AP=PC and Pes,=0b", 1<i<r (26)

with §; =1+ ¥/"}s;, 1 <i<r,and

Cii Cpp -+ Cyp
0 G- Gy

c=1 . . . .1 27)
0 0 - Cp

(es, is the S;—element of the canonical basis of R"). In (27), the matrices C;; € L(R%)
and Cj; € L(R*;R%), 1 <i < j<r,are given by

000 ... af 00 ..0 oc{:ﬁ_
100 .. of, 00 .. 0 o,
Ci=|[010 ..o and Cj=[00.. 0 o5,

00.. 1 o 00.. 0 o
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We will prove that, under condition (10), the system (4) is exactly controllable to
trajectories on the time interval (0,7) with r control forces. To be precise, we will
prove that the system

Oy +L(t)y=Ay+Bvlyin Q =Qx (0,T), 28)
y=00nX=09Qx(0,T), y(x,0)=ypinQ,

with B = (0]---|0[6"[0]---]0|b2]0]---|0|b 0] ---) € L(R™;R"), is exactly con-
trollable on (0,7) to the trajectories of system (4) or, equivalently, we will see that this
system is null controllable on (0,7).

If we do w=P~ 'y and v = (vy,...,vs)* € L*(Q)™, the null controllability result
on (0,T) for system (28) with control v is equivalent to the null controllability on
the interval (0,7) of system (16) with C(r) =C, D = (es, |es, | -+ |es,) and control
u= (v, ,viy,oesvi,) "

Again, the null controllability of system (16) is deduced from Theorem 2.1. Let
us observe that, from a technical point of view, system (16) behaves as r systems (with
coupling matrices Cj;) controlled by one control force, the vectors

el = (1,0,...,0)" € R¥,
that satisfy the Kalman rank condition (10), i.e., det[Cj; |e¢]] #0. O

REMARK 3.2. As a consequence of the proof of Lemma 3.1 we deduce that sys-
tem (4) can be controlled with r effective control forces. In fact, Lemma 3.1 provides
us these effective controls ({blf :1 < j <r})as well as a constructive method that se-
lects them. On the other hand, again, if condition (10) is not satisfied, then system (4)
is not exactly controllable to the trajectories on the interval (0,7) evenif w = Q.

When condition (10) is not satisfied, let us prove the characterization of the initial
data yq that can be exactly driven to a trajectory y* of (4).

Proof of Theorem 1.5. Let B = Jj_{b7,Abl,... A%~ D!} be the basis of X
provided by Lemma 3.1 with k = ¢ < n. We complete B with the vectors pyi1,...,Pn
in order to have a basis B of R". Let P be the matrix whose columns are the elements

of B. If we set B = P~'B and C =P AP, then B= (Bl> and

0
_[(Cn Ci2
= (%e)
with B € L(R™;RY), Cpp € LR, RY), Cp € L(R™) and Cy; € L(RY) are such

that one has R
rank[Cn ‘Bl} =/.

With these considerations in mind, we can argue as in the case m = 1 and obtain
the proof of the result. []
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Proof of Theorem 1.6. The proof is again a consequence of Theorem 2.2. We
reason as in the case m = 1. Let ¢ € C°([0,T];L*(Q)") be the solution to the adjoint
system (13) corresponding to Fy € L*(Q)", F € L*(Q; L(R%:;RY)) and @p € L*(Q)"
and consider P € L(R") the matrix given by (25) and provided by Lemma 3.1. If we
perform the change y = P*@, from (26), we deduce that y € C([0, T];L*(Q)") is the
solution to (18), with C given by (27),

i—1
D=(es |es, |- |es,) (Si=1+Y,s;, 1<i<r),
=1

Yo =P"@o, Go=P*Fy and G = FP. Now, from Theorem 2.2, we infer the existence of
two positive constants Cy and Gy (only depending on Q, w, (a; j) 1<i,j<N» 1, C and D)
and integers £; > 3, E,ﬁ >0 and E% >2,with 1 < j<rand 1 <k<n, (only depending
on s; (1 <i<r), nand r) such that the function y fulfills the inequality (19) for
every s = 50 = 0y (T + T2+ T2\|c|\2/3 + T2\|b\|30> . If we take £ = maxj<;<, 4;, £ =

max; <k<n Ek and (% = Max| <k<n Ek and we argue as in the case m = 1, we get

I3, ¥) < C1< 2'1// e 2y (1) €5, vl
)

for every s > 5p, with 61 a new positive constant which only depends on Q, o,
(aij)i<ij<n,> n and C. Finally, from (26), we also have e5 y = (b')* ¢ for every i,
1 <i < r. Coming back to the last inequality and replacing ¢ = (P*)f1 v and taking
into account that |Go(x,#)| < C|Fy(x,t)| and |G(x,1)| < C|F(x,t)| a.e.in O (C >0
only depends on P), we deduce (15). This ends the proof. [

