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ON DEGENERATE NON-UNIFORMLY ELLIPTIC PROBLEMS
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(Communicated by M. Kirane)

Abstract. We are interested in the degenerate problem: b(v) —divA(v,Vg(v)) = f in Q with the
boundary condition v = a, where a: dQ — R is measurable such that g(a) = 0. We suppose
that the vector field A satisfies the Leray-Lions conditions, that b, g are continuous, nondecreas-
ing with rglllm‘b +g|(r) < oo, that g hat a flat region [A],A;| and is strictly increasing on

R\ [A1,A2] for some A; < 0 < A,. Using monotonicity methods, we prove the existence and
uniqueness of a renormalized entropy solution (with possibly infinite values).

1. Introduction

In this paper, we study a class of partially degenerate elliptic problems of the type:

b(v)— divA(v,Vg(v)) =f in Q,
Pyg(f>a) (1.1)
v=a onl:= 89,

where Q is a bounded open subset of R with regular boundary if N > 1, f € L'(Q),
a:T — R is measurable with g(a) =0 ae. on I', b,g : R — R are nondecreasing,
continuous such that 5(0) = g(0) = 0 and linIZI |b+ g|(r) < +eo. The vector field

A:R xRN — R is continuous and satisfies the following conditions:

o the growth condition: there exists p > 1 such that
A(nE) AR 0)| < C(Ir)[E[P7! forall (&) € Rx RY, (1.2)

r— |A(r,0)| is bounded, (1.3)
where C : R™ — R™ is non-decreasing such that
Fee P
|t rage) <= (14
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e the coerciveness condition:
(A(LE)—A(r,0))-E > AIE|P forallreR, & eRY (1.5)
for some A > 0.

The function g is locally Lipschitz and has a flat region on which it keeps a constant
value i.e. there exists A < Az € R such that g is constant in [A},A;] and strictly
increasing in R\ [A},A;]. For simplicity, we assume A; < 0 < A, and that g =0 on
[A1,A;]. Conditions (1.2) and (1.5) are rather classical in the theory of elliptic problems
and assure the boundedness and the coerciveness of the operator v — — div A(v, Vv).
Remark that in our framework, the problem P, ,(f,a) is not uniformly elliptic and the
classical theory of Leray-Lions is not available even in the variational setting. A model
example is the problem b(v) — dive (v) +Ag(v) = f where ¢ : R — R is a continuous
vector field and b, g : R — R are nondecreasing, continuous such that 5(0) = g(0) =0.
In the case where b and g verify the range condition R(b+ g) = R, existence and
uniqueness results of a renormalized entropy solution with a.e. finite values are already
proved in [3] for the corresponding evolution problem. Here, we also cover the case
where the operator v — — div A(v,Vg(v)) strongly degenerates when |v| — oo. This
means that the solutions (at least those obtained by approximation methods) may reach
the values +oco or —oo.

Let us consider the simple case where b = 0,¢ = 0 and g is increasing with
rl_i&loo g(r) < oo: For f € L*(Q), we try to solve the problem

—Aglv)=f inQ, g(v)=0 onT, (1.6)

or equivalently to find v such that g(v) € WO1 2(Q) and g(v) is equal to the unique
solution of —Au= finQ, u =0 on I'. As u is in general not in the range of g, it
is clear that even in the variational setting, the problem has not usually a weak solution
with a.e. finite values.

On the other hand, as g is only assumed to be nondecreasing (which means that the
diffusion term can partially degenerate), it is well known that the problem is ill-posed in
the variational setting. Indeed, the weak solution in the usual distributional sense is not
suitable in order to assure uniqueness results (see [13], [18] and [19]). Furthermore, the
condition on the boundary can not be assumed pointwise but has to be understood as an
entropy condition on the boundary (see [4], [13], [22], and the bibliography therein).
Remark that by our assumptions on g, it follows that |a| < d := max(—Aj,A;) a.e. on
I and that A(a) € L*(T), where A : R x dQ — R is defined by

A(s) :=sup{|A(r,0) - ) (x)|, r € [-s,sT]}.

Here, we denote by 7)(x) the unit outer normal to dQ in x.
In order to prove the “partial” uniqueness result, we assume that A verifies the
additional condition

(A(r8) —A(s,n)) - (E—n) = (B(g(r)) = B(g(s))) (1 + [E[P +[n]P), (1.7)
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forall nseR, &,n e RM, for some function B : R — R which is locally Lipschitz
continuous on R.
Hypothesis (1.7) implies in particular that

(A(rE)—A(rn))-(E—n) >0 forall r € R.

