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PSEUDO-ALMOST AUTOMORPHIC SOLUTIONS TO SOME CLASSES
OF NONAUTONOMOUS PARTIAL EVOLUTION EQUATIONS

TOKA DIAGANA

(Communicated by E. Hernandez)

Abstract. In this paper we obtain the existence of pseudo-almost automorphic solutions to some
classes of nonautonomous partial evolution equations. To illustrate our main result, we study the
existence of a pseudo-almost automorphic solution to a nonautonomous heat equation.

1. Introduction

The impetus of this paper comes from one main source, that is, a recent paper
by Xiao, Zhu, and Liang [44], in which the existence of pseudo-almost automorphic
solutions to the non-autonomous differential equations given by

u'(t) = A(t)u(t) +h(t,u(t)), (1.1)

where A(¢) : D(A(r)) C X — X is a family of densely-defined linear operators on a
Banach space X, and the function 4 : R x X +— X is pseudo-almost automorphic, was
established. For that, Xiao et al. [44] introduced a new concept called bi-almost au-
tomorphy and also assumed that the family of linear operators A(¢) satisfy the well-
known Acquistapace-Terreni conditions [3], which in fact do guarantee the existence
of an evolution family .7~ = {V(z,s) };>s associated with the family of linear operators
A(r). The main result in [44] was then subsequently utilized to study the existence
of pseudo-almost automorphic solutions to some functional differential equations with
delay.

In this paper, we consider a more general setting, that is, we make extensive use
of intermediate space techniques to study the existence of pseudo-almost automorphic
solutions to the the class of abstract nonautonomous evolution equations

% u(t)—i—f(t,Bu(t))} =A()u(t)+g(t,Cu(t)), t € R, (1.2)

where A(r) for r € R is a family of closed linear operators with domains D(A(z)) sat-
isfying Acquistapace-Terreni conditions, and f : R X X — X’B (0O<a<pPB<l)and

Mathematics subject classification (2000): 43A60, 34B05, 34C27, 42A75, 47D06, 35L.90.

Keywords and phrases: sectorial operator, evolution family, exponential dichotomy, hyperbolic evolu-
tion family, Acquistapace and Terreni conditions, almost automorphic, pseudo-almost automorphic, hyper-
bolic evolution equation, nonautonomous equation, heat equation in divergence.

© depay, Zagreb 561
Paper DEA-01-30



562 TOKA DIAGANA

g : R x X +— X are pseudo-almost automorphic in ¢ € R uniformly in the second vari-
able. Tt is well-known that in that case there exists an evolution family % ={U (z,s) };>s
defined on X and associated with the family of closed linear operators A(¢). Assuming
that the evolution family % = {U(t,s)};>s is exponentially dichotomic (hyperbolic)
and under some additional assumptions, it will be shown that Eq. (1.2) has a unique
pseudo-almost automorphic solution. It is worth mentioning that the main result of this
paper (Theorem 3.1) generalizes, to some extent, most of known results on (pseudo) al-
most automorphic solutions to autonomous and nonautonomous differential equations,
especially those in [8], [19], and [44].

Let Q C RY (N > 1) be a open bounded subset with C> boundary T := 9Q
and let X = L?(Q) be the space square integrable functions equipped with its natural
topology. As an application to our abstract result, we consider and study the existence
of pseudo-almost automorphic solutions to the N -dimensional heat equation given by

d —~ —
— |+ F(t,dive)| =a(t,x)Ap+ G(z,divp), in Rx Q,
ot (1.3)

@=0, on RxT,

where a: R x Q — R is a function satisfying some additional conditions, the symbols
div and A stand respectively for the first and second-order differential operators defined
by

- N 0 N (92
div := 2 — and A = 2 —,
=1 0x; = 8x§

and the coefficients F,G : R x H}(Q) — L*(Q) are pseudo-almost automorphic func-
tions and satisfy some additional conditions.

The existence of almost periodic, almost automorphic, pseudo-almost periodic,
and pseudo-almost automorphic constitutes one of the most attractive topics in quali-
tative theory of differential equations due essentially to their applications. Some con-
tributions on pseudo-almost automorphic solutions to abstract differential and partial
differential equations have recently been made, among them are [12], [14], [22], [23],
[31], [32], [43], and [44]. However, the existence of pseudo-almost automorphic so-
lutions to evolution equations of the form Eq. (1.2) in the non-autonomous case is an
untreated original question, which in fact is the main motivation of the present paper.

The paper is organized as follows: Section 2 is devoted to preliminaries facts
related to the existence of an evolution family. Some preliminary results on intermediate
spaces are also stated there. In addition, basic definitions and results on the concept of
pseudo-almost automorphic functions are given. In Section 3, we first state and prove a
key technical lemma (Lemma 3.1) and next make use of it to prove the main result. In
Section 4, we give an example to illustrate our main result.