4. The general case: Proofs of Theorems 1.2 and 1.3

We now consider the non-autonomous system of n € N (n > 2) coupled parabolic
equations (4), with v € L?>(Q)™ and A and B satisfying (5), with M > n. Under this reg-
ularity assumption we have K, € C'([0,T]; L(R™?,R")) for every p: 1< p <M (the
matrix K, is given by (11)). On the other hand, we write B(r) = (b' (1) | b*(¢) |-~ | 6™(1))
and, for each j, 1 < j < m, we also define

by (1) = b (1),
d (29)

bl(t) = A(t)b]_ (1) — dtbl (1) fori=1,..,p—1,

and Kj(1) = (b)(t) [b{(1)] -+ |b]_, () € C([0, T; L(RP;R™)). It is not difficult to
check that b/ € CY~([0, T];R") for every i, j satisfying 0 <i< p—1and 1 <j<m.
We will deduce the proof of Theorem 1.2 from the following result.
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LEMMA 4.1. Assume that max{rankK,(r) :t € [0,T]} ={ <n, for an integer p €
{n,....M}. Then, there exist Ty, T\ € [0,T], with Ty < Ty, r € {1,...,m} and sequences
{sihi<icr €{1,2,..n}, with 37 s; =4, and {l;}1<j<r C {1,2,...,m} such that, for
every t € [To, T}, the set

.
= U {b()J (t)’blj (t)’ "'7bsjj71 (t)}’
j=1
is linearly independent, generates the columns of K,(t) and satisfies

J
Z( 6 +61’ (eple(e) + es/7sk 1(,)1,?2_1(;))7 (30)

forevery t € [Ty, T1]| and j, 1 < j < r, where Gf (l)k, 63?‘, o O € CY([Ty, T1)).

sjsk—1

Proof. Since K, € C'([0,T]; L(R™;R")), there exists a non degenerate closed
interval 1° C [0, T] such that

rankK,(t) = ¢, Vrel’. (31)
The proof will be made in the following steps.
Step 1. We define
I = min{j € {1,....m} : Jrg € I” s.t. b (10)(= b} (10)) # 0},
and r;, = 1. Observe that, if 1 <k <1 —1, b*(t) =0 in I° and, therefore,
(K;(z) B |Kj,1—1(z)) =0 in I

Let I° C I° be anon degenerate closed interval such that bé‘ (r) #0,forall t € 0
We will show the statement of the lemma for /;,

51 = maxrank <Kli(t)\ \Kll} (t)) = maxrankKll( t)
relv 1€

(which satisfies 1 < s; < n), a non degenerate closed interval I'' (to be determined)

and ry, instead of m, £, [Ty, Ti] and r. Firstly, let us fix 1 C ° such that
rank (K;(m | KD (t)) =rankK! (1) = s1, Vi€l (32)

On the other hand, let us consider the set {bé1 (1), blll (t)} with t € I}. Thus:

L.if {bé‘ (1), bll' (1)} is linearly dependent for every ¢ € I}, then, we deduce the existence
of a function 6}, € CM~1(1}) such that

B () = 01 (1)by (1), Vi€ 1.
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In this case, it is easy to show that, for every k, 1 <k < p—1, one has
B (1) = 6 (1)bg (1), Vi €13,

for a function 6,3) € CM=k(1}). From (32), we deduce s; = 1 and, therefore, for
every 1 € It = [}, we obtain that the set {bé1 (1)} is Li., generates the columns of

(K;(t)| o | KD (t)) and satisfies (30) for j=r;, = 1;

2.if {bg (13), 6" (11)}, with 1 € I}, is linearly independent, then, there exists a new non
degenerate interval 1] C I} such that {bé‘ (t),bll1 (¢)} is linearly independent for every
tell.

In this last case, we consider the set {bé‘ (t)7bll' (t),blz1 (t)} with t € I} . 1If the set
{bé1 (t),bll1 (t)7b12' (t)} is linearly dependent for every 7 € I}, there exist two functions

0.1, 051 € CM-2(1) such that
I I I 1 i
B (1) = 034()bg (1) + 0% (B} (1), Wi e,
Again, we readily check that
b (1) = 04, (b (1) + 0L (1B (1), Vrell, Vk:2<k<p-—1,

with 6,&1),6,?1 € CM=K(11). In this case, s; =2 and again we obtain the result for
I=il.

On the other hand, if for 7} € I!' the set {b{} (]), 5" (t1),6% (11)} is linearly inde-
pendent, we can continue the previous process until we ﬁnd s1€{1,...,p} and a non

degenerate interval It C I° such that for all 7 € I'1 the set {bé‘ (t),bll1 (1), ...,b%71 (1)}

is linearly independent and generates the columns of Kf,‘ (¢). From (32), it is clear that
51 = s1 and, so, we have (30) for j = 1.

Step 2. Assume that, for [} < i< m—1, we have constructed r; € {1,...,i},
a non degenerate closed interval It C It C [°, s; € {1,...,n} and [; € {1,...,m}

(1< j < rv) such that, if we define By (r) = {b (1), { (t), .,b, _,(£)}, one has that
for every t €It the set

LiJ By, (1)
=1

is linearly independent, generates the columns of (K} (r)| -+ | K} ()) and satisfies (30)
for 1 < j<r.
We argue as above and we consider the set

T
Diy1 = {q € {l +1,. m} cJg eI st {bq(l‘o)} @] U 'Blj (to) is l.i.}.
J=1
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1. If D;y; =0, then, for every q, i+ 1< g <m, there exist coefficients Gg(’)’( 1),
Ggll ()5 s 6(;1;;71( ) (1 < j < r)such that, for each t € I, one has
I 5

