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COMPARISON, EXISTENCE AND REGULARITY RESULTS FOR
A CLASS OF NON-UNIFORMLY ELLIPTIC EQUATIONS

FRANCESCO DELLA PIETRA AND GIUSEPPINA DI BLASIO

(Communicated by C. Trombetti)

Abstract. We prove comparison, existence and regularity results for problems whose model case

is:
T Du _ .
div (—(IHM\)(’) +Au=f inQ,
u=0 on dQ,
where Q is a bounded open set in RV N>2,60>0and A >0.

1. Introduction

In this paper we study a class of non-uniformly elliptic problems whose model
case is:

. Du o .
—le <W>+lu—f 1nQ7
u=0 on dQ,

(1.1)

where Q is a bounded open set of RV, N>2,06>0, A isa positive constant, and

f is a measurable function on whose summability will be made different assumptions.

The main difficulty dealing with such kind of problems is the presence of the coeffi-
1

cient T which causes a degeneracy when u becomes large. This implies that the

principal part of the operator, namely A(u) = —div (&W) , may not be coercive on

Hé(Q), so that we cannot apply the classical Leray—Lions methods of [24] to prove
the existence results, even if f is regular. This problem can be overcome reasoning by
approximation, obtaining suitable a priori estimates which allow to pass to the limit.

A priori estimates and existence results for such kind of problems, in the case
A = 0, have been obtained by several authors using different techniques (see e.g. [1],
[2], [9], [11], [12], [27]). As well-known, one of these is the symmetrization method,
which allows to “compare” a solution to problem (1.1) by means of the solution to a
problem whose data are spherically symmetric (we recall, for example, [3], [4], [17],
[36], [37], [39], for 6 =0 and A # 0, [1], [2], for 6 %0 and A =0).
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tions.

© depay, Zagreb 79
Paper DEA-02-07



80 FRANCESCO DELLA PIETRA AND GIUSEPPINA DI BLASIO
In the present paper we are interested in comparing a solution to problem (1.1)

with the solution of a “symmetrized” one which takes into account the influence of the
zero order term, namely

{—div<(l+|w| )+/1w £*in QF, 12

w=0 on 0QF

where QF is the ball centered at the origin with the same Lebesgue measure of |Q| and
f* is the radially decreasing rearrangement of f (see Section 2 for precise definitions).
More precisely, we will prove that

S )
/u*(z)dtgf w(t)dr, forall s € [0, |9,
0 0

where u* and w* denote the decreasing rearrangements of u and w which are the
solutions to problems (1.1) and (1.2), respectively. The symmetrization method allows
to obtain a priori estimates which are the main tool in order to obtain existence and
regularity results.

In the hypothesis A = 0, the cases 0 < 6 < 1 and 6 > 1 are completely different.
More precisely, assuming 0 < 6 < 1, it has been proved in [1], [11] and [12], that if
the datum f is in LP(Q), with p > WM then there exists a solution in the

energy space Hé(Q), and such a solution is bounded if p > %V Moreover, if f is less
regular, then it is possible to prove the existence of distributional or entropy solutions
(for renormalized solutions with 6 < 1 see [8]). We observe that if 6 = 0, which
means that the operator is not degenerate, the quoted results coincide with the classical
one (see [35]). Finally, in the limit case 0 = 1, it is possible to prove the existence of a
bounded solution if f belongs to LP(Q), with p > %V (see, for example, [1], [2], [11]).

In the other case, with 6 > 1, the existence of solutions is related to a smallness
assumption on the L” -norm of f, with p > % Indeed, if f is not sufficiently small,
examples are given when f € L*(Q) and the solutions u,, of problems approximating
(1.1) converge to a function which is 4<o on a set of positive Lebesgue measure (see
[1]). Nevertheless, it is possible to adapt the definition of renormalized solution in order
to obtain existence results without requiring any smallness assumption on the data (see
[9D.

In general, the presence of the lower—order term, with A > 0, may change the
nature of the existence results. Indeed, if 6 > 1, for f € L’(Q), with p > min{6 +
2, %6}, we prove the existence of solutions in the energy space H(}(Q) without any
smallness assumption on f (see also [11], [14]). In particular, such a solution is
bounded if f is in LP(Q), with p > %6. On the other hand, if f is less regular,
we prove the existence of an entropy solution to problem (1.1). We stress that, thanks
to the presence of A > 0, the solutions of (1.1) belong to the same Lebesgue space of
the datum f. This is the crucial point in order to prove the above existence results.

We want to emphasize that if u is a positive solution of (1.1) one can perform the



NON-UNIFORMLY ELLIPTIC EQUATIONS 81

change of variable v = [}(1+5)~%ds. If 0 # 1 problem (1.1) becomes

1

1 -1 o .

v=20 on 0Q.

Such kind of problem has been studied in [10] with 8 > 1, where the existence of a
bounded solution v € H} (Q) is proved, with f nonnegative and belonging to L!'(Q).

We also investigate the regularity of solutions by varying the summability of datum
f in some Lorentz spaces L9 (see Definition 3.2 in Section 3).

In particular we prove that there exist bounded solutions also for f & L7096 , while
if we require less summability, namely f € L7949 with q > 0, then the solution u is in
L, for any r < +oo. Moreover, we show that in the limit case f € L%B*"’, in general,
the summability of u is not greater than the summability of f unless we impose a
smallness condition on f (see Section 7).

As regards the regularity of solutions of (1.1), in the case A =0, we quote, for
example, the papers [1], [2], [12], [20].

We stress that the parabolic problem associated to elliptic operator of (1.1) has
been studied in [16] when A = 0 and assuming a smallness hypothesis on some norm
of the initial data and of the source f, and in [31], with A =0 and f = 0, without any
smallness assumption on the initial data.