An other difficulty is related to the nonregularity of our data f which is only
supposed to be in L' (Q). To overcome this problem, we use the notion of renormalized
entropy solution introduced in [8] which only involves the truncations of the solution
in the entropy inequalities.

More results on non uniformly coercive problems can be found in among other
manuscripts [10], [11] and the bibliography therein. The reader interested in degenerate
diffusion problems is referred to [5], [13], [20], [23].

The outline of the paper is as follows: In the following section, after a short intro-
duction of our notations, we give our concept of renormalized entropy solution with a
few comments and we present the main results. Section 3 is devoted to the proof of the
partial uniqueness result. Finally, in Section 4, we establish the existence result.

2. Notations, definitions and main results

In this section, we give our definition of renormalized entropy solution with a few
comments, then we present our main results. Let us first set some notations. We denote
by .#(Q) the set of Radon measures on Q and by M(I") the set of measurable on
[ with values in R. For any measurable function v: Q — R := RU {+o0} U {—oo},
for any s € R, we denote by X{v<sy (T€SP, X{y>s}» X{v=s)) the characteristic function
of the set {x € Q;v(x) < s} (resp, {x € Q;v(x) > s}, {x € Q;v(x) = s} ). For any
k > 0, the functions T, h; and Hy are defined on R by T;(r) = max(—k,min(k,r)),
hi(r) = 1 — |Tis1 () — Ti(r)| and Hy(r) := min(Z-, 1). The operators sign® and Hy
are defined by: sign*(r) =0 if r <0, =[0,1] if =0 and =1 if » >0 and

1 ifs>0,
HO(S):{O if s <0.

Moreover, for r,k € R, we set rVk =max(r,k), r Ak =min(r,k), rV—+eo = oo rA
-|—oo:r:r\/—oo’r/\—oo: —o0,
By T!,71? and T?, we denote the truncation functions defined successively by

TUr) =rAAL, TY2(r)=A1VrAAy and T?(r) =rVA;
and for k,l € R, for a.e. x € I', we define

ot (x,k,0) ;= max |(A(r,0) —A(s,0)) -1 (x)],

k<r,s<IVk

o~ (x,k,0):= max |(A(r,0)—A(s,0)) - 1(x)]-

INk<r,s<k
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Finally, we denote
E:={reR(g)/(g "o is discontinuous at r}. (2.1)

Throughout the paper we suppose that conditions (1.2)-(1.7) are satisfied.

DEFINITION 2.1. Let f € L'(Q) and a € M(T') with g(a) =0 a. e. on T. A
measurable function v : Q — R is said to be a renormalized entropy solution of the
problem P, ,(f,a) if

8(Twv) = Tywg(v) € Wy "(Q), vk >0, (22)
A(v, Dg(v)x{pj<e} € (L7 (Q))Y (2.3)
and there exist two families (1;); and (v;); of bounded measures on Q such that:

v € (W Q)+ LY Q)+ L' (D) n.#(Q), (2.4)
Wy <)) =0, vi({r=1}) =0, 2.5)
lim /Q Edpy(v) =0 forall £ € 2+ (RY) with supp(VE) C {v < 4o},  (2.6)

[—so0

lim /Q Edv(v) =0 forall & € 7 (RY) with supp(VE) € {v> —wo}, (2.7

[ —o0

and the following inequalities are satisfied: for all [ > k € R, for all £ € W“’(Q) N
L7(Q) such that £ > 0 and sign™ (g(anl)—g(k))é =0 ae.on T,

— [ b AD L0 E = [ Hunio AW AL Ve AD) = Ak, 0) - VE
+ [ xonense > = [0 kanng+ [ edme) @)

and forall [ <k € R, forall & € WHP(Q)NL™(Q) such that & > 0 and sign* (g(k) —
glavi))é=0ae. onT,

LoDz @&+ [ 2y A0V L0V 1) = Ak 0))-VE
_/Ql{kwvl}f& P —/wa(x,k,a\/l)ﬁ—k/gédw(v). (2.9)

Here, we set —co Al = —oo, +o0V [ = 400, +o0o Al = —oo V[ =] and we extend the
truncation function 7 to RU{+ee} U{—co} by setting T} (4oc) =k and T (—oe) = —k.

REMARK 2.2. 1. Asin [9], we denote by ,|<e}A(v,Dg(v)) (in (2.3)), the mea-
surable field on Q satisfying

X{|v|<k}%{\v\<w}A(va Dg(v)) = A(V, Vg(TkV)) for all £k > 0.

It makes sense thanks to condition (2.2) on v.
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2. A simple computation shows that if v is a renormalized solution of P, ,(f,a) then
—v is a renormalized entropy solution of

b(v)— divA(»,Vg(v)) = —f inQ
PI;,g(_f7 _a)

vV=—a onl:=0Q,
with §(r) = —g(—r), b(r) = —b(—r) and A(r,&) = —A(—r,—&).