=3 ( 081 ()81 (1) +6(;1£lj(t)blif(t)+...+6§7Sl;_1(t)bsj_l(t)>. (33)
j=1 '

It is not difficult to check that the previous coefficients satisfy

9l 9.l M+1-Sy (yri Loy
00’051 =0y €CTTITRIT) C (I,

where So = max g, sj (1< So < n).
From equality (33) and taking into account (29), we infer that the set

w0y u By 0)
j=1

is linearly dependent for every ¢ € I". So, we deduce that b?(r) can be written as

di L0 L0 " I;
b = Y (017 (06 () + 01 (0B (1) + -+ + 607 (b, ().
=1
for new coefficients 657, 617 .. 91[1371 e CMHI=S1(1m) € CH(I") (1< j < 1), where

S, 1= max{Z,sj 11 < j<r}. By induction, we readily obtain that the set
ri
{b{(}yu U B,(0) (34)
j=1
is linearly dependent for every [ : 0 </ < p—1 and ¢ € I"" and b/ (¢) can be written as
di z : I
-2 (0187 ()b 1)+ 01 BT (1) -+ 077 (b, (1)

for new coefficients 61%’ 7 qul’lj, Qq’  ecMtl- S (1< j<ri) with S =max{l+
Lisj:1<j< ri}. In this case, we set r; =i, for every i+ 1 <[ < m and the lemma
is proved if we take r =ry, and [To, T}] = I".
2.1t Dy £0, wesetl_mlnDlH, ri=rif i+1<j< l—l, rr=r;+1 and lre_l
Forg:1<¢g< [—1,wecan argue as above and obtain that for every ¢ € Irq( I'1), the
set (34) is linearly dependent for every [ : 0 < g < p— 1. So, for every ¢ € I'i-1, the set

7’1951 () is Li. generates the columns of the matrix (K;(t)\ |K£’1(t)> and (30)
holds for 1< Iy

Now, we concentrate on the case g = [. Our next goal is to construct a new non

degenerate interval I'7 C I' and sy such that, for every 7 € I'T, the set U;’;IBZI, (1) is
Li., generates the columns of the matrix

(k)] -+ 1KS))
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and (30) holds for 1 < j < Iy

Taking into account the definition of /, we deduce that there exists a new non de-
generate interval I(;lN C I'i such that the set {blN(t)} U U;’: 1 By (t) is Li. forevery 1 € 167.
We now consider the set {bg(t)Jag(t)} VUL, By (1) with 7 € L. I {bg(z),b{(z)} u

. . rr . . T AL AL Il
Ur’ By;(t) is 1.d. for every t € I, there exist functions 6%7616’7611’,...,61;;],4 €

cMH1= Sl( ) (1< j<r), where S| = max{2, sj: 1 < j <r}, such that, for each
= , one has

W) = Z (ol @mgo) ol n 0 +--+oll ) ,00).

From this equality and following the argument above, we infer that b;(t), with 1 <
I<p—landte 157, can be written as a linear combination of {b}(#)} U U;.":I By, (2).
Thus, vae obtain the previous property for the set U:’; 1By, () by taking Sry = 1 and
ri=icri.

On the other hand, if there exists 7, € I, such that the set {bl (tO )bl (tO )} U
U 1 By, (t0 ) is Li., then we can obtain a new non degenerate interval I; 7c IOI such
that the previous set goes on being a L.i. set for every ¢ € [ { . As in the previous step, we
can continue the method until we obtain Sr; € {1,...,n} and a non degenerate interval

I'T C I't such that the set U:’; 1 By, (¢) is Li. for every ¢ € I'T, generates the columns of

: 1 2 I g
the matrix (Kp )| Ky(e)] \Kp(t)> and satisfies (30) for 1 < j < ry.

Finally, from the reasoning by induction, we deduce the existence of r(=r,,) and
a non degenerate closed interval [Ty, T;] C I such that, for every ¢ € [Ty, T1], the set
Uj—1 By, (¢) is Li., generates the columns of the matrix (K, (z)|K;(1)|---|K}'(1)) and
satisfies (30) for 1 < j < r. From (31), we also conclude that };_;s; = £. This con-
cludes the proof of Lemma 4.1. [

As a consequence of Lemma 4.1 we deduce.

COROLLARY 4.2. Under the assumptions of Lemma 4.1, let { be a set defined by
¢ = max{rankK,(t) : 1 € [0,T|} with p € {n,..,M} an integer. Then, max{rank K, () :
t € [0,T|} = ¢ and there exist Ty, Ty € [0,T], with Ty < Ty, such that

rank K, (1) = ¢, Vi€ [Ty, Ti].
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. All along this proof we will assume that A and B satisfy (5).
1. Let us suppose that condition (12) is satisfied for 7y € [0,T] and p € {1,...,M}. If
p < n, in particular rank K, (o) = n and we can apply Lemma 4.1 with ¢/ =n. If
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p € {n,....M} we can directly apply Lemma 4.1 also with £ = n and obtain in both
cases the existence of an interval [Ty, T1] C [0,T] (To < Tq), r <m, [ € {1,2,...,m}
and sj € {1,2,...,n}, s; < p, (1 < j < r) with Y isj=n suchthatlf