2. Preliminaries

This section is devoted to some preliminary results needed in the sequel. We
basically use the same setting as in [7] with slight adjustments. Throughout the rest of



PSEUDO ALMOST AUTOMORPHIC SOLUTIONS 563

this paper, (X, || -||) stands for a Banach space, A(¢) for r € R is a family of closed

linear operators on D(A(z)) satisfying the so-called Acquistapace-Terreni conditions

(Hypothesis (H.1)). Moreover, the operators A(#) are not necessarily densely defined.

The linear operators B, C are (possibly unbounded) defined on X such that A(¢)+B+C

is not trivial for each r € R. The functions, f : R x X — X’ﬁ O<a<pB<l),g:

R x X — X are respectively jointly continuous satisfying some additional assumptions.
If L is a linear operator on the Banach space X, then:

o D(L) stands for its domain;

o p(L) stands for its resolvent;

o o(L) stands for its spectrum;

o N(L) stands for its null-space or kernel; and

o R(L) stands for its range.

Moreover, one sets R(A,L) := (Al —L)~! forall 2 € p(A). Furthermore, we set Q =
I — P for a projection P. The space B(Y,Z) denotes the collection of all bounded linear

operators from Y into Z equipped with its natural topology. When Y = Z, then this is
simply denoted by B(Y).

Hypothesis (H.1). The family of closed linear operators A(r) for r € R on X
with domain D(A(t)) (possibly not densely defined) satisfy the so-called Acquistapace-
Terreni conditions, that is, there exist constants ® € R, 6 € (r/2,7), L>0and u,v €
(0,1] with u+ v > 1 such that

A ep(Ar)— o), |R(A,A() — )| < (2.1)

1+]A)
and

|(A(t) — ®)R(A,A(t) — @) [R(w,A(2)) —R(w,A(s))]|| <Lt —s* A7 (2.2)

fort,s € R, A € Zp 1= {/1 e C\ {0} : |argh| < 9}.
Note that in the particular case when A(¢) has a constant domain D = D(A(¢)),

it is well-known [4, 38] that Eq. (2.2) can be replaced with the following: There exist
constants L and 0 < pu < 1 such that

||(A(r) — A(s))R(w,A(r)) || < L|t —s|*, Vs,t,r R,

It should mentioned that (H.1) was introduced in the literature by Acquistapace
and Terreni in [2, 3] for ® = 0. Among other things, it ensures that there exists a
unique evolution family % = U(t,s) on X associated with A(r) satisfying:

(@ U(t,)U(s,r) =Ul(t,r);
(b) Ut,t)=Ifort>s>rinR;

(c) (t,5)— U(t,s) € B(X) is continuous for ¢ > s;
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(d) U(-,s) € C'((s,),B(X)), aa—(tj(t,s) =A(r)U(z,s) and

IA@ U @,s)| <K (1 —5)7"

for0<r—s<1,k=0,1,0<a<u, x€D((w—A(s))*), and a constant C
depending only on the constants appearing in (H.1); and

(e) ;U (t,s)x=—U(t,s)A(s)x for t > s and x € D(A(s)) with A(s)x € D(A(s)).

It should also be mentioned that the above-mentioned proprieties were mainly
established in [1, Theorem 2.3] and [46, Theorem 2.1], see also [3, 45]. In this case we
say that A(-) generates the evolution family U(-,-).

One says that an evolution family % has an exponential dichotomy (or is hyper-
bolic) if there are projections P(¢) (¢ € R) that are uniformly bounded and strongly
continuous in ¢ and constants & > 0 and N > 1 such that

() U(t,s)P(s) =P)U(t,s),

(g) the restriction Upy(t,s) : Q(s)X — Q(#)X of U(t,s) is invertible (we then set
UQ(S t) UQ(Z S) 1) and

(h) ||U(t,5)P(s)]| < Ne=9(=5) and ||ﬁQ(s,t)Q(t)|| <Ne ¥ t>5andt,seR.

According to [40], the following sufficient conditions are required for A(¢) to have
exponential dichotomy.

(i) Let (A(r),D(t)),er be generators of analytic semigroups on X of the same type.
Suppose that D(A(r)) = D(A(0)), A(z) is invertible,

sup ||A(t)A(s)’1 |
t,seR

is finite, and
[A@)A(s) ™ —1|| <L0\t—s\“
for t,s € R and constants Ly > 0 and 0 < u <

(j) The semigroups (e” Al ))120, t € R, are hyperbolic with projection P; and constants
N,8 > 0. Moreover, let
4@ OB < y(r)
and
[A(1)e™e® 0] < w(-1)
for 7 > 0 and a function y such that R 5 5 — @(s) := |s|*y(s) is integrable with
Lollollpm <1

This setting requires some estimates related to U (t,s). For that, we introduce the
interpolation spaces for A(¢). We refer the reader to the following excellent books [4],
[21], and [30] for proofs and further information on theses interpolation spaces.
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Let A be a sectorial operator on X (in assumption (H.1), replace A(z) with A) and
let oo € (0,1). Define the real interpolation space

X = {x € Xz [[x]5, == sup,oo [ (A — )R (1A — w)]| < oo},

. . . A
which, by the way, is a Banach space when endowed with the norm || - ||, . For conve-
nience we further write

X4 =X, , X4 :=D(A),

g = Il

and B
[l = [[(@ = A)x].