3. Condition (2.3) is not satisfied if we not assume (1.4). Indeed, in the case where
b=0, g(r) =r and A(r,&) = &, it is well known that the entropy solution of the
problem —Au= f, f € L'(Q) is not usually in W'»(Q) (see [9]).

4. As g is increasing on R\ [A],A3], it follows from the definition that for all k£ > 0
and L > d := max(|A1],|Az]|), the function Tj, ;v —Tpv € WOI"p(Q).

5. Taking & = ¢ € 27 (Q) with V¢ =0 a.e. on v = +oo as test function in (2.8),
letting [ — +-oo, taking into account (2.6), we find

| ey [o0)0+ (A0 D() = A(K,0))- Vo - fo]

< — b(4oo . (2.10
/{v:+m}f<p (o) /{v:+m}"’ (2.10)

Similarly, taking & = ¢ € 21(Q) with Vg =0 a.e. on v = —co as test function in
(2.9), letting I — —oo, taking into account (2.7), we find

~ | 2oy [B)0+ (A0 D) ~A(k,0))- Vo - fo]
<— [ ferb-=) [ e @)
{y=—co} {y=—co}
6. In particular, it follows from (2.10) that

| Zicseey [B0I0 -+ (A0 Dg()) Ak 0)) - Vo - fo]

</ fo-b+=) [ g0 [ o 212)
{v=-—eo}U{v=k} {v=-+oo} {v=k}

Similarly, it follows from (2.11) that
— | Hgre ey [B0)0+ (A0 D) = A(K,0))- Vo - fo]

< —/ f(p+b(—oo)/ (p—b(k)/ 0. (2.13)
fr=—) U=t} fE— (=43

In the framework of example (1.6), with the same hypothesis described in the introduc-
tion, letting k — —oo in (2.12) and k — +-oo in (2.13), combining the two inequalities,
we find

| 21y (6010 + (A Dg(v)) = Ak,0)) - Vo ~ fo]
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- _ — b(4oo 4+ b(—oo . (214
- /Vz_w}ffp (42) /{V:M‘P (=) /{Vz_w}w (2.14)

which is the definition of renormalized solution proposed in [10].

7. Now, under the same assumption as in (6), taking & = @(1 —h,(v")) with ¢ €
27(Q) and Vo =0 a.e. on v = oo as test function in (2.12), letting p — +oo, we
find the energie estimate

| te-ba=) [ o
{v=-+ec} {v=teo}

= lim A(Ty v, Vg(Tyi1v)) -V(Tpiv)p. (2.15
o Jipvepil) (Tp+1v,Vg(Tp41v)) - V(Tps1v).  (2.15)

Similarly, taking & = @(1 —hp(—v™)) with Vo =0 a.e. on v = —oo as test function
in (2.13), letting p — oo, we find

- /{ L Jorh=) /{ e

= lim A(Ty1v,Vg(Tyi1v)) - V(Tpr1v)p. (2.16
pto J{p1<vep) (Tp+1v,Vg(Tp41v)) - V(Tps1v) .  (2.16)

Here, we denote r* =rV0 and r~ = (—r) V0.

8. We have considered in this paper the case where g+ b is bounded on R but we can
also deal with functions b, g such that lirf (b+g)(r)=+ecand lim (b+g)(r) # —o
or liIJIrl (b+g)(r) # +ec and lim (b+g)(r) = —ce. In the first case, (as shown in [2])
v < 4oo ae. on Q and (2.6) holds true for every test function & € 27 (RY) without

any extra condition on supp(& ). Similarly, in the second case, v > —oo a.e. on Q and
(2.7) holds true for every test function & € 27 (RV).

9. We can also consider the case where the function g has a finite number of flat regions
not necessarily arround 0.

The main results are the following.

THEOREM 2.3. Forall f € LY(Q) and a € M(T') with g(a) =0 a.e. on T, there
exists v: Q — R such that v is a renormalized entropy solution of P, 4(f,a).

We also prove the following comparison result.

THEOREM 2.4. Let (ay,f1) € C(T) x LY(Q), (a,f2) € M(T) x LY(Q) with ap
satisfying g(a1) =g(az) =0 a.e. on T'. Let v be a renormalized entropy solution of the
problem Py, 4(ay, f1), v2 be a renormalized entropy solution of the problem Py, ¢(az, f2).
Then, for any | <0, there exists k € L™ (Q) with k € sign™ (Tijvy — Tv2) a.e. in Q such
that, for any & € 9 (RY),

[ e@v) ~b(Tiva)) g
Q
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+ | (AT, V(i) = ATz, V(1) - VEx 1)
< [ xtfi- g =2 [ Edutv) +v(m) + [0 (T Tas.  @17)

As a consequence, we deduce the following ”partial uniqueness” result.