Finally, existence result for such kind of problems under different assumptions on
the equation have been obtained by several authors. We address, for example, to [13],
[15], [26], [30], [32], [33], [38].

The paper is organized as follows. In sections 2 and 3 we make precise the as-
sumptions on the data of the problem, and we recall some basic facts about decreasing
rearrangements and Lorentz spaces. In Section 4 we prove uniqueness results for weak
and entropy solutions of (1.1). In Section 5 we prove the quoted comparison result. To
this end, we obtain an integral inequality for solutions to problem (1.1) in terms of their
decreasing rearrangements. In Section 6, using this inequality, we prove a priori esti-
mates in Lebesgue and Sobolev spaces for solutions of suitable approximate problems
of (1.1). Finally, in sections 7 and 8 we prove, respectively, the existence and regularity
results quoted above.

We point out that such results are proved for solutions to a class of boundary value
problems which can be written in the form

{ —div(a(x,u,Du)) +Au=f in Q

u=0 on 0Q, (1.4

where a(x,s, &) verifies suitable conditions (see Section 2 for precise assumptions).

2. Statement of the problem and definitions of solutions

We deal with Dirichlet problems of the form

—div(a(x,u,Du)) +Au= f in Q, 2.1
u=0 on 0Q, '
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where Q is a bounded open set in RV N>3,Aisa positive constant and a : Q X R x
RN — R¥ is a Carathéodory function verifying the following assumptions:

el <atesg)-g 22

and
la(x,5,8)| < h(x) +cils| + eS| (2.3)

forae. x€Q,VseR and V& € RN, where 6, a, ¢; and ¢, are positive constants,
h e L*(Q) and

(a(xvg?&)_a(xvg?&/))'(é_é/)>07 (24)

fora.e. x€Q,VseR and VE,E' € RN, & £ E'. Moreover, f is a measurable function
on whose summability we will make different assumptions.
In this context we deal with some classes of solutions.

DEFINITION 2.1. Let f € L¥:2 (Q). We say that u € H}(Q) is a weak solution
to problem (2.1) if

/a(x,u,Du)-D(pdx—l—/l/u(pdx:/f(pdx, Vo € H)(Q). (2.5)
Q Q Q

We observe that, in general, if the datum f is in L!(Q), we no longer obtain solutions
in the energy space HO1 (Q). For this reason we need to introduce a different definition
of solution.

Given h > 0, we denote with 7j,(s) the truncation function at level +h, defined as

(s if |s| < h,
Ti(s) = { hsigns if |s| > h.

DEFINITION 2.2. A measurable function u € L'(Q) is an entropy solution to
problem (2.1) if T (u) € H}(Q) for all k> 0 and it holds

/a(x,u,Du)-DTk(u—(p)dx—i-/l/uTk(u—(p)dxg/ka(u—(p)dx (2.6)
Q Q Q

forany k >0 and ¢ € H} (Q)NL™(Q).

We observe that first integral in the left-hand is well defined, since |u| < k+|| @]/~ =M
on the set |u — @| < k, so we have

/ a(x,u, Dut) - DTi(1— @) dx / a(x, Ty (), DTy (1)) - DTy (u— @) dx, (2.7
Q Q

which is finite by the growth assumption on a(x,s, ).
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3. Preliminaries

We recall some definitions about decreasing rearrangement of functions.

Let Q be a bounded open set of RY and u: Q — R a measurable function. If
we denote with |E| the Lebesgue measure of a measurable set E contained in RV, we
define the decreasing rearrangement of u the function

w (s) =sup{r = 0: () >s}, s=0,

where
pu(t) = {x € Q: fu(x)[ >}, >0,

is the distribution function of u. The function u, is decreasing and right continuous,
and u* is the generalized inverse of u,. We recall that, being

+oo
[lrax=p [, p=1, G.1)
Q 0
the LP —norm, for every 1 < p < 4o, is invariant with respect to rearrangement, that is

HMHU(Q) = HM#HLI’(Q#)'
Moreover, if u € L*(Q), by definition

u*(0) = esssup |u].
Q

If u and v are measurable functions, then the Hardy and Littlewood inequality
states that

19
/Qu(x)v(x)dxé/o u* (s)v*(s)ds. (3.2)

DEFINITION 3.1. The spherically symmetric decreasing rearrangement of u is
defined by
u®(x) = u* (wp|x|"), xeQF

where QF is the ball centered at the origin having the same measure as Q and , is
the measure of the unit ball in RV .

For general results about rearrangements we refer to [5], [21], [23], [28], [37].

DEFINITION 3.2. A measurable function u :  — R belongs to the Lorentz space
LP4(Q), 1 < p < oo, if the quantity

1/q

Fee q dt
1/p, xx
t ' Pu(t — , 0 < g < oo,
l[ullzra = {/o { ()} t} 1 (3.3)

sup 11/7 (1), g =+,
0<t<+oo

is finite, where u™*(s) = s~! [ju*(0)do.
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We remark that the quantity in (3.3) can be equivalently defined replacing u** with
u*. We recall that the Marcinkiewicz space MP(Q) with 0 < p < +eo contains all the
measurable functions # such that

C
‘uu(t)gt_p’ VI>0a

for some positive constant ¢, and we put |[u[|mr = supcpq) s'/Pu*(s). Moreover,
MP = LP™ for 1 < p < 4oo. It is well-known that Lorentz and Marcinkiewicz spaces
are related in the following way:

L C val C P4 C PP =[P C LPr C 1P = MP C L’i’

for 1 < g < p <r < +o. More details on Lorentz spaces can be found, for example,
in [22], or in [7].

Now we want to recall a property of Marcinkiewicz spaces which will be useful in
the following.

First of all, we give a sense to the gradient of a measurable function such that the
truncates of u are Sobolev functions (see [6]).