Moreover, let XA = D(A) of X. In particular, we have the following continuous em-
bedding
D(A) = X§ — D((0—A)*) = Xj, = X = X, (2.3)

forall 0 < ox < B < 1, where the fractional powers are defined in the usual way.
In general, D(A) is not dense in the spaces X4 and X. However, we have the
following continuous injection

=il

X — D(A) (2.4)

forO<a<p<l.
Given the family of linear operators A(¢) for ¢ € R, satisfying (H.1), we set

X, = X‘g,(t), X = X400,

for 0 < o <1 and ¢ € R, with the corresponding norms. Then the embedding in Eq.
(2.3) holds with constants independent of + € R. These interpolation spaces are of class
o ([30, Definition 1.1.1 ]) and hence there is a constant c(ot) such that

*, yED(A(®)). (2.5)

vl < ety “[lawy]

We have the following fundamental estimates for the evolution family %/ . Its
proof was given in [7] though for the sake of clarity, we reproduce it here.

PROPOSITION 2.1. For x€ X, 0 < a < 1 and t > s, the following hold.

(i) There is a constant c(a), such that
U, )P(s)]f, < ele)e™ 30 =) x| 2.6)

(ii) There is a constant m(at), such that

[Ug(s,0)0(0)x|)5, < m(or)e ||| (2.7)
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Proof. (i) Using (2.5) we obtain

U t,5)P(s)x|[', < ()| Ue,5)P(s)x||' " AU (2,5)P(s)x]|*
< c(a)||U(t,9)P(s)x||' (AU, — DU (1 — 1,5)P(s)x]|*
< c(a@)||U(t,9)P(s)x||"“ AU (1,0 = 1)||*||[U (2 = 1,5)P(s)x||*
QC(OC)N/e S(t—s)(1—ct) ,—8(t—s l)aHx”
< e(a)(t —s5) "% 309 (1 —5)%e 30y

fort—s>1 and x € X.
3 .
Since (1 —s)%e 3% — 0 as r — oo it easily follows that

|U(t,5)P(s)x], < cla)(t—s) "% 2]
If0<t—s<1, wehave

HU(t,s)P(s)xHa < c(a)HU(t,s)P(s)xH 1_OC||A(t)U(t,s)P(s)xHOC

)vespe] a0, oS pe”
alvespe]'[aoue, 55| oS spen]”
< (o) Ne =9 (1=0)a(; _ =0 p= (=9 | |
< c(0)Ne=30=9)(1=@)00 (4 _ g=ag=5=5) | |
< c()e 30 —5)7x].
and hence
|U(,)P(s)x], < cle)(t —s) "% 2E)||x]| for 1 >s.
(if
[T (s,1)0(0)x|%, < e(0)||Tg(s.0)00)x||' ™ *(|A(s)Tg(s,1)Q(1)x]|
< e(0)|| Ug(s.) Q0| | A()Q(s)Tg s,1)Q(1)x]|”
< e(a)]|Tg(s,) 00| [A()2(s)| | T s1) 00| *
< (0N =9I0-D)|| A (5)0(s) | “e~ 29 x|
< m(a)e 2 x].

In the last inequality we have used that ||A(s)Q(s)|| < ¢ for some constant ¢ > 0, see
e.g. [42, Proposition 3.18].

In addition to above, we also need the following assumptions:

Hypothesis (H.2). The evolution family %/ generated by A(-) has an exponential
dichotomy with constants N,§ > 0 and dichotomy projections P(¢) for t € R. More-
over, 0 € p(A(r)) for each t € R and the following holds

sup [|A(s)A™"(1)]] B(xyx) < €O (2.8)
t,seR '
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REMARK 2.1. Note that Eq. (2.8) is satisfied in many cases in the literature. In
particular, it holds when A(r) = d(¢r)A where A : D(A) C X — X is any closed linear
operator such that 0 € p(A) and d: R+— R with inﬂg\d(t)\ >0 and sup|d(t)] < .

te teR

Hypothesis (H.3). There exists 0 < oo < 8 < 1 such that
Xy =Xg and X =Xp

for all # € R, with uniform equivalent norms.
If 0 < a< f<1,then welet k(o) and ¢’ denote respectively the bounds of the
embedding XB — Xy and X, — X, that is,

lulle: < k(at)lullp

for each u € Xﬁ and

ull < < llulle

for each u € X,

2.1. Pseudo-Almost Automorphic Functions

Let BC(R,X) (respectively, BC(R x Y, X)) denote the collection of all X-valued
bounded continuous functions (respectively, the class of jointly bounded continuous
functions F : R x Y — X). The space BC(R,X) equipped with its natural norm, that
is, the sup norm defined by

[[u]loe = sup [|u(r)],
teR

is a Banach space. Furthermore, C(R,Y) (respectively, C(R x Y, X)) denotes the class
of continuous functions from R into Y (respectively, the class of jointly continuous
functions F : R x Y — X).