THEOREM 2.5. Let f € L'(Q) and a:T — R with g(a) =0 a.e. on T'. Let v;,
i =1,2 be two renormalized entropy solutions of Py 4(f,a) with {v| = +oo} = {vy =
+oo} and {v| = —eo} = {vy = —eo}. Then, b(v|) = b(v;) a.e. in Q.

Theorem 2.5 makes sense only in the case where b is not completely degenerate. If b
is strictly increasing, (under the assumptions of Theorem 2.5), it follows that vi = v,
a.e. on Q. In the case where b = 0, we need some extra conditions on the field A in
order to deduce a partial uniqueness result in g(v).

3. Proofs of the comparison and uniqueness results

The following Lemma plays a crucial role in the proof of the comparison result.

LEMMA 3.1. Let f € L'(Q), a € M(T") with g(a) =0 a.e. on T and v be a
renormalized entropy solution of P, ¢(a, f). Then, for every | > 0, there exists a positive
constant C depending only on || f |[11(q) and | such that for any & > 0,

/ [Ve(Tiv)|P < 8C, (3.1)
QN{0<g(Tv)<8}

| Ve (Tm)|P < 3C. (3.2)
0N{0<—g(T)<6}

Proof. We use & :=Ts(g(Tiv)" € WOI”’(Q) as test function in (2.8). Then, by
the Green-Gauss formula and the growth condition (1.2), we obtain (3.1). The second
estimation (3.2) can be proved in a similar way.

LEMMA 3.2. Let (a,f) € M(T) x L'(Q) with g(a) =0 a.e. on T and v be a
renormalized entropy solution of P, 4(a, f) . Then

/Q Yooy {—bADE + FE = (A(vALVg(vAL)) — A(k,0)) - VE}

2 lim Q(A(V,Vg(vAl)) —A(VALO))-Vg(vADH5(g(vAL) —g(k))&

+ [ dmv) (3.3)

for any (k,E) € Rx 2(RY), & >0 such that g(k) ¢ E and (g(aNl)—g(k))TE =0
ae onl.
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Moreover,

| owicar {0V DE = & + (A VLVs(0V D) - A(k,0)) - VE}

hm ( (vVI,Vg(vVv1)—A(vV1,0))-Vg(vVI)Hs(g(vVi) —g(k))&
+/ Edv(v) (3.4)

for any (k,E) € Rx 2(RY), & >0 such that g(k) ¢ E and (g(k) —g(aV1)TE =0
ae onl.

Proof. We choose Hg(g(vAl)—g(k))TE& as test function in (2.8). By the diver-
gence theorem, proceeding as in the proof of Lemma 1 in [13], letting 6 — 0, we get
inequality (3.3). Inequality (3.4) can be proved in a similar way.

PROOF OF THEOREM 2.4. The main idea of our proof'is to compare locally v; and
v2 on a sufficiently small ball %(x,r) such that Z(x,r) N\T" # 0 and maxpnz(y,) @
minpng () a < €. As usual we use Kruzhkov’s technique of doubling variables (cf.
[18], [19]): We choose two variables x and y and consider v; as a function of y € Q
and v, as a function of x € Q. For arbitrary o > 0, let (B{*)i—o..m, be a covering
of Q satisfying B§ NdQ = 0, and such that, for each i > 1, B is a ball of diameter
< o, contained in some larger ball B* with B¥ N dQ is part of the graph of a Lips-
chitz function. Let (¢*)i=0...m, denote a partition of unity subordinate to the covering
(BY)i. Now, let i € {1,...,mq} be fixed in the following. For simplicity, we omit the
dependence on o and i and simply set ¢ = ¢*, B=BY. As in [13], we choose a
sequence of mollifiers (0,), in RY such that x — p,(x —y) € 21(Q), for all y € B,
0, (x) = [ Pn(x—y)dy is an increasing sequence for all x € B, and o, (x) =1 for all
x € B with d(x,R¥\Q) > ¢/n for some ¢ = c(i,) depending on B = B¥. Define the
test function

Ga(x,y) = E(x)@ (x)pn(x —¥)
with & € 2+ (RY) with supp(&) C {|v2| < e}. Note that, for n sufficiently large,

yi= Gu(x,y) € 2(RY) forany x € Q,
x— Gi(x,y) € 2(Q) foranyye Q.

Moreover, the function

0= [ Glen)dy=EWot) [ pula-y)d

—é() ¢ (x)0n(x) (3.5)

satisfies fn €2(Q),0< fn <&, vn.