LEMMA 3.1. Given a measurable function u : Q — R such that for every k > 0
the truncated function Ty (u) belongs to lecl(gl) there exists a unique measurable
function v: Q — RN such that

DTi(u) = vX{u<k} a-e. in Q. (3.4)

Furthermore, u € W;}CI(Q) if and only if v € L}, (Q), and then v = Du in the usual
weak sense.

Therefore, if u: Q — R is such that for every k > 0 the truncated function T (u)
belongs to lecl (Q), we define, Du, the weak gradient of u as the unique function v
which verifies (3.4).

The following technical lemma gives a sufficient condition in order to assure that
the gradient of a function belongs to some Marcinkiewicz space.

LEMMA 3.2. ([6]) Let v be a measurable function belonging to MY (Q) for some
Y = 1, such that, for every k >0, Ti(v) belongs to H}(Q). Suppose that

/ DvPdx < ck®, Yk > ko, (3.5)
(V<)

for some non-negative &, ¢ and ko. Then the weak gradient of v (in the sense of the
above definition) is such that |Dv| belongs to M4(Q), with g =2y/(y+ 0).
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4. Uniqueness results

The first step in order to obtain the comparison result between the solutions to
problems (2.1) and (1.2) is the proof of an uniqueness result. In this section we show
that, under suitable assumptions on the operator a(x,s, &), the problem (2.1) admits at
most one solution. Such a result is an immediate consequence of the following classical
pointwise comparison results. Here we study both the case of weak solutions, with

fe L¥: (), and the case of entropy solutions, with f € L'(Q).

THEOREM 4.1. Let us assume that (2.2), (2.3) and (2.4) hold, and f € L (Q).
Suppose that the following Lipschitz condition holds:

la(x,s,8) —a(x,s',&)| < nl&ls— s, (4.1)

forae x€Q, Vs, €R, VE RN and n is a positive constant.

If u and v are weak solutions to problem (2.1) with L¥ data, respectively, f
and g, then
f<g ae inQimplies u<v a.e. inQ.

Proof. Using as test function in (2.5):
1 +
05 = 5T5(u—v)

with a fixed 0 > 0 and subtracting, we get

1

= (a(x,u,Du) —a(x,v,Dv))-D(u—v)dx
0 Jo<u—v<s

+%/Q(”_")T5(”_V)+dx:%/Q(f—g)Ta(u—v)*dx. 4.2)

Adding and subtracting a(x,u,Dv) in the first integral of (4.2), it follows that

1 (a(x,u,Du) —a(x,v,Dv))-D(u—v)dx
0 Jo<u—v<s
_1 (a(x,u,Du) — a(x,u,Dv))-D(u—v)dx
0 Jo<u—v<é
+ 1 (a(x,u,Dv) —a(x,v,Dv))-D(u—v)dx =L(8)+ L(J).
0 Jo<u-—v<s

Now by hypothesis (2.4) it follows that
L (6) = Oa

and from the Lipschitz condition (4.1) we get

L@ <n [ |DvlID(=v)dx,
<

O<u—v
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which implies that

Jim 12(8) = 0.

Hence, letting 6 going to 0 in (4.2), we obtain

)L/(M—V)erxéo,
Q

which implies that u < v a.e. in Q.

Now we want to prove the pointwise comparison result for entropy solutions to
problem (2.1) in a special form. To this end, we require an additional assumption on
the principal part of the operator. More precisely, let us consider the following problem:

{ —div(b(x,u)Du) + Au= f in Q, (4.3)

u=0 on dQ,

where f € L'(Q), A >0 and b(x,s) : Q x R — R is a Carathéodory function verifying
the following assumptions:

o

A
——— < b(x,5) < ———, forae. xeQ,VseR, 4.4)
(1+[s)®

(1+1s)?”

and
|b(x,s) = b(x,1)| < C1|B(|s]) — B(lf])|, forae.xeQ VsreR,  (4.5)

where o, A,C) are positive constants, 6 > 1, b(x,s) = b(x,s)(1+|s])?, and the func-
tion B: (0,4<0) — R is defined as

s a
B(S):‘/O mdl‘

We restrict our attention to non negative solutions, given by f > 0, and we follow
the technique used in [29].

THEOREM 4.2. Let u,v be two entropy solutions of (4.3), under the assumptions
(4.4), (4.5), with 0 > 1, and non negative L' data f and g respectively. Then f < g
a.e. in Q implies u < v a.e. in Q.

Proof. The solutions u and v are such that [DB(u)| and |[DB(v)| are in L?(Q).
Indeed, taking ¢ = B(u) as test function in problem (2.1) we get, by hypothesis

(4.4), that
)P
/\D u)) dx—|—)L/uB S/QfB(u)dx

and being A >0,
[ 1D Pdx < Bl f o “6)
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where B = sup,.B(s), which is finite since & > 1. The same reasoning holds for
IDB(v)|.