DEFINITION 2.1. A function f € C(R,X) is said to be almost automorphic if for
every sequence of real numbers (s),),en, there exists a subsequence (sp)qen such that

§(0) = lim £t +5,)
is well defined for each ¢t € R, and

lim ¢(z —s,) = f(1)

n—o0

foreach r € R.

If the convergence above is uniform in ¢ € R, then f is almost periodic in the
classical Bochner’s sense. Denote by AA(X) the collection of all almost automorphic
functions R — X. Note that AA(X) equipped with the sup-norm || - || turns out to be
a Banach space.

Among other things, almost automorphic functions satisfy the following proper-
ties.
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THEOREM 2.1. [35,36] If f, f1, f>» € AA(X), then:
1) fi+fHeAAX),
ii) Afe€AA(X) for any scalar A,
iii) fo € AA(X) where fo : R — X is defined by fo(-) = f(- + ),

iv) the range %y = {f ite R} is relatively compact in X, thus f is bounded in
norm,

(V) if fu — f uniformly on R where each f, € AA(X), then f € AA(X) too.

(
(
(
(

In addition to the above-mentioned properties, we have the the following property
due to Bugajewski and Diagana [10]:

(vi) if g€ L'(R), then f*g € AA(R), where f g is the convolution of f with g on
R.

Let (Y, -|ly) be another Banach space.

DEFINITION 2.2. A jointly continuous function F : R X Y — X is said to be al-
most automorphic in ¢ € R if 7 — F(z,x) is almost automorphic for all x € K (K C Y
being any bounded subset). Equivalently, for every sequence of real numbers (s/,),cn .,
there exists a subsequence (s,),en such that

G(t,x) ;= lim F(t + sp,x)

n—oo

is well defined in # € R and for each x € K, and

lim G(t — sp,x) = F(t,x)

n—o0

forallt € R and x € K.
The collection of such functions will be denoted by AA(Y,X).

For more on almost automorphic functions and related issues, we refer the reader
to the excellent book by N’ Guérékata [35].
Define

PAP)(R,X) := {f € BC(R,X) : lim — Hf )||ds = 0}.
Similarly, PAPy(Y,X) will denote the collection of all bounded continuous func-
tions F : R x Y +— X such that

1
Thgloﬁ HF S, X Hds—

uniformly in x € K, where K C Y is any bounded subset.
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DEFINITION 2.3. (Liang er al. [31, 43]) A function f € BC(R,X) is called
pseudo almost automorphic if it can be expressed as f = g+ ¢, where g € AA(X)
and ¢ € PAPy(X). The collection of such functions will be denoted by PAA(X).

The functions g and ¢ appearing in Definition 2.3 are respectively called the
almost automorphic and the ergodic perturbation components of f.

DEFINITION 2.4. A bounded continuous function F : R X Y +— X belongs to
AA(Y,X) whenever it can be expressed as F = G+ ®, where G € AA(Y,X) and
® € PAPy(Y,X). The collection of such functions will be denoted by PAA(Y,X).

We now collect a few useful properties of pseudo almost automorphic functions.

PROPOSITION 2.2. If g € L'(R), f € PAA(R), then f*g € PAA(R), where fxg
is the convolution of f with g on R.

The proof of Proposition 2.2 is based upon Bugajewski and Diagana [10] and
Bugajewski, Diagana, and [11].
A substantial result is the next theorem, which is due to Liang et al. [43].

THEOREM 2.2. [43] The space PAA(X) equipped with the sup norm || - ||« is a
Banach space.

The next composition result, that is Theorem 2.3, is a consequence of [32, Theo-
rem 2.4] and is crucial for the proof of the main result of the paper.

THEOREM 2.3. Suppose f:R x Y X belongs to PAA(Y,X); f=g+h, with
x — g(t,x) being uniformly continuous on any bounded subset K of Y uniformly in
t € R. Furthermore, we suppose that there exists L > 0 such that

1f (%) = F (@) < Lilx = ylly

forall x,y €Y and t € R.

Then the function defined by h(t) = f(t,¢(t)) belongs to PAA(X) provided ¢ €
PAA(Y).