Let Q; :={y€ Q/vi(y) €E} and Q; := {x € Q/v2(x) € E}. Then, V,g(T}v;) =
0 a.e.in Q) and V,g(Tjvy) =0 a. e. in Q, forall [ > 0. Moreover, Hy(Tjv; — Tjv2) =
Ho(g(Tiv1) —g(Tiv2)) aein (Q\ Q) x QUQ x (Q\ Q).
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First inequality. From now on, we denote by A : R x RV — RV the vector field
defined by:

A(r,E) =A(r,E) — A(r,0). (3.6)
Let k¥ := max a; and [ > 0 such that k¥ € (—1,1). We first prove the following
{B(x,r)N}
inequality:

[ godtu+v-) < [ b(mm Vi)~ b(Tma Vi) 9
_/QX{Tlvlvk?>7}vz\/k§1}<A(Tlvl\/kzq7Vg(TlV1\/kzq))
— A(Tiva VK Vg(Ta VA) ) - Val€0)
+/Q KTy >k} (1 = X121 /2)69 + lim < Mja 1 (v2),£90, >, (3.7)
where kj € L”(Q), k1 € sign™ (Tjvy — v, VA¥) and My is a distribution which will
be defined later (see (3.18)).
As vy is a renormalized entropy solution of P, ¢(ay, f1), choosing k = vy A1V kf*

and £(y) = {,(x,y) in (2.8) and (3.3), integrating (2.8) in x over €, and (3.3) over
Q\ Q,, combining the two inequalities, we find

lim Alvy AL Vyg(vi AL)) - Vyg(vy /\Z)Hé(g(vl AN —g(va NIV EE)) G,
0=0/ 10\, @10y}
+/ Cudpy(ve)
QxQ
= lim A(vy AL Vyg(vi AL)) - Vyg(vy /\Z)Hé(g(vl AN —g(va AIVEI)) G,
=0J0(a\0,)
+/ Cudpy(ve)
QxQ
< - X{vl/\l>vzka‘}b("l NG +/ X{lel>vz/\lvk,€X}f1 G
QxQ Q

_/QXQX{VI/\Z>VQ\//€[-O‘}(A(VI NIV K, 0) = A ALV, 0)) - VyE,
—/QXQX{vmmkg>m1vk?}5(v1NkaX:Vyg(Vl NIVE)) V& (3.8)

Now, as :x+— §,(x,y)Hs (g(vi ANIVEY) —g(va NIV EY)) € WOI”’(Q) fora.e. y € Q, we
have

A QA(vl/\hvyg(vl/\l\/kf‘))-V,((H(g(g(vl/\l)—g(vz\/kf?‘))cn)=O. (3.9)

Therefore, going to the limit on &, we get

lim Ay NIV EE Vyg(vi NIV EE)) - Vig(va ALV EE)
6-0/10\0 11 j2\0,)
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H (g (v ALVES) = (v ALV D)),

= QXQX{g(vl/\l\/kfx)>g(v2/\l\/klf1)}1&(vl/\l\/ktqc:Vyg(Vl NIV EY)) - Vily

= QXQX{lezvk;X>vazvkg}A(V1 ALV gV ALV E)) - Vil (3.10)

This allows to write inequality (3.8) as follows:
/Q o —AWI ALV, Vyg(vi NIV ) - Vit G Atvicts v nivie )
X

— [ {AMAIVE),0) = A(n ALV E),0)) -V,
QxQ

= b NIV E) G+ 18} X niviesvy niviery
> lim AW AIVE®V A2 & AV EY
550 {Q\QI}X{Q\Qz}{ (Vl i yg("l )) yg(Vl )
— AW ALV EE Vg ALV EE)) - Vig(va ALV EE)
Hy(g(n V) = ga AIVANG + [ Cudpu(on)
X

with Vi (4) := Vi (-) + V().

Now, as v, is an entropy solution of Pb.,g(az, f2), choosing —! instead of /, k =
()AL VE® and &(x) = §,(x,y) in (2.9) and (3.4), integrating (2.8) in y over © and
(3.4)in y over Q\ Q;, summing up, we find

lim AoV (=1),Veg(n V(1)) - Veg(va V (—1))Hg (g(vi ALV K])

6-0Jo\0))x0

— gV (=D))) &+ / Ludv_i(v2)

= lim AoV (=1),Vg(n2 V(1)) - Veg(v2 V (—1))Hg (g(vi ALV K]Y)

=0/ (a\0))x(@\2))
— gV (=D)) G+ / Gudv_i(v2)dy
</ngb(v2v(_l))X{vl/\lvkl@‘>v2\/(—l)}Cn_/QXQX{vl/\l\/kf‘>v2\/(—l)}f2gn
- X aviesvpv(-0y (At ALV K, 0)