Hence, the choice of @ = Tj,(u) — Ty (B(«) — B(v))™ as test function in (2.2) is
admissible, that is

/ b(x,u)Du- DTy (1t — Ty(u) + Ty (B() — B(v)) ")l
Q
+A /Q WT(u — Ty(u) + Tu(B(u) — B(v))*)dx
< [ T+ Ti (B~ B) Jax. 47)
We first observe that, applying the Lebesgue theorem, it is possible to pass to the limit
in the second integral on the left hand side of (4.7) and in the right hand side of (4.7),
as h — +oo. Moreover, splitting the first integral of (4.7) on the two sets {u < i} and
{u > h}, and using hypothesis (4.4), we have
/ b(x,u)Du - DT(u — Ty(u) + Te(B(u) — B(v)) ")
Q
> / b(x,u)Du - DTu(B(u) — B(v)) " dx
{u<h}
b(x,u)Du - DTi(B(u) — B(v)) " dx

+
(> = T (B(w)~B(v)) +| <k}
=I+b. (4.8)

As regards the last integral I, by (4.4) and the Holder inequality, it follows that

| <c ( /{ - DB(u)|2dx) : ( /{ oy PT(B) - B(v))+2dx> -

which goes to zero since |DB(u)| and |[DB(v)| are in L*>(Q), and |{u > h}| — 0 as
h — oo,
Hence the inequality (4.7), letting & — +oo, becomes

/b()@u)Du-DTk(B(u)—B(v))+dx+/l/ uTi(B(u) — B(v))dx
Q Q

< [ I ~BO) ax. (49)
Q

Similarly as before, if we take @ = T;,(v) + Ti(B(u) — B(v))™ as test function in
the equation solved by v, we get

/Q b(x,v)Dv - DTy(v — Ty(v) — Ty(B(u) — B(v))H)dx
) / VT (v — Ty (v) — T(B(u) — B(v)) P )dix
Q

< [ €T =Th0) = (B~ B()) ),
Q
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and, as h — +oo,
_ / b(x,v)Dv - DTy(B(u) — B(v)) Hdx — A / VT (B() — B(v))*dx
Q Q

_ /Q gTu(B(u) — B(v))Tdx. (4.10)

Adding (4.9) and (4.10) and dividing by k, we have
1
X / (b(x,u)Di— b(x,v)Dv) - DTy(B(u) — B(v))*dx
Q

A
+o / (u—v)Ti(B(u) —B(v))Tdx <0, (4.11)
Q
since f < g. The first integral of (4.11) can be rewritten as

: / (x,u)DB(u) — B(x,v)DB(»)) - DTy (B(u) — B(v))*dx

b(x,u)D(B(u) — B(v)) - D(B(u) — B(v))dx
k 0<B(u)—B(v)<k

1 ~ ~
- [b(x,u) — b(x,v)]DB(v) - D(B(u) — B(v))dx = J| + J2,
k Jo<B(u)-B(v)<k
by adding and subtracting b(x,u)DB(v). Clearly, J; > 0. For J,, using condition (4.5)
and Holder inequality, we get

nl<a | IDB()|D(B(u) ~ B(v))|dx
0<B(u)—B(v)<k

1

3 3
<G ( / DB(v)|2dx) ( / D(B(u)—B(v))|2dx) 7
0<B(u)—B(v)<k 0<B(u)—B(v)<k

which goes to zero by letting k — 0. Hence, as k — 0 in (4.11), we get

2 /Q (1 —v) sign (B(u) — B(v))"dx <0,

which implies that u < v a.e. in Q, being B strictly increasing.

5. Comparison result

The aim of this section is to obtain a comparison result between a solution to
problem (2.1) and the solution to the following “symmetrized” problem:

—div ( —Dw # #
dlv<(1+| 7 )—i—/lw ffinQ 5.1)
w=0 on&Q#

where QF is the ball centered at the origin with |Q¥| = |Q| and f* is the radially
symmetric decreasing rearrangement of f.

It is useful to prove the following integral inequality for entropy solutions to prob-
lem (2.1) in order to obtain the comparison result.
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PROPOSITION 5.1. Let u and w be entropy solutions of (2.1) and (5.1), respec-
tively, with f € L'(Q). Then the following inequalities hold:

d |Du? wo)
Yar /|u|<t (14 |u])® ™ ”/ /0 f*(o)do, (5.2)

fora.e. t € (0,400), and
_a% <]\’_2‘*’1;%57%/Os[f*(a)—7Lu*(0)]dcr, (5.3)

fora.e. s € (0,|Q]). Moreover, if 0 > 1, the following equality holds
*\/
) .

T = o

forae. s€(0,|Q|).

Ry / "[f*(0) = Aw*(0)] do, (5.4)
0

Proof. Let be t,k > 0. Using in (2.6) as test function ¢ = T;(u), by hypothesis
(2.2) we easily obtain

@ _Dup? _
: i< /W('f' Alul) dx. 5.5)

r<ful<r+k (1+ |ul

Applying the Hardy-Littlewood inequality and the properties of rearrangements, by
letting K — O we obtain

Cpne e
dt/|u|<z(1+\u|) dx</0 [f*(0) —Au’(0)]do, (5.6)

that is (5.2). In order to obtain (5.3), using the Holder inequality, we have that

a (d 1 o) .
W<E/|u|<t Du|dx> Cam S e Ao

From isoperimetric inequality and the Fleming—Rishel formula, it follows that

R
(1+0)% (1))

choosing 7 = u*(s) and using the properties of rearrangements (see [3] and [34]), we get
(5.3). As regards (5.4), we recall that by Theorem 4.2 the solution w of problem (5.1)
is unique. This implies, by symmetry of data, that w is positive and radially symmetric.
Moreover, setting s = wy|x|V, and writing W (s) = w((s/wy)"/V), we obtain

_2 u(f)
<N 20, @) T [ (0) - A (o)ldo

W/S _2/Nl S . ~
(1+VE(2))9 Vo 2/N/[f (0)—Aw(o)ldo.
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By standard arguments (see for example [18]), it is possible to show that the above inte-
gral is positive and this implies that w = w*. So the arguments leading to (5.3) proceed
in the same way except that the inequalities are replaced by equalities, that gives (5.4).

Now we are able to prove the following comparison between concentrations.

THEOREM 5.1. Let u and w be entropy solutions of (2.1) and (5.1), respec-
tively, under assumptions (2.2), (2.3) and (2.4), with @ > 1 and f € L'(Q). Then we

have:

/Su*(o)dc < /Sw*(a)dm Vs € [0, Q).
0 0

Proof. Let us define

We have
¢'(1Q]) = 0 and £(0) = 0.