I 14l ! (.l I I 1.0 I
P() = (B 1B |- (B 1 B2 B2 B 1B |- B ) (),
then, detP(t) # 0 for every t € [Ty, T;]. In addition, P € C'(]0,T]; L(R")) and, thanks
to the properties of the columns of P(t) stated in Lemma 4.1, if 1 < j<r and 1 €

[T, Ta] one has (30) for 07/, 0/ ., 6, , € C'([Ty,Ti]). Therefore,

A(@)P(t)—P'(t) =P(t)C(t) and P(t)es = bg(t)7 1<i<r,

with §; = 14+ X"~ s;, 1 <i<r, C(t) given by (17) and C;i € C°([To, T1]; L(RY)) and
Cij € CO([To, Ti; L(R%;R%)), 1 <i< j<r, givenby

Lil;

000 ... 6% 00..0 67

100 .. 6 00 .. 0 6

Iii L i

Ci=|010 .. 65 [, G=|00..0 0,
00.. 1 0% 00 . 0 gt

s siosi—1

As done in Section 3, we will prove that system (4) is in fact exactly controllable to
trajectories on the interval [Ty, T1] C [0,7] when we exert r control forces. Obviously,
this fact implies that system (4) is exactly controllable to the trajectories on the interval
(0,T). To this end, we consider the system

Oy+L(t)y=A(t)y+B(t)vly in 0 =Qx (Tp,Ty), 35)
y:OOHEZaQX(T07TI)7 y(x7T0):5;0inQ7

with B(t) = (0]-+-]0]bg (1) |0]--+|0[ G (1) [0] -+ 0|6 (1)[0] ---) and Fo € L2(Q)".
Let us see that system (35) is null controllable on [Ty, 71| (which clearly implies that
system (4) is exactly controllable to the trajectories on the interval (0,7)).

If we do w=P(¢)"y and v = (vy,...,v)* € L*(Q)™, the null controllability
result on the interval [Ty, T;] for system (35) is equivalent to the null controllability on
the interval [Tp, T;] of system

dw+L(Hw=Ct)w+ Y es;vi; 1o in 0,
=1
w=00nZ, wxT)=P (Ty)yinQ,

where C(¢) is given by (17). Once again, the null controllability property of the previ-
ous system is deduced from Theorem 2.1.
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2. Letus fix p € {n,....M} and Ty, T} € [0,T] with Ty < T;. Let us assume that there
exists a dense set E in [0,7T] such that rank K, () = n for every t € E. Then, one
has max{rank K, (r) : r € [To,T1]} = n. If we repeat the arguments developed in the
previous point, we deduce that system (4) is exactly controllable to the trajectories on
the interval [7p,Tj].

Now, let us assume that system (4) is exactly controllable to the trajectories on
every non degenerate interval [Ty, 7] of [0,7]. We will prove the existence of a dense
subset E C [0, T] for which rank K, () = n for every 7 € E . Evidently, this fact implies
that rank K, (t) = n forevery p € {n,...M} and t € E.

By contradiction, let us also assume that for a non degenerate interval [7, 7] C
[0,T] one has max{rank K,(¢) : t € [19,71]} = £ < n. Thus, applying Lemma 4.1 in the
interval [y, 1], we deduce the existence of a new non degenerate interval [T, 7;] C
[70,71], r € {1,...,m} and sequences {s;}i<j< C {1,2,...,n}, with ¥_;s; =/, and
{li}i<j<r € {1,2,...,m} such that, forevery € [10,71], the set

U{b SO}

is linearly independent, generates the columns of K, (¢) and satisfies (30) in [Ty, 71]. In
particular, if we fix T € (7,71 ), the set B(7) is linearly independent and generates the
columns of K, (7). Let us now take aset {pyy1,...,pn} such that B(T)U{psi1,...,pn}
is a basis of R”. Using the continuity of K,(¢) in [0,T], we infer that the set B () U
{Pes1,---,Pn} is a basis of R” and B(¢) generates the columns of K, (¢) in a new non
degenerate subinterval |7y, 7] of 7, 7;]. For ¢ € [Ty, 7], let P(¢) be the matrix whose
columns are the elements of B(z) U{p¢i1,....pn}. If we set

B(t)=P '(t)B(r) and C(t) =P '()A(t)P(t), Vi€ [T.71],

then, from the previous properties, we get B(r) = (Blo(t)) in [79,71], and

[ C1(r) Cra(2) SN
C(t)_( 16 CZ(I)>7 tG[T()/L’l}

with
By € C([f0, i L(R™RY), Cii € C([f, T L(R")),
Cio € (R, A LR R)), O € C(R0, ALLR"™),

and are such that one has R
rank[Cll ‘Bd =/.

Again, reasoning as in the proof of Theorem 1.5, we obtain that system (4) is not null
controllable on the time interval [Ty, 7j] since on this time interval this system is equiv-
alent to the decoupled system

Fw+L(t)w = (Clb(’) gig; ) Wt (Elo(’)> Lovin Q@ x (70,71),

w=0o0n0dQ x (7,71)-

(36)
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This contradicts our assumption and finalizes the proof of Theorem 1.2. [

REMARK 4.1. As said above, under condition (12), system (4) is exactly control-
lable to the trajectories on (0,7) when we exert on the system r < m effective control
forces, the controls E;zl blf(-)vlj. . Observe that, in fact, theses control forces are ex-
erted on the system in the effective time interval [Ty, Tj].