QAxQ
—A(nV (=1), Vg2V (=1)))) - Vile. (31D

Arguing as in (3), we get

/ A(vaV (=1),V.g(v2V (=1))) - Vig(va V (=1))Hg (g(vi ALV E)
{@\Q px{Q\Q,}

—e(nV(-1))&
—/ A(Tyvy V KE Vg (Tiva VK®)) - Vig(Tiva VAV HY (g(vi ALV KY)

{Q\Q x{e\ey}
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—g(Y}VQ\/qu))Cn

+ A(Tva Nk Vg (Tiva NKY)) - Vg (Tva ANk ) Hg (g(vi ALV K]Y)
{Q\Q px{Q\Q, }

—g(Tva Nk ))G  (3.12)

and that the second term in the right hand side of (3.12) converges to 0 with § — 0.
Moreover, the right hand side of (3.11) is equal to

/ b(Tlvz\/k?)X{vl/\l\/kf‘ﬂ}Vsz?‘}C”
QxQ

~ oo Koy AIVKE o\ (—DVAE X{ Ty 2k} S2.n

+/Q Q%{VIAka?>nvzvkg}A(Y}V2Vk,q,ng(Tsz V")) Vil
X

- QXQX{vl/\l\/kf‘>T,v2\/kf‘}(A(Vl ALV E),0) —A(Tjva V£{),0)) - V&,

| e b0V (D) G [ gy

- QXQ%{kngv(fZ)}(A(k?x,O)—A(VzV(—l),ng(Vz\/(—l))))'Van- (3.13)

Since y — G, (x,y)Hs(g(vi AIVEF) —g(va NIV EY))) € WOI”’(Q) forae. x € Q, we
have

A(Tva VK Vg (Tiva V K)) - Vy(Hs (g (v ALV ) — g(Tiv2 V )) Gn) = 0.

QxQ
(3.14)
Therefore,
— lim A(Tyva VEE Vg (Tiva VES))) - Vyg(vi ALV EY)
0=0S1an@ @10y}
Hi (g ALVEY) —g(Tva V)
= X (g Avie) >g(Tvpvie A (Tva V K Vg (Tiva V&) Vy G (3.15)

QxQ

Consequently, inequality (3.11) can be equivalently written as follows:
/ (b2 NIV ES) = 2) Xuy nivie s Ty vie ) Gn
QxQ
- /QXQX{vl/\lvk;x—T,VZka‘}A(Evz VY Vig(Tva VEY)) - Vi, G
+ QXQ(A(Vl ALV, 0) = A(Tva VE,0)) - VieGn X vy Ava® — Ty vie)

[ ) = b2V (D)) 6 g )
QxQ

= J o Kk (AR 0) = A2V (=1), Vag (2 V (=1)))) - Vala
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> lim A(Tva VEk* Vog(Tva V) - (Vg (Tiva VAE) — Vyg(vi ALV EY))
0=0 1010, {@\0,)

Hy(s(v1 NIV =g VKNGt [ Gud(vai(v). (3u16)
X
Summing up inequalities (3.11) and (3.16), we get

tim [ (A(Tivy VAZ, V(T VES) — AT VRE, Vig(Tiva VAD))
0-0/(a\0))x(@\0,)
(Vyg(Tvi V) = Vg (Tva V ki) Hy (8(Tivi V k) — g(Tiva V k1)) G
[ G+ vai(v2)

QxQ

<[ (T v —b(Tva V)G,
QxQ
+/ X (o AR va@) X Ak} (1= X(ryzke1./2) Gn
QxQ
—/ (A1 ALV, Vyg (i ALV ES)) — A(va ALV K Vg (va ALV KE)))-
QxQ
(Vaery G X o nivae -y nivaey + < My —1(v2), Gn >, (3.17)

where, for k e R, & € 2(Q),

Denote the integrals on the right hand side of (3.17) by I,...,1s successively. Using
similar estimations as in [4] and [5], going to the limit with n — oo, one get

n—o0

lim I, = —/Q(b(T,vlvkia)—b(T,vzvk?))+§(x)¢(x),

1imSUP12S/QKll{lebkg}(fl—%{vz>kg}f2)5(x)¢(x)

n—oo

for some
Kk € L”(Q) with k1 € sign® (v Al — v, V) ae. in Q, (3.19)
limiuplg = _/QX{VI/\I\/kf‘—vz/\l\/kf‘}(A(Vl ALV ATV EY))
Nn—r oo
—A(v2, Vg(n ALVEY))) - V(D).
By a simple computation, we prove that