‘We will show that
£<0 ino, |

By contradiction, let us suppose that there exists s such that

C(S)=[OH71‘§Z>‘¢]C(S) > 0.

We proceed to distinguish two cases.
If 5 =|Q)|, then there exists s; in [0, |Q]] such that

C(s1)=0 and {(s)>0in (s1,|€Q].
Now choosing s in (sq,|Q|] by (5.3) and (5.4), we get

12 g
B(u*(s)) = — i —5 B (0))do

< <Na),1/N>_2/|Q| G_%/()G[f*(r) —Au*(1)]dtdo

< (Nw}v/’v) - / Ui [ [f*(1) — Aw*(2)] drdo

0
@l d B(w" d B(w"
== | 25BW(0))do=BWw(s)).
So by strict monotonicity of B,
u*(s) < w*(s)

in (s1,|Q|], which contradicts (5.7).

(5.7)



NON-UNIFORMLY ELLIPTIC EQUATIONS 91
If 5 <|Q], there exist 51,52 € [0, |Q|] such that

C(s1)=0, C&(s)>0in(sy,s2) and {'(s0)<0.

Hence, choosing s in (s1,s2) and using (5.3) and (5.4), we obtain
B(u*(s)) — / ))do

I/N / 7%/ (1)]drdo
1/N -2 () — Aw*
/ c /0 [f*(1) — Aw*(7)]dtdo
/S2 ))do = B(w' (s)) ~ Bw" (s2)).
and being {’(s2) = B(u*(s2)) — B(w*(s2)) < 0, we get
B(u*(s)) < B(w*(s)) in (s1,52),
which leads to a contradiction.

REMARK 5.1. We emphasize that, using Theorem 4.1 instead of Theorem 4.2 in
Proposition 5.1, the comparison result stated above holds also for weak solutions, with

2N . .
f € Lv+2 | without any assumption on 6 > 0.

REMARK 5.2. We stress that if A = A (x) € L*(Q), with A(x) > 0, the compar-
ison result stated above continues to hold. More precisely, if # and v are respectively
the solutions to problems

—div(a(x,u,Du)) +A(x)u=f inQ, (5.8)
u=0 on 0Q, )
where a(x,s, &) verifies (2.2), (2.3) and (2.4), and
_di _ o of
div <(1+M ) +Ax(x)v=f" in Q" (5.9)
v=20 on 0Q*,

where Ag(x) = 1*(|Q| — wn|x|"), with x € Q¥ is the spherically symmetric increasing
rearrangement of A, then

S N
/u*(t)dtg/ v*(¢)dt, foranys € [0,|Q][].
0 0

(see also, for example, [4], [3], [18] in the case 6 =0).
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6. A priori estimates

Let us consider, for any n > 0, the following problem:

{ —div(a,(x,un,Duy)) + Auy, = f, in Q,

u, =0 on dQ, 6.1)

where a,(x,s,&) = a(x,T,(s),E), with x €Q, s € R and £ € R and f, € L(Q). We
observe that classical results (see, for example, [24], [25]) assure that problem (6.1) has
at least one solution u, € H} (Q) NL™(Q).

REMARK 6.1. We stress that if u, is a weak solution of (6.1), from inequality
(5.2) of Proposition 5.1 we get

S l S
| wiorao< 5 [ fit@rdo. el ©2)
0 0
that implies
1
l[tnlzr (@) < %anHLI’(Q)a forany 1 < p < +eo, (6.3)
or, more generally,
1
l|ttn|lrra < IHf,,HLM, forany 1 < p < o0, 1 < g < +oo. (6.4)

We emphasize that, if A = 0, estimate (6.3) does not hold, in general. Moreover,
the cases 0 < 0 < 1 and 6 > 1 are completely different. Indeed, if 6 > 1, the sequence
u, could not be bounded in any L? space, with p > 1. Moreover, it may happen that u,,
converges to a function which is +oo on a set of positive Lebesgue measure (see [1]).
In the other case, when 0 < 6 < 1, it has been proven that, if 1 < p < %,

lunllzs < C(l| fullr), (6.5)
Np(1-60

" ) (see, for example, [1], [12], [2]). In the limit case, O = 1, itis possible
to prove the existence of a bounded solution if f belongs to LP(Q), with p > % (see,
for example, [1]).

Hence the presence of the lower-order term, with A > 0, plays a fundamental
role in order to obtain the estimates (6.3). Moreover, such estimates are independent
from any hypotheses on 8. We observe that, when 6 < 1 the estimates obtained with
A =0 in [1], [12], [2], are true also if A > 0. Nevertheless, the presence of the zero—
order term permits, in some cases, to gain a higher summability on the estimates of u,,.
Indeed, the exponent s in (6.5) is smaller than p, when p < %’9.

with s =

PROPOSITION 6.1. Let 0 > 1, and suppose that uy, is a weak solution to problem
(6.1). If p > 56, then
[l = @) < C1, (6.6)
and, moreover,
H’/‘nHH(; Q) <G (6.7)

where C| and Cy are constants which continuously depend on the L norm of f,.
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Proof. The estimate (5.3) can be rewritten as follows:

()’ (s) 1 2N )0 1/
- <
1) S g’ Ul Sulo

Using the Holder inequality and integrating between 0 and |Q|, we get

tog(1 +u(0)) < 1221 / sV 2N (1 4ag(5)) 0 ds

N0 2/N
”fn”U’ e 01
ocN2 2/N / . 1+ lualll (0

and last integral is finite, being p > %6 . Using (6.3) and the Minkowski inequality, the
above inequality becomes

2_ 6

Q¥
arf- N2/

log(1+1;(0)) < (192 + 15055k ) 1 fillere

which gives the estimate (6.6).
As regards the inequality (6.7), integrating between 0 and 4o the estimate (5.2)
and using (6.6), we get that

1<
o [ 1D, Pax < (14 lnl)? [ £ S (s)ds < Co.