As a consequence of Lemma 4.1, we can establish a Carleman estimate for the
solutions of the adjoint problem (13) in the time interval (Tp,7;). The following result
holds true.

COROLLARY 4.3. Let us assume that A and B satisfy hypothesis (5). Then, there
exist a positive function o € C*(Q) (only depending on Q and ) such that, if (12)
is fulfilled, there exist a time interval (Ty,T1) C (0,T), two positive constants Cy =
Co(Q, w, (aij)i<i,j<n,n,m,A(-),B()) and oy = 0p(Q,, (aij)1<ij<n,n.m,A(+),B("))
and integers £ >3, (' >0 and (* >2 (only depending on n, m, A(-) and B(-)) such
that, for every @y € L*(Q)", the solution ¢ to (13) satisfies

i) <G (s f[ e ok
LO><(T07T1)

1 25Gi~s L 2 G A2
+S€ // e 2 ay([)€ ‘F0|2+S[ // e 2 Ocy(t)[ F|2>’
Qx(Tp,Th) Qx(Ty,T1)

forevery s > sy = 0y (T—I— T2 + T2HCHEQ/3 + Tﬂ\b”i) with T =Ty — Ty. In the previ-

ous inequality o(x,t), Y(t) and I(d,z) are respectively given by:

alx,r) = oo (x) /(1 = To)(Ti — 1), (1) = ((t = To)(Ti —1)) ",

and

i(d,z) Esd72 // 672.\'5(?(t)d72‘vzl2 —|—Sd // 672.\'5(?(t)d|z‘2.
Qx(Tp,Th) Qx(Ty,T1)

Proof. Let us consider the adjoint problem (13) and let us assume that condi-
tion (12) holds. As in the proof of Theorem 1.2 1, we can apply Lemma 4.1 with
¢ = n and obtain an interval [Tp,7;] C [0,T] (Tp < Ty) and a set B(z) such that B(z)
is a basis of R” for every r € (Tp,T1) and satisfies (30). We now consider the matrix
P(t) € C'([Ty, T1]; £L(R™)) whose columns are the elements of B(z). If ¢ is the solu-
tion to (13) corresponding to @y € L?(Q)" and we perform the change w = P(¢)*¢ in
(To, Th), then, from the properties satisfied by the basis B(z) (see (30)), it is not difficult
to check that y solves

Y+ L) w=C*(t)y+Go+V-Gin Q x (T, T1),
Y= 0 on 0Q x (T(),Tl)7 u/(x,Tl) :P(Tl)*(p(x7T1) in 97
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where C(t) is the matrix given by (17), Go = P*(-)Fy and G = FP(-). If we apply to v
Theorem 2.2 in the interval (7p,T;) we deduce the existence of o € C?(Q), only de-
pending on Q and ®, two positive constants Cy = Cy(Q, ®, (aij)1<ij<n,n,m,A(-),B(-))
and 6y = 60(Q, ®, (a;j)1<i j<n,n,m,A(-),B(-)) and integers £; >3, £} >0 and 2 >2,
with 1 < j<rand 1 <k <n, (only depending on n, m, A(-) and B(+)) in such a way
that y satisfies the inequality

$6.) co(z T O

A Gl R I )]

for every s > 5o = Oy <T + T2+ T2\|c|\i/3 + T2|\b|\fo> , where r and s; are provided
by Theorem 2.2 and S; = 1+Z’,1s1, (1<ign).
Finally, the proof can be obtained if we take ¢ = max;<;<,¢;, £' = maxj<x<, ¢}

and 2 = max; <<, (2, we replace ¢ = (P*(t 1))"" w in the previous inequality and we
take into account the equality 5. ys; = (b')*(t)@. This finalizes the proof. [J

We will finish this section proving Theorem 1.3 when A and B are analytic in
[0,7].

Proof of Theorem 1.3. Tt is clear that if there exist 7y € [0,T] and p > 1 such that
condition (12) holds then system (4) is exactly controllable to the trajectories on the
interval [0,7].

Let us see the necessary part. By contradiction, assume that for every #y € [0, 7]
one has

rank K, (t9) <n, Vp=>1

If we fix 19 € [0, T], the previous condition implies the existence of & € R"\ {0} such
that
§"Bi(ty) =0, Vi=0. (37)

Under this last condition we will see that system (4) is equivalent (on the time interval
[0,T]) to an appropriate system which contains, at least, one equation which cannot be
controlled. Therefore, we will deduce that system (4) is not null controllable on [0,7].