< o (), & >=< Mo (v2),& > — < M 1(v2), >
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/X{v2< n(fa+b(=1)& -~ /b )X vav (-1}

where, for k € R and & € 2(Q),

< M), & > Z/Qb(vz)ix{bvz} — X{isv} 28
- /Q i) (A,0) — A(v2, Vig(12)) - ViE. (3.20)

Taking into account (2.11), for every k € R and for all & € 2(Q) with supp (&) C
{|v] < e}, < M(v2),E >> 0 and by (3.20), it follows that

< Mg 1(12),E ><< Mg (2),& > = [ e 28— [ e nbWE,

for all & € 2(Q). Since (&), = (£6,0), C Z(RQ) is an increasing sequence satis-
fying 0 < £0,¢ < E¢, the sequence (< ///ka (v2),E0,¢ >), is a bounded increasing
sequence such that V(£0,¢) =0 on {|v;| = —|—o<>} and thus converges as n — 0. This
in turn implies that (< .#e _;(v2),£0,¢ >), converges with n — -oo.

In order to estimate the term in the left hand side of (3.17), we use our asumptions
on the diffusion function g: As A(r,0) = 0, for small § > 0, we have:

/ (A(Tivr vk, Vyg(Tivy VES)) — AT VK, Vig(Tiva V AZ)))
(Q\Q)x (Q\Q2)

[V, (Tvr V) — Vg (Trvn V) H (2(Tvr VKE) — g(Tvs VEE)) G,
= / AT VI Vg (T2 (Tvi V) — A (T VI Vg (T (Tva VAE))))
: [vyng(rm VD))

- ng(Tz(Tl‘Q N kfx))] Cn%{T,vlVk,.a,T,VZVk;Xe(A2,+oo),o<g(T,v1Vk?)—g(nvzvk;x)ga}

1 ~ ~
5 L AT VR V(T2 (T V) = ATiva VA Vg (T (T VRE)

- [Vyg (T (Tivi VAT))
1 o
= Vxg(T (T2 V ki ))] Cnx{Tlvl\/k’p‘E(Az.+°°).Tlv2\/k’p‘e(—m‘Al)‘0<g(Tlv1\/kf‘)—g(?‘lvz\/kia)gﬁ}

I:yl—Fyz.

We first estimate .%5 and split this term into

1 5
S = — A(T*(Tvy VEY), Vyg (T (Tivy VEE)))
0 Jaxo

V3 @(T(Tv1 V k) Ko< g (T Vi) —g (Tiva k) <8} X {Tvp k(oo )} S

1 ~
-5 AT (T VK), Vyg (T (T V)
QxQ

-Vg(T (Tva V) KoM vk —g (Tivavie) <5} Sn
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5/ HTva V), Vg (T (Tivy V KE))

V(T (Tiva V k) Ko< g(Tiv, vk®) g (Tiva Vi) <8} X Ty VAE (g +)} G

1
o Qx
-Vyg(T?(Tyvy V) X{0<g (T vi%)—g(Tvavi®)<8) Gn

=S+ S+ S+

(A(TH(Tiva V k), Vig(T (Tva VEE)))

By the weak coerciveness condition (1.5),

1 ~
S < 5 GA(T*(Tivy V), Vyg(T*(Tvr V)
QxQ
VT (&(T?(Tivi VA))* Gudtgo (—g(Tvavic)<s)

<L GA(T?v1,Vyg(T?v1))

b 19 QxQ
VT ((T?v1)) " Guo<(—g(m)<5)
<6C(|l f1 HL'(Q)?d)/QX{O<(—g(v2)<5}7

where in the last inequality we use the estimations (3.1) and (3.2). Hence (%im Yzl =0
—0

and 5’2’ , 1 =2,3,4 can be estimated in the same way. Dealing with .#], we use the
additional hypothesis (1.7) on the vector field A, to get
1

A2 =5 [ KT RS Tiva VA€ (g o) 0<g Ty VA ) —g(Tiva i) <8}

x —(B(g(T*(Tivi V k")) = B(g(T* (T2 VKY))))
X (14 |Vyg (T2 (Tivi V)P + [Vag (T2 (Tiva VK P)

L AT va)),0) — AT (Tiv VD)), 0))

S Jaxa
) Vyg(Tz(Tl"l \ kf'x))X{T,vlVk,.a,T,vzvk;xe(Az,+oo),o<g(T,v1Vk?)—g(nvzvk;x)ga} G

1
-3 (A(T*(Tyvy VE(),0)) — A(T?(Tiv2 VE)),0)))
QxQ
V(T (Trva VA )) ATy VA Ty Vi € (A -4o0) 0< Ty VI )—g(Tiva VAP ) <8} on