PROPOSITION 6.2. Suppose that u, is a weak solution to problem (6.1).

() If0+2<p< 50, then
H”nHH(;(Q) <C, (6.8)

where the constant C continuously depends on the LP norm of f,.

(ii) If 52 < p < 0+2, then

[[un| <C, (6.9)

WP (@)

where 3 = 92_41:2 and C is a constant which continuously depends on the L norm of
I
() Ifl<p< 9+2 , then

11DunlP |1 ) < C, (6.10)

where 3 = 9 +2 < 1 and C is a constant which continuously depends on the LP norm

of fu.
(iv)If p=1, then
(|| D || i 86 (6.11)

where C is a constant which continuously depends on the L' norm of f,.
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Proof. Let us prove (i). The estimate (5.2) gives

d |Dun‘2 ) 'uun(t)
| e dx < (140)? / “(o)do.
adl‘ /|;,Kt (1+‘Mn‘)9+2717 * ( + ) 0 fn (0-) o

Integrating between 0 and +e<o the above inequality, we get

|Duy|? 1l .
a/g (1+ |un‘)9+2—pdx < p— 1/0 Fi(s) [(L4ug(s)? "t — 1] ds.

We recall that, under our assumption, 6 +2 — p < 0. Using Holder inequality we obtain

2 |Dun‘2 p—1
O‘/Q |Dun|”dx < O‘/Q (1+ [un|)0+2-» dx <cl1+ ‘M"H‘LP(Q)H.]CHHLP(Q)' (6.12)
Applying the estimate (6.3) to (6.12), we get (6.8).

As regards (ii), if % <p<O+2, we getthat 1 < < 2. By the Holder
inequality we get

8 B

Du,|* 2 =2

Duy|P dx < /—| " d /1 )P d )
/sz' unl” dx <9(1+un)9+2‘1’ x) (Q( *lunl)” dx

The right-hand side can be estimated by a constant which depends on the L” norm of
fn- Indeed we can reason as before for the first integral, while the second one can be
estimated using (6.3).

The same arguments give the case (iii).

Finally, if p =1, integrating between O and k both sides of the inequality (5.6),
we get

o /Q DT ()P dx < (1K) K| full 1 -

Applying Lemma 3.2 we get a uniform bound of |Du,| in the Marcikiewicz space
M 7 , which proves (iv).

REMARK 6.2. We emphasize that the range 6 +2 < p < %6 is non—empty if
0>0=%.

REMARK 6.3. We stress that if A > 0 and 6 < 1, it is possible to gain a better
summability with respect to the case A = 0. Indeed, taking into account Remark 6.1,
if p< %76 the gradient estimates obtained in Proposition 6.2, with 0 < 1, are stronger
than the corresponding one obtained in [1], [2], [12].

REMARK 6.4. If 0 +2 < p < %6, the argument used in the proof of the above
theorem allows to prove not only that the HO1 norm of u, is bounded but a more slightly
stronger result, namely that

. Du,|?
DB 2d :/ |—nd <C,
/Q‘ (un)| dx o (L+ |up) 0727 X
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where B(s) = [5(141)"(9=P*2)/2ds (see also [1]). On the other hand, we can apply

N
the Sobolev embedding theorem in order to obtain an uniform bound on the LP=0)7=
norm of u,. Nevertheless, for p < %VG, this is a weaker result than the L” estimate
(6.3).

7. Existence results

THEOREM 7.1. Let us assume that (2.2), (2.3) and (2.4) hold.

(a) Let 0 > 1. If f € LP(Q), with p > 50, then there exists a weak bounded solution
u to problem (2.1).
(b) Let 0< 6 < ﬁ. If f € LP(Q), with p > 0+ 2, then there exists a weak solution
u to problem (2.1).

(c) If f € LY(Q), then there exists an entropy solution u to problem (2.1).

Proof. We first study the case f € L”(Q), and we consider the approximating
problems

(7.1

—div(a(x, T, (up),Duy)) + Auy, = f in Q,
u, =0 on 0Q.

As well known (see, for example, [24]), there exists a weak solution u, € H(}(Q) of
problem (7.1). By inequality (6.3) with f,, = f, we get the uniform estimate

1
lallz=(@) < 51/ l=(@)-

Hence, for n sufficiently large, we have that u,, is also a weak solution to problem (2.1).
Letnow f bein LP(Q), p > 1. Using the above argument there exists u, € Hj} (Q)
which solves the approximate problem

—div(a(x,un,Duy)) + Au, = f, in Q,
{ u, =0 on 0Q, (7.2)
with £, = T,(f).
Using (5.6), we get
@ [ 1DTu(un) P < (140K (1.3)

which is an uniform estimate with respect to n of the L?> norms of |DTj(u,)|. Reason-
ing as in [6], we can conclude that there exists a measurable function u such that, up to
a subsequence,

U, —u ae.inQ,

and by (7.3)
Ti(un) — Ti(u) — in H} (Q).
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Moreover, being
DT (u)|? DT, 2
/ ‘ k(l/l)|9 dx< llmlnf | k(un)|9 d.x7
o (1+ul) n—te Jo (14 [un|)
it follows that
(x/g\DTk(u)|2dx< 1+ 0% fll1 - (7.4)