Let us consider a fundamental matrix F(r) associated to the ordinary differential
system x’ = A(¢)x on [0,T]. It is well known that F(¢) is nonsingular for all 7 € [0,7],
is analytic on [0, 7] and satisfies

o (F(t)™")=—F(t)"'A@t), vtel0,T].
It is not difficult to check the equality (see (8))

E(F(t)_lB(t)):(—l)iF(t)_lBi(t)7 v €[0,T], Vi=O0.
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We now take the function g(¢) = E*F (to)F (¢)~'B(t) (analytic on [0,T]). The previous
equality, together with condition (37), provides us the property

dig

W(Z‘O) :O, v1>0,

whence g(t) =0, i.e., E*F(to)F(t)"'B(t) =0, forevery ¢ € [0, T]. Finally, we consider
a nonsingular matrix P € L(R") whose first row is given by &*. Thus, if system (4)
is null controllable on [0, 7], performing the change w = PF(19)F (t)~'y and taking
B(t) = PF(to)F (t)"'B(t), the system
{a,w+L(t)w:§(t)v1w in Q, 8)

w=0o0n2,

is also null controllable on the time interval [0, 7]. Nevertheless, the previous properties
show

with B(-) € C=([0,T]; L(R™;R*1)) (in fact, analytic on [0,T]). We readily deduce
that system (38) is not null controllable on [0,7] which contradicts the assumptions.
This ends the proof. [

REMARK 4.2. It is interesting to remark that, when A and B are analytic on
[0,T], the previous proof shows that a necessary and sufficient condition for the ex-
act controllability to the trajectories of system (4) on [0,T] is: for every t € [0,T] there
exists p € N such that rank K, (1) = n.

On the other hand, in the proof of Theorem 1.2 we have shown that if for ¢y €
[0,7] and p > 1 we have rank K, (f) = n, then there exists a non degenerate interval
[Tv,T1] C [0,T] such that rank K,,(t) = n for every ¢ € [Ty, T1]. In particular, when A
and B are analytic, we deduce the existence of a finite set F such that rank K, (1) = n
for every ¢ € [0,T]\ F. Therefore, a necessary and sufficient condition for the exact
controllability to the trajectories of system (4) on [0,7] is the following one: there
exists a finite set F such that rank K,,(¢t) = n for every t € [0,T|\ F.

5. Further results and comments

We will finalize this work doing some remarks and establishing some additional
results.

1. All along this work we have assumed that A and B are matrix functions which
satisfy (5) for M > n. It is not difficult to see that Theorem 1.2 is still valid under the
following assumptions: A € WM=1=(0, T;L(R")) and B € WM=(0,T; L(R",R")).

2. In the case of linear ordinary differential systems as (7) it is well known that the
condition (10) is not necessary in order to obtain the null controllability result on the
interval [0,7]. Let us show that for the system (4) condition (10) neither is a necessary
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condition for the exact controllability to the trajectories on the interval [0,T]. Indeed,
following [6], let us set n =2 and m = 1 and let us take

At)=0 and B(t)= (Z;g;) , Ve (0,T),

that is to say, let us take the system

dy+L(t)y= (Z;Eg) vl in Q,

y=0inZX, y(-,0)=ypinQ,

(39)

with yo € L2(Q)?, by € C5(0,T/2) and by € C3(T /2,T) such that for a positive con-
stant B and nonempty time intervals (7p,7;) CC (0,7/2) and (1),7;) CC (T/2,T)
one has

b1 ()| =B >0, Vie(rn,n1) and |ba(t)]=B >0, Vte(1),1).

Evidently, A and B satisfy (5) and rank K,(t) < 2 for every r € [0,7] and p > 1.
Let us show that system (39) is exactly controllable to the trajectories or equivalently,
null controllable on the interval [0,T]: Let us denote ¥ = (¥1,Y2)* € L*(0,T; H} (Q)?)
the solution to (39) corresponding to yog € L*(Q)? and v = 0. Firstly, thanks to the
assumptions on the operator L and the function by, it is not difficult to prove that there
exists u; € L*(Q x (79, 71)) such that the solution w; € L*(7y,71; H} (Q)) to the scalar
equation
{ dwi +L(t)wy = by (H)uy g in Q x (70,71

w; =00ndQx (19,71), wi(,%)=Y1(-,70)
satisfies wy(-,71) = 0 in Q. On the other hand, we can reason in a similar way and de-

duce the existence of u, € L*(Q x (7),7])) such that the solution w € L (7}, 7{; H} (Q))

to
dwy + L(t)wy = by(t)uple in Q X (T(/),Ti)
w2 =00n0dQx (19, 77), wal, ) =Ya(", %)

satisfies wy (-, 7]) = 0 in Q. Finally, let us set

Y (x,t) ifz €0, 7], Yo(x,1) ifr € 0,75,
yi(x,t) =4 wilxt) ifr € [1,11], ya(x,1) = walx,z) if r € [1), 7],
0 ift € [1,T], 0 ifr e [1],T],

y=(y1,y2)" and
[ vi(x,p)ift €0,7/2],
vint) = { va(x,t) ifr € [T/2,T),

where vy and v, are, respectively, the extensions by O of u; and u; to the whole inter-
val [0,T]. Now, it is easy to check that y is the solution to system (39) corresponding
to v and satisfies y(-,7) = 0 in Q. In conclusion, condition (10) is not necessary to
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have on [0, 7] the exact controllability of system (4) to the trajectories.

3. Approximate controllability. As a consequence of the results stated in this work, we
can obtain a result on approximate controllability of system (4) in (0, 7). To be precise,
one has the following result.

THEOREM 5.1. Assume that the matrices A and B satisfy (5). Then, the following
holds:

(a) If there exist 1 € [0,T) and p € {1,...,M} such that rank K, (to) = n, then system (4)
is approximately controllable on the interval (0,T).

(b) System (4) is approximately controllable on every interval (Ty,Ty) with 0 < Ty <
Ty < T if and only if there exists E a dense subset of (0,T) such that rank [A|B|(t) =
rank K, (1) = n for every t € E.