We also have:
THEOREM 2.4. [43]1f f:R XY — X belongs to PAA(Y,X) and if x— f(t,x) is

uniformly continuous on any bounded subset K of Y for each t € R, then the function
defined by h(t) = f(t,0(t)) belongs to PAA(X) provided ¢ € PAA(Y).
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3. Main results

To study the existence and uniqueness of pseudo-almost automorphic solutions to
Eq. (1.2) we first introduce the notion of bounded solution to it.

DEFINITION 3.1. A function u : R — X, is said to be a bounded solution to

Eq. (1.2) provided that the function s — A(s)U(¢,s)P(s)f(s,Bu(s)) is integrable on
(—oo,1), s = A(s)U(2,5)Q(s) f(s,Bu(s)) is integrable on (z,o0) for each r € R, and

u(t) = —f(t,Bult / Als P(s)f (s, Bu(s))ds
—|—/ A(S)U(t,s)Q(s)f(s,Bu(s))ds—|—/_;U(t,s)P(s)g(s,Cu(s))ds
/ U(t,s)0(s)g(s,Cu(s))ds

foreach r € R.

Throughout the rest of the paper we denote by I';,I5,I'3, and I'4, the nonlinear
integral operators defined by:

(Cu@) = [ AU 5)Ps)F (s, Buls)ds,
(Cou)(1)i= [ AU (0.9)Q(8) (5. Buls)ds,
(T30) (¢ / U t.5)P(s)g(s, Cu(s))ds,
(Tau) (1 /Uts g(s,Cu(s))ds.

Moreover, we suppose that the linear operators B,C : X — X are bounded and
hence set

= ma (1Bl [l )

To study Eq. (1.2), in addition to the previous assumptions, we require the follow-
ing additional assumptions.

(H4) R(w,A())u € AA(Xy) forall u € X. For any sequence of real numbers (7, ),en
there exist a subsequence (7,),cy and a well-defined function G such that for each
€ >0, one can find Ny, N; € N such that

HG(t,s)P(s)u —A(s+7,)U(t+ 1,5+ 1) P(s+ T")”Ha < eHy(t—s)
whenever n > Ny for t,s € R, t > s, and

|A()U(t,8)P(s)u—G(t — Ty, s — T) P(s — T")“Ha < eH((t—s)
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whenever n > N; forall t,s € R, 7 > s, for all u € X, where Hy,H| : [0,00) — [0,00)
with Hy,H; € L'[0,).

(HS5) Let 0<a<B <1,and f:Rx X Xg belongs to PAA(X,Xg) while g :
R x X — X belongs to PAA(X,X). If f=f1+ f» and g = g + g» where f] €
AA(X,Xp), g1 € AA(X,X), fo € PAR(X,Xg), and g2 € PAPy(X,X), we suppose
that x +— f1(¢,x),g1(¢,x) are uniformly continuous on bounded subsets uniformly in
t € R. Moreover, the functions f,g are uniformly Lipschitz with respect to the second
argument in the following sense: there exists K > 0 such that

1 (t,u) = f(t,v)][p < Klu—v],

and
lg(t,u) —g(z,v)[| < Kl[u—v|

forall u,v€ X and t € R.
The proof of our main result requires the following technical Lemma.

LEMMA 3.1. Under (H.1)-(H.3), then there exist constant m(o.,3),n(a) > 0 such
that

|A(s)Up(t,5)Q(s)x| , < m(a,B)e’C||xllg  fort <s, (3.1)
AU (t,5)P(s)x]| , < n()(t —5) % x|, fort>s. (3.2)

Proof. Let x € Xg. Since the restriction of A(s) to R(Q(s)) is a bounded linear
operator it follows that

1A(5)To(t.5) 0|, < ck(er) | Tole,s)Q(s)x
< ck(a@)m(B)e® ) x|
< m(er,B)e® x| g

for t < s by using Eq. (2.7).
Similarly, for each x € X, using Eq. (2.8), we obtain

|A(s)U(z,5)P(s)x]||,, = t _IA(t)U(t,s)P(s)xHa
—IHB(M) AU ,5)P(s)x]],,
C()HA(I)U(Z,S)P(S))CH(X

fort>s.

Note that ||A(1)U(t,s)|| < K(t —s)~! forall #,s such that 0 <7 —s< 1.
Now, let t —s > 1. Then, using Eq. (2.6), we obtain
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HA(t)U(t,s)P(s)xHa =AU, 1= 1)Ut - l,s)P(s)xHa
< AU @1 = 1) 5, 0 [|U = 1,9)P(s)x]],,
< Ke(ar)e 3090 (1 — 5) %]
< KK'c(a)e 307 ( $)"xll
< KK'k(o)e(a)e 209 (1 —s) | |x]l g
<l (@)e 20 (1 — )7 -

Now, let 0 <t —s < 1. Again, using Eq. (2.6), we obtain

HA(Z)U(I,S)P(s)xHa = HA(Z)U(I l—;s) l—l—s H
< fpowe 5| HU<t+—S,s>P(s>x
2 lIB(Xe.x) 2 "

cla)e™ H792% (1 — 5) x|
2% ()

K'k(o)e(a)e™ T092% (1 — )7 x| g

NN N
x X OX
=
iy
Q
T 5

N
:\

g
° |

Therefore,
3 (s B
JA()U (t,5)P(s)x|| , < n(c)e™ 2 (t —5)|Ix|
forall £,s € R witht > 5.