On the other hand, for any measurable set E C Q, by the Hardy and Littlewood
inequality and (6.2) it follows that

|24
/|un\dx:/ \un|dx+/ \u,,|dx<k|E|+/ 7*(0)do.
E EO{Jun| <k} E{Jun| >k} 0

Now by the Hardy and Littlewood inequality and (6.2) we get that,

1 lalzh RS 1
[l >01< 7 [ wierdo < [ fi(0)do < Ll e,

which vanishes uniformly with respect to n when k — oo. Thus for any given € > 0,
there exists k. such that

ke
/ F(o)do <e, VneN,
0

and so
/ | dx < e | E| + €.
E

This means
/ |un|dx < &, forall € >0 when |E| — 0,
E

which implies the equintegrability of u,. By the Vitali theorem, we can conclude that
u € L'(Q) and

U, —u  in LY(Q).
We observe that by the estimate (6.11), |Duy| is uniformly bounded in the Marcikiewicz

space M = Moreover, using Lemma 3.1, the inequality (7.4) allows to give a sense
to the gradient of u. Being u € L'(Q), Lemma 3.2 and inequality (7.4) assure that

2
|Du| € M#+2 .
This allows us to claim that, up to a subsequence,

Du, — Du a.e.in Q.

Such convergence result can be found, for example, in [1].
Now we consider the cases (a) and (b). Choosing ¢ € H(} (Q) as a test function in
problem (7.2), we have

/a(x,un,Dun)-D(pdx—i-/l/ un(pdxz/fn(pdx. (7.5)
Q Q Q
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In order to pass to the limit in (7.5), we observe that [|uy||, 1(Q) are uniformly bounded
since the estimates (6.7) or (6.8) hold, so also |a(x,u,,Duy,)| is bounded in L?(Q) by
hypothesis (2.3). Hence

a(x,up, Duy) — a(x,u,Du) in (L*(Q))V,

because Du, converges a.e. to Du in Q. On the other hand, u, strongly converges
to u in L?. So we can pass to the limit in (7.5), obtaining that u is a weak solution
to problem (2.1). The boundedness of the solution in case (a) follows from estimate
(6.6).

Now let us consider the case (c).

Fixed k>0 and ¢ € H} (Q)NL™(Q), we want to pass to the limit in the following
expression

/a(xaunaDun)'DTk(un_(p)dx‘F)L/unTk(un_(p)dx:/fnTk(un_(p)dx- (7.6)
Q Q Q

Since u, and f, strongly converge to u and f in L' respectively, and T;(u, — @)
*— weakly converges to Ty (u — @), we get

lim [ u,T}(uy, —(p)de/ uTi(u— @)dx,
Q

n——+oo

Q
lim /anTk(un—(p)dxz/Qka(u—(p)dx.

n— oo

As the first term of the left-hand side of (7.6) is concerned, we can split it into the sum
/ a(x,un, Duy) -Du,,dx—/ a(x,un,Duy) - DO dx. (7.7)
{un—o|<k} {un—o|<k}
As regards the second term of (7.7), it can be rewritten as

/ a(x,up, Duy) ~D(pdx:/ a(x, Ty (un), DTy (uy)) - D@ dx,
{‘Mn_¢‘<k} {‘Mn_(Plgk}

where M = k+ ||@|| 1. We observe that |a(x, Ty (u,), DTy (u,))| is bounded in L?(Q)
by (2.3). Hence, being Ty (u,) — Ty (u) in H}(Q), and Du, — Du a.e. in Q, we get

a(x, Ty (), DTas (1)) — a(x, Tyr(u),DTas () weakly in (L2(Q))V.

Therefore
lim a(x,up,Duy) - Do dx =
e S |un— o<k}
= a(x, Ty (u), DTy (u)) ~D(pdx:/ a(x,u,Du) - D@dx.
{lu—o|<k} {lu—o[<k}

As regard the first term of (7.7), being a(x,u,,Duy) - Du, > 0 and a(x,u,,Du,) —
a(x,u,Du) a.e., by Fatou’s Lemma we get

/ a(x,u,Du) - Dudx < liminf a(x,un, Duy) - Duy dx.
{‘”7¢‘<k} n—rtee {‘”n*(Plgk}
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Putting all the terms together, we obtain that

/Qa(x7u7Du) DT (u— q))dx—f—)L/QuTk(u —@)dx < /Qka(u — @)dx,
which means that u is an entropy solution to problem (2.1).

REMARK 7.1. We emphasize that in order to prove the existence of a weak solu-
tion of (2.1) when 0 <0 <1 and p > we can easily adapt the proofs

contained, for example, in [1] or [12].

2N
N(1-0)+2(0+1)°

REMARK 7.2. In Theorem 7.1 we showed that, under the hypotheses (a) or (b),
there exists a weak solution to problem (2.1). Otherwise,requiring instead of (2.3) the
following stronger assumption:

la(x,s,&)| < h(x) + =&l (7.8)

(1+\I)

with i € Lz(Q), 8 >0 and 6 > 1, we can prove the existence of a solution u which
verifies the identity (2.5) even if we assume a weaker summability on the datum f.
Nevertheless, such solution could not be in the energy space H(} (Q).

Indeed, taking @ = B(|u,|) sign(u,) as test function in the approximating problems
(7.2) we get, by hypothesis (2.2), that

L ID@) Pax+ A [ Bl < [ 148D,

and being A >0,
[ 1D dx < Bl e, (1.9)

where B = sup,. B(s), which is finite since 0 > 1.
If f belongs to LP(Q), with p > max{ 1\%:]2’ 9421 | then the hypothesis (7.8) and

the estimate (7.9) assure that there exists u € W1 B(Q), =2p/(6 +2), such that
a(x,un, Duy) — a(x,u,Du) in (L*(Q))N Therefore we immediately obtain that u sat-
isfies the identity (2.5).

8. Regularity results

In this section we are interested in regularity results for solutions u to problem
(2.1).

First of all, we observe that the results stated in Remark 6.1 and in the propositions
6.1 and 6.2 hold also for the solutions to problem (2.1). Hence we know how the
summability of u and its gradient vary by varying the summability of the datum in
Lebesgue spaces.