Proof. (a) It is well known that the approximate controllability on (0,7) of sys-
tem (4) amounts to the following unique continuation property on (0,T) for the adjoint
system (13):

“If € CO([0,T]; L*(Q)") is a solution to (13) and B*(t)p =0 in @ x (0,T), then
o=0inQ.”

Thus, assume that for 7o € [0,7] and 1 < p <M we have rank K, (o) =n and let ¢ bea
solution to (13) such that B*(¢)¢ = 0. In particular, ¢ satisfies the Carleman inequality
stated in Corollary 4.3 on an appropriate interval (7p,77) C (0,7). We can conclude
that @ =0 in Q x (Tp,T1), whence @ =0 in Q. This last fact can be inferred from
the backward uniqueness result that fulfills the system satisfied by y(x,) = @(x,T —1)
(e.g., see [10]).

(b) If for a dense subset E of (0,7) one has rank [A|B](#) =n in E then, the previous
argument shows that system (4) is approximately controllable on every time interval
(T07 Tl) - (07 T) .

On the other hand, let us suppose that system (4) is approximately controllable on
every non degenerate interval [Ty, T1] of [0,7] and, again, by contradiction, let us as-
sume that there exists a non degenerate interval [1y, 71] C [0, 7] with max{rank [A | B](¢) :
t € [10,71]} < n. We can reason as in the proof of Theorem 1.2 2 and show that, for a
new non degenerate interval [7p,7;] C [0,7T], system (4) is equivalent to the decoupled
system (36) which, evidently, is not approximately controllable on [7y,7;]. This com-
pletes the proof. [

4. The Carleman inequalities stated in Theorem 1.6 and Corollary 4.3 also permit to
evaluate the cost of the exact controllability to the trajectories of system (4). Following
the ideas of [8] it is possible to show the following result.

THEOREM 5.2. Let us assume that L(-) is given by (1) and satisfies (2) and (3).
Let y* € L*(0,T; HYH(Q)")NCO([0,T); L*(Q)") be a trajectory of system (4) and let us
fix yo € L*(Q)". Then, if (12) holds for ty € [0,T] and p € {1,...,M}, there exists
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v € L*(Qr)™ such that the solution to (4) satisfies y(-,T) = y*(-,T) in Q. Moreover,
there exist a time interval (Ty,Ty) C (0,T) such that, for a positive constant C (which
only depends on Q, o, (a;j)i<i,j<n, n, m, A(-) and B(-)), one has

=1
V12 gy < eXp<C<1+T+?+T1|0|w+|0|i/3+(1+T1)Ibli>> yo—y* (- 0)[1?,

with TZTl—T() and HH = H'HLZ(Q)"'

5. It is worthy of mention that Theorems 1.2, 1.3, 1.4 and 1.6 are still valid if in (4) we
consider Neuman or Robin boundary conditions instead of Dirichlet boundary condi-
tions.

6. Boundary controls. In view of known controllability results for a linear heat equation,
it would be natural to wonder whether the controllability result for system (4) remains
valid when one considers boundary controls exerted on a relative open subset y of the
boundary dQ. Nevertheless, there exist negative results for some 1-d cascade linear
coupled parabolic systems with n = 2 which are null controllable in (0,7) when we
apply a distributed control e;v1, and they are not if we take y = e;v1ly on dQ x (0,T)
as boundary control (cf. [7]). These counterexamples reveal the different nature of the
controllability properties for a single heat equation and for coupled parabolic systems.

7. Open problems. As said above, in [3] and [4] the authors provide a necessary and
sufficient condition for the null controllability of system (6). In this sense, it would be
very interesting to generalize the results of [3] and [4] and give a characterization of the
controllability properties on (0,T) of the time-dependent system

dy+DL(t)y=A(t)y+B(t)vly in Q,
y=0o0n2,

with D = P~!diag(dy,...,d,)P (d; > 0 for every 1 <i<n and detP #0), A and B
as in (5), and L(-) satisfying (1), (2) and (3). Much more complicated is the case in
which D € L(R") is a non diagonalizable symmetric definite positive matrix, even in
the time-independent case L(r) =L, A(t) = A and B(¢t) = B for every ¢ € [0,T].
Finally, let us remark that there are few results about the controllability proper-
ties of general linear parabolic systems and, therefore, obtaining a general theory that
characterizes the controllable parabolic systems is a widely open problem.

A. Appendix. Proof of Theorem 2.2

The starting point for proving Theorem 2.2 is a global Carleman estimate for the
solutions to the scalar parabolic problem

Sz L()z=F +§}aF" in 0
e T 4Gy ’ (40)

z=0on2 z(x,T)=z"(x) inQ,
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with ¥ € L?(Q) and F; € L*(Q), i=0,1,...,N.