LEMMA 3.2. Under assumptions (H.1)-(H.5), the integral operators I's and T4
defined above map PAA(X,) into itself.

Proof. Let u € PAA(X¢). Now since C € B(Xy,X) it follows that Cu € PAA(X).
Setting h(t) = g(¢,Cu(t)) and using the theorem of composition of pseudo almost au-

tomorphic functions (Theorem 2.3) it follows that & € PAA(X). Now write h = ¢ + (
where ¢ € AA(X) and { € PAPy(X). Thus I'su can be rewritten as

(Tau) (1 / U(t,5)P(s)6(s)ds+ [ U@)PE)EE)s,
Set
/Uts 0(s)ds, and ¥(i /Uts C(s)ds

foreach r € R.
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The next step consists of showing that ® € AA(Xy) and ¥ € PAPy(Xy). Obvi-
ously, ® € AA(Xy). Indeed, since ¢ € AA(X), for every sequence of real numbers
(7))nen there exists a subsequence (T,)nen such that

Y(0) = lim 91 +17,)
is well defined for each ¢t € R, and
lim y(t —7,) = ¢(t)

n—o0

foreach r € R. .
Set @ (1) = / U(t,5)P(s)w(s)ds forall 1 € R.

—oo

Now

Dt +1,) — P (1) = /_t:rn U(t+ Ty,5)P(s)(s)ds — /_th(Ls)P(s)l[/(s)ds
= [ U(t+7,5+T)P(s+7,)9(s+ Ty)ds
- /_t U(t,s)P(s)w(s)ds
ZKTUO+%J+RW@+%W@+RMS
- /ij(t + Ty S+ T)P(s + T, w(s)ds
+/TUO+QJ+QW®+QN6MS
- [ U(t,s)P(s)w(s)ds
= /;U(t + T, 5+ Ta)P(s+ T) (@ (s + T1) — W (s))ds
+ /; (U(t+ Tu,s+ Tu)P(s+ 1) — U(t,5)P(s)) w(s)ds.
Using Lebesgue Dominated Convergence Theorem, one can easily see that
H /;oU(t—f— T, S+ T)P(s+ 7o) (0 (s 4 T) — l[/(s))ds”a —0 as n—oo t€R.
Similarly, using [8, Proposition 3.3] it follows that

H/jm (U(t+ Tp, s+ T,,)P(s—l—‘cn)—U(t,s)P(s))l[/(s)dsHa —0as n—oo, reR

Thus
P (t) = limd(t+1,), t €R.

n—o0
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Similarly, one can easily see that

®(t)=limP;(r—1,), t €R.

n—oo

Therefore, ® € AA(Xy).
To complete the proof for I's, we have to show that ¥ € PAPy(X,,). First, note
that s — W(s) is a bounded continuous function. It remains to show that

1 r
tim o [ o) e =0

Again using Eq. (2.6) it follows that

1T e,
fim o [ )] ar < fim 2T / / 35)|¢ (e —s)]| dsde

< Tlilr!oc(a)/o s ¢ _TSZT/ 1S —s)|| ,drds.

1 T
Let T'\(T) = 7 / S —s)|| ,dt. Since PAPy(X) is translation invariant it
-T
follows that £ — {(r —s) belongs to PAPy(Xy) for each s € R, and hence

tim o [ 205t =

for each s € R.

One completes the proof by using the well-known Lebesgue Dominated Conver-
gence Theorem and the fact T'i(T) — 0 as T — o for each s € R.

The proof for T'yu(-) is similar to that of I'su(-). However one makes use of Eq.
(2.7) rather than Eq. (2.6).

LEMMA 3.3. Under assumptions (H.1)-(H.5), the integral operators T'1 and T™
defined above map PAA(X,) into itself.