Now we want to study what happens when we choose the datum f in some par-
ticular Lorentz space.



NON-UNIFORMLY ELLIPTIC EQUATIONS 99

We emphasize that, when 0 > 1, reasoning as in the proof of Proposition 6.1, if
the datum f belongs to Lebesgue space L7, with g > %6, the solutions of (2.1) are
bounded. The following result assures that the solutions are bounded also when the

datum f belongs to the Lorentz space L300

THEOREM 8.1. Under the assumptions (2.2), (2.3) and (2.4), with 6 > 1, de-
noting by u a weak solution to problem (2.1), the following results hold:

(i) if £ L399 then u e L™(Q);
(ii) if f GL%eﬂ, with 0 < q < +eo, then u € L'(Q), for any r < +oo.

Proof. We observe that the estimate (5.3) holds also for a solution u of problem
(2.1). Hence we obtain

_(w)'(s) 1 2N )0~ 1/
1+M*()<aN2 2/N (14u*( (o

Integrating between s and |Q|, we get

* 1 |Q| * — k% dT
log(14°(0) < [N @ S s

where f**(s) =5~ [§ f*(0)do
As regards the assertion (i), applying the Holder inequality, recalling Definition
3.2 and choosing s =0, we have

log(1+u*(0)) < c(/ogslzv(f**(s))eé)é</og sV (14 u*(s ))9@)1(;

S S
=c|lf] NeeHl"“”He ! <C,

Noo
where the constant C continuously depends on the L399 norm of f by the estimate
(6.4). Hence we get (i).
In order to prove (ii), applying the Holder inequality to (8.1) and being g > 0, we
obtain

tog(1 +4°(s)) <C<A|Q|T2Z(f**(f))qd—r); (Agrﬁe,/(wu (7)) ’(91>d_7>1_‘1’

T T
0] dt\ 7T [ 1ol ar\ '
T\ ¢ T q
*(r))4 2 2
<c||ngeﬁq(A o3 (1 4+ (7)) T) (/ T)
Therefore, using (6.4), we get

I8
=R

N

@)
log(1+u*(s)) <C| log ,
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u(s) <exp {C (10g @) = } .

By easy computations the above estimate implies that u belongs to L"(Q), for any
r < Hoo, N

We emphasize that in the limit case f € L29*, in general, the summability of the
solution u is not greater than the summability of f, as shown by the following example.

which means that

EXAMPLE 8.1. Let Q = Bj(0) = {x ¢ RV: x| <1}, 06 =2 and A = 1. We
consider the following problem,

T Du _ ﬂ_ .
{ d1v<(1+w)2>+u H 1 in Q, 8.2)

u=0 on dQ,

where the datum f(x) = & — 1 is such that f € LN\ L¥(Q). It is not difficult to show

N

that, being N > 3, the function

M(X):M_l

belongs to H{ (Q) and it is a weak solution to problem (8.2), but u & LV (Q).

However, this problem can be avoided by assuming a smallness assumption on the
norm of the datum.

THEOREM 8.2. Let us assume (2.2), (2.3) and (2.4), with 6 > 1, f € L350,
and let u a weak solution to problem (2.1). If p > 0 is such that

0—1
0 22N (A1
10y, <oa?™(3) 1, )

then u € LP(Q).

Proof. Reasoning as in the proof of Theorem 8.1, from (8.1) we obtain that

-1 T ol \m
log(1+u*(s)) < 272” [/ Tz/Nf**(r)d—T+/ r2/Nu*(r)9—1f**(r)ﬁ]
OCNz(UN K T K T
2971

2 el 5 1 dt
A 11, 0 171,y [ 77000 5.

= 2/N
aNQaM/ T

Using the estimate (6.4) we have that

Al oo [ I g
log(1+u*(s)) < ——=7— | |Q|F + —%——log— |,
aNzwf/N A0 §
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that means

0
. |Q‘ Y 2 6-1 ”fH NGM
<c(=), herey= (=) —LZ =
u*(s) C( g where y 1 e 2/N

This gives the thesis.

We want to stress that even if the datum f is less regular, it is possible to give a
smallness assumption on f in order to assure the existence of bounded solutions.

THEOREM 8.3. Let us assume (2.2), (2.3) and (2.4), with 0 > 1, and let u be

a weak solution to problem (2.1). If f € L%ﬁ'ﬂ, with 1 < B < 0 and the following
smallness condition holds,

N o1 T vl
500 (51908 47500005, ) < gretg G

then u € L=(Q).

Proof. We rewrite the estimate (5.3) as follows:

_ (@)’ (s) 1 52N B 1
(1+M*(S))9_B+1 g aNz 2/N (1+u /f

Integrating between s and |Q|, using the Holder inequality and (6.2), we get

1-(1 —i—u*(s))ﬁ’9

B(u*(s)) =

0-p
1 ©f , ar\'"P
w B
< o ([ F @)1
2B-1 5B 1-1/B
< N .
< ol o (3l +a-n,,)
This means that if
2B-1 L 1=1/p 8 1
- N __
aN%fv/anLW( O +2 01, ) <supBl) = gig. 69

then u € L”(Q).

REMARK 8.1. We stress that, if f = 1, the smallness hypothesis (8.5) coincides
with the condition given in [1]. On the other hand, if § = 6, no smallness assumption
is required to have bounded solution, as proven in Theorem 8.1.
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REMARK 8.2. We explicitly observe that, for 1 <8 <6,

<
”fH%ﬁ.ﬂ =X CHf”%e,w

So it may happen that, if f € L%97°°, inequalities (8.3) and (8.4) hold simultaneously.
In such a case Theorem 8.3 gives a stronger regularity result.
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