LEMMA A.1. Let B C Q be a nonempty open subset and d € R. Then, there
exist a function By € C*(Q) (only depending on Q and B) and two positive constants
Co and Gy (which only depend on Q, B, (aij(x,1))1<i,j<n and d) such that, for every
0 € L?(Q), the solution 7 to (40) satisfies

sd—2// e—2sﬁy(t)d—2‘vz|2+sd// e 2By())2
(0] (0]
R N
<ol Lad.2)+57 [[ Py R+ Y, [[ Py iap ),
0 i—17 /0

forall s > 5y = 0y (T—|—T2 +T2Hc|\zo/3 +T2Hb|\i>. In (22), Lg(d,z) and the func-
tions B and y are given by

Lﬂddzﬂ/é“qumﬂﬁﬁﬁ Blrt) = 20 Wik €0,

and y(t) = (T —1)) "', 1 € (0,T).

The proof of this result can be found in [14] although the authors do not specify the
way the constant 5y depends on 7. This explicit dependence can be obtained arguing
as in [8].

Proof of Theorem 2.2. Let us write C(t) = (c;j(t))1<ij<n With ¢;; € C°([0,T])
(1 <i,j <n). Observe that thanks to (17), for every ¢ € [0,T] we have

cij(t)=0 ifl1<j<n—2andj+2<i<n,
ciioi(t)=1, if2<i<nandig {S;:1<
<J

~X ~X r
C,‘7,',1(l):07 if2<z<nandiE{Sj:l

<r},
<}

We reason as in [12] and we choose wy CC @. Let o € C?(Q) be the function
provided by Lemma A.1 and associated to Q and B = wy, and let a(x,7) the function
given by o(x,7) = ap(x)/t(T —t). We will do the proof in two steps:

Step 1. Let w = (;)1<i<n be the solution to (18) associated to wo € L*(Q)", Gy =
(Gh)1<i<n € L*(Q)" and G = (G1 |G?|...|G") € L*(Q; L(R%;RN)). By Lemma A.1
for each function y; (1 <i< n) with B=wy, d=3, Fp = Ziill ajiyi+ G6 and
G =G we get

~ i+1 '
I(3,y;) <C (Lwo(:;;u/i) -l-MZ //Qe*2-\a|wj|2
j=1

+// 72\O£|G1 |2+S // 2\0( Gl|2>
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for every s > 5] = 0} <T + T2+ T2\|c|\i/3 + T2|\b|\fo> . In this inequality &, and C;
are positive constants only depending on Q, o, (a;j(x,?))1<ij<y and n, and M =
max<; j<n||cij||-. From this inequality and reasoning as in [12], we readily obtain
the existence of two new positive constants C; and 6y (only depending on Q, y,
(aij(x,t))1<i7j<1v, n and M) for which

z:: (3, y;) < i(ﬁwo (3,v; +// 250 GI2 4 52 // 250, |G/2>, 1)

holds for every s > 5o = G <T+T2 +72||c)| %3 +T2Hb\|§°> :

Step 2. In the previous inequality we can eliminate the local terms corresponding to
Wi, with 2 <k <nand k& {S;: 1 <i<r}, applying successively the following

LEMMA A.2. Under assumptions of Theorem 2.1 and given l € N, € >0, 2 <
k<nwith k¢ {S;i:1<i<r}, andtwo open sets Oy and Oy such that vy C Oy C
C 01 C o, there exists a positive constant Cy, (only depending on Q, wp, Oy, Oy,
(aij(x,1))1<ij<n, n and M), such that, if y is the solution to (18) associated to Yy,
Gy and G and s > sy, one has

Log (L) <e[I3,wi) +I(3, Wiy1)] +Ck<2£*01 (Lj,w;)

( )Lolfllfkl-i-// 2soc|Gk|2+s// sty 21 G2
(ol )

where J =max{l+4,21+ 1,31 -2}, R=max{/+ 1,2l — 1} and |; = max{l,3}. (In
the previous inequality we have taken Q.1 =0 when k=n).

The proof of this lemma can be obtained if we reason as in [12].

In order to finalize the proof, we consider an open set O, such that wy CC 0, cc
. Let us assume that S, < n. Thus, we apply Lemma A.2 with Oy = wg, 01 = 61,
k=n,1 =3 and € = 1/2C; (with C; the constant appearing in (41)) and we deduce

n—2
I3, i) <C2<ZL Gywj)+L5,(7,¥n-1)

+2 // 2806‘GJ‘2+S // 2s(x |G,‘2
T // 2soc Gn 1‘2+S // 2soc Gn 1|2>

M=

k=1
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forall s > 5, with C, a new positive constant only depending on O, (a; i(01))1<i j<N »
Q, g, n and M. Observe that if S, = n, we would reason as above with: k = max{;:
2<j<nand jZ{S;:1<i<r}} and [ =3.

Assume S, < n— 1. In the previous inequality we can then eliminate the local

term corresponding to y;,_; reasoning as follows: we take a new open set 05 such that
01 CC U, CC o and we again apply Lemma A.2 with Og =0, O, =0, k=n—1,
[=7and € =1/2C,. We get

23(3au/k) <C3 2£’61(7au/j)+£’61(197wn—2)

// 2806‘GJ‘2+S // 2s(x |G,‘2
T // 20y (1)7| Gi™ 2\24—513// 250y (1) 131G P
45 // —2sa ‘Gn 1‘2+S // —2sa |Gn 1|2

for all s > 5y (C, is a new positive constant only depending on Q, 6 1, 62, n, M,
and (a;j(x,1))1<ij<n)- If we repeat this argument for each j, with 2 < j <n and
J & {Si:1<i<r} wededuce the result. This ends the proof. O
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