Proof. Let u € PAA(Xy). Since B € B(Xq,X) it follows that the function 7 —
Bu(t) belongs to PAA(X). Again, using the composition of pseudo almost automorphic
functions (Theorem 2.3) it follows that y(-) = f(-,Bu(-)) is in PAA(Xpg) whenever
u € PAA(Xy). In particular,

[Vl...p = supll 7. Bute))l|g <=

Now write y = w+z, where w € AA(Xp) and z € PARy(Xp), that is, I'1¢ =
E(w) + E(z) where

:/ij(s)U(us)P(s)w(s)d& and Zz(r) = /jooA(S)U(Z,S)P(S)Z(S)dS.
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Clearly, E(w) € AA(Xy). Indeed, since w € AA(X), for every sequence of real
numbers (7)) en there exists a subsequence (7, ),en such that

v(t) = lim w(r + 1)
is well defined for each ¢t € R, and
lim v(t — 7,) = w(t)

n—oo

for each r € R. And there exists a well-defined function G such that for each € > 0,
one can find Ny,N; € N such that

|G(t,5)u—A(s+ 1)U (t + T,,,s—l—‘cn)uHa < eHy(t —s)
whenever n > Ny for t,s € R, t > s, and
AU, 8)u— Gt — T, s — T")”Ha < eH (t—s)

whenever n > Nl for all t,s €R, t > s, forall u € Xy, where Hy,Hj : [0,0) — [0, 0)
with Hy,H; € L

Set_.l / G(t,5)P(s)v(s)ds forall € R.

t+Tn

Ew(t +7,) — E1(1) = / A($)U (1 + Ty 5)P(s)w(s)ds — / " G(t,5)P(s)v(s)ds

—oo

—/ A(s+ 1)U (1 + Ty, s+ Ty)P(s + To)w(s + Tn)ds
/ G(t,5)P(s)v(s)ds
:/_ A(s+ 1)U (1 + Ty, s+ Ty)P(s + To)w(s + T )ds
—/jooA(s—l-Tn)U(t—i—Tms—I— To)P(s+ T,)v(s)ds
+/_t A(s+T)U (t 4 Tn, s+ Tn) P(s + Ta)v(s)dss
- / " G(t,5)P(s)v(s)ds
—/ A(s+T)U (1 + Tn, s+ ) P(s 4 T) (W(s + T0) — v(s))ds
+/ A(s+ Ut + Tus + T)P(s+ ) — G(2,5)P(s) ) v(s)ds.
Using Eq. (3.2) and the Lebesgue Dominated Convergence Theorem it follows that

H /;A(Hrn)U(t+rn,s+rn)P(s+ %) (w(s+ ) — v(s))ds

—0 as n— oo, reR.
o
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Similarly, in view of the above (assumption (H. 4)), we can prove that
||/ A(s+ 1)U (t + Ty, 5+ T,,)P(s—i—’rn)—G(t,s)P(s))v(s)dsHa—>0 as n— oo

for r € R.
Therefore,
Ei1(t) = im E(w)(r + 1)

n—oo

is well-defined for all 7 € R.
Similarly, one can easily see that

E(w)(r) = lim By (r — 1,)

forall r € R, and hence E(w) € AA(Xy).
Now, let T > 0. Again from Eq. (3.2), we have

ZTZ/ ol dt\\ZT:/ l/ 1A(s) $)2(t —s)|| dsdr
< 2T LT/() s 77 H t—s Hﬁdsdt
e (]
<n(a)/0 s %e 2 <2T/ HZ Hﬁdt) ds

. 1 /T
%ﬂﬁLT}]z(t—s)}]Bdt_
as t +— z(t —s) € PAPy(Xg) for every s € R. One completes the proof by using
Lebesgue Dominated Convergence Theorem.
The proof for Ipu(+) is similar to that of I'ju(-) except that one makes use of Eq.
(3.1) instead of Eq. (3.2).

Now

THEOREM 3.1. Under assumptions (H.1)-(H.5), the evolution equation (1.2) has
a unique pseudo-almost automorphic mild solution whenever K is small enough, that
is, KO <1 where

0 = ofi(a) + OB {10y 4 (o) T TL=)

Proof. Consider the nonlinear operator M defined on PAP(X,) by
Mu(r) = —f (¢, Bu(t / Als P(s)f (s, Bu(s))ds
+ / AU (,5)005) (5, Buls))ds + [ U(1,5)P(s)g(5,Cu(s))ds
/ U (t,5)0(s)g(s, Culs))ds
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foreach 1 € R.

As we have previously seen, for every u € PAA(Xy), f(-,Bu(-)) € PAA(Xpg) C
PAA(X¢). In view of Lemma 3.2 and Lemma 3.3, it follows that M maps PAA(Xy)
into itself. To complete the proof one has to show that M has a unique fixed-point.

Let v,w € PAA(Xy)

[T () (@) =T (w) (@) [, </;HA(s>U(t,s)P(s>[f(s,Bv(s>> f(s,Bw(s))]|| ,ds
< n(a) /_t G — )% 3| £(5,Bu(s)) — £ (5, Bw(s))| gds

)

DK [ (1= % 3 Bo(s) — Bu(s)ds
i [ (1= 40 (9wl

< ne)Ka v, / (t— )%= 36945

21=21(1 - )

= n(a) §l-«a Kva_wHoo,a

Now
2000 =200, < [ AU E)06) Fls,BYS)) — £ B(s))] [ s
< m(e BK [ £(5,Bv() ~ fls,Bw(s) | s
m((x,B)K/tm 1Bv(s) — Bw(s)||ds
< m(a,p)K® [ I [u(s) = w(s)| ds

+o0
< m(a,B)Kw||v—W||m7a/t S0=5) g

m(o,B)Kw
_ e DRT )

Now for I';3 and I'4, we have the following approximations

IPs0)O - T3, < [ 10626 g(6:C(5) ~ (5, Cwl)] | s

< [ ettt s, ots) —ots.Co) s

)

< Ke(a) /;o(t —5) %209 |Cv(s) — Cw(s)||ds

)

< wKc(a) [ (=) o (s) = w(s)]| s
Kwe(a)2'7%T(1 -«

= Sl-a Hv_wHoo,a’
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and

[P - POl < [ 06,500 [5(5:Cv(5) ~ gl Coo)] |
< [ m(@)e 9 g(s,Cv(s)) ~ g(s.Cw(s))] ds
< [ m(@ke ) |cs) ~ (o) jds
< om(@k [ e o(s) = ws)]| s

< Km(a)w”v—w”oo’a /t+we5(t_s)ds

_ MHV—WH .

0

Combining previous approximations it follows that
| My — MWHmﬂ <Oy —wW||oozs

and hence if K is small enough, thatis, KO < 1, then Eq. (1.2) has a unique solution,
which obviously is its only pseudo-almost automorphic solution.

EXAMPLE 3.1. Let Q C RV (N > 1) be a open bounded subset with C? boundary
I'=0Q and let X = L?(Q) equipped with its natural topology || - || (@)
Define the linear operator appearing in Eq. (1.3) as follows:

A()u=a(t,x)Au forall u e D(A(r)) = H)(Q) NH*(Q),

where a: R x Q+— R is a jointly continuous, almost automorphic and satisfying the
following assumptions:

(H.6) inf a(t,x) =mp >0, and
teR xeQ

(H.7) there exists L > 0 and 0 < u < 1 such that
la(t,x) —a(s,x)| < L|s— "
for all #,s € R uniformly in x € Q.

First of all, note that in view of the above, sup a(f,x) < eo. Also, a classical
teR xeQ
example of a function a satisfying the above-mentioned assumptions is for instance

ay(t,x) = 3+ sin |x|t + sinyl|x|z,

where |x| = (x2 + ... +x2)Y/2 for each x = (x1,x2,...,xy) € Q and Yy e R\ Q.
1 N
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Under previous assumptions, it is clear that the operators A(¢) defined above
are invertible and satisfy Acquistapace-Terreni conditions. Moreover, it can be easily
shown that

~—.8) 9 € AA(H (@)

for each ¢ € L*(Q) with

|| < const.
2 X .
Br@) S g

IR (w,ad)

Furthermore, assumptions (H.1)-(H.4) are fulfilled.

For each p € (0,1), we take X, = D((—A)") equipped with its p-norm || -|[.
Moreover, we let o = % and suppose that % < B < 1. Letting Bu = Cu = divu for
al ueX 1= D((—A) %) = H{}(Q), one easily see that both operators are bounded from
HY(Q) in L2(Q) with w = 1.

We require the following assumption:

(H.8) Let % <B<l,and F € PAA(H(I)(Q),Xﬁ) and G € PAA(H)(Q),L*(Q)). If F =

Fi+F, and G =G| + G, where F| € AA(I*(Q),Xp), G| € AA(L*(Q),[*(Q)), F» €

PAPy(L*(Q),Xp), and G, € PAPy(L*(Q),L* (L)), we suppose that u — Fy (t,u), G (t,u)
are uniformly continuous on bounded subsets uniformly in # € R. Moreover, the func-

tions F, G are uniformly Lipschitz with respect to the second argument in the following

sense: there exists K’ > 0 such that

[F () = F(t,9)||p S K[| —v]| 2

and
1G(t.u) = G(t,v)]| 12 gy < K[| = V]| 2

for all u,v € L*(Q) and t € R.

‘We have

THEOREM 3.2. Under assumption (H.6)-(H.8), then the N -dimensional heat equa-
tion Eq. (1.3) has a unique pseudo-almost automorphic solution ¢ € H}(Q)N H?(Q)
whenever K’ is small enough.

Classical examples of the above-mentioned functions F,G : R x H}(Q) — L*(Q)
are given as follows:

T Ke(t —~ Km(t
Fl.dvu) = —0 and G dive = Km0
1+ |divu| 1+ |divu|

where the functions e,m : R — R are pseudo-almost automorphic.
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In this particular case, the corresponding heat equation, that is,

Ke(t Km(t
_[¢+L/\) :ay(t,x)Aq)—l—%,IER, xEQ,
ot 1+ |dive) 1+ [dive)
0=0, on I,

has a unique pseudo-almost automorphic solution ¢ € H}(Q) NH?(Q) whenever K is
small enough.
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