:yll +¢5ﬂ12+¢5ﬂ13.
Applying the divergence theorem, we get

Y(Tpv1:Tpva)

P - [ (] (Ag(g(TX(Tiv2 VAE)) + 81,0)

2
0
A (g(TX (T2 VKE)),0))dr) V, 8, (321)
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Y(Tpv1.Tpva)

A5/ (/0 (Ae(g(T2(v1 V £)),0)
—Ag(8(T* (v VAR)) ~8r,0))dr) Vilu, (322)

where
Ag(nE) =A(g7'(r), &), 1€ (A, +eo),

Y(Tivi, Tivy) := inf ((T*(Tpvy VA)) — g(T*(Tiv2 V)T /8, 1).
Due to the continuity of Ag(r,§) in r € (A2, +o0), it follows that

lim S = lim SE=0. (3.23)
—0 —0
Finally, as B is locally Lipschitz,

lim 7, > Lim /QX o KT VS Ty Ve (Ao o) 0<g Tivy VAE) ~g(Tiv2vn) <8 on

X (L4 [Vyg(T2(Tivi V)P + Vag (T2 (T2 VAF))|P) = 0
for some constant ¢ depending independing on & . Combining all estimates, we get
+ [ €oatmtn) +v-i2)
<= [ @ V)~ b(Ta Vi) £
— [ TAT Vi Vg (T VD)
—A(Tva VK Vg (Tiva V)] - Vi(EO) Xt vie > Tupviy
+/QK1X{T,v1>k,9‘}(fl — X2k} 2)S O+ lim < Ma (v2),600, > . (3.24)

Second inequality. We are going to prove the following:

[ oatuen)+v-i)) - /a 0 (1,k%, a2)E

QNB
< [~ AR~ BT AR €9
Q
— [ttt sy [ACT AR Vg (T AKE))
—A(Tva N Vg (Tiva AKE))] - Vi(E9)
+/QK2?C{vz\/(fl)<k§"}(X{vl/\lgklf"}fl — )80+ lim < Lo (v1),6¢0, > (3.25)

for some Ky € sign™(vi ALAK® — vy V (—1)), where Lo (v1) is a linear functional
which will be defined later (see (3.26)). Then, summing up (3.7) and (3.25), we find in
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the final step the desired comparison result. To this aim, we choose §, := ' : (x,y) —
0i(y)E (y)pn(y —x) as test function. Then, for n sufficiently large,

yi= Ci(x,y) € 2(Q), forany x € Q,
x— Ci(x,y) € Z2(RN), forany y € Q,
and supp,(G,(y,.)) C B, forany y € supp(¢).
As vi = v (y) satisfies (2.8), choosing k = v, (x) V (=) Ak and & = {,(x,-) in (2.8)

and (3.3), integration (2.8) in x over Q and (3.3) over Q\ Q,, (note that, with the new
test function, this choice is admissible), for a.e. x € Q, we get

lim A(vi A LVyg(viAD))-Vyg(vi A l)Hé (gvi Al)—g(vaV (=) NEKF)) G,
5-0/(a\q))\(@\2y)

+ [ (Gudmn))
QxQ
< _/QXQb(Vl/\l)%{vl/\l>vzv(71)/\klf"}cn
_/ (A(vi ALO) —A(v2 AK,0)) - V)’CHX{VI/\Z>\12/\kia}
QxQ
- / X{vl/\l>v2/\kia}A~(v1 A l7Vyg(v1 A l) : Vnd
QxQ
= _/ b(Vl A l /\qu)x{vl/\l>vz/\qu}gn
QxQ
_/Q Q(A(Vl NINK],0) —A(v2 AK{*,0)) ‘VndX{vl/\lAkf‘>vz/\kf‘}
X
+/ (o NARE vy A} Xy i<k 1 Gn
QxQ
+[- (b AL —=b(k)) " G+ Xpuyniskey 16
QxQ
- QXQX{mbk?‘}{(A(VI AL Vyg(vi D)) —A(K,0)) - Vy G}
=< %{f‘,l(vl)7 & >, (3.26)
where for the last equality we have used the fact that:

(r—sAk)" = Ak—sAnk)T+(r—k)7,
X{r=snkt = X{rnkssnit X{r<k} T X{r>k}, forall r,s,k € R.
As vy = vy(x) is an entropy solution, choosing k = v;(y) Ak¥, & = {, in (2.9)

and (3.4) (this choice is admissible because g(k¥) = 0), integrating (2.9) in y over Q;
and (3.4) over Q\ Q;, we get

~lim [A(v2V (—1),Vg(v V (—1)))
-0/ (g0 \(@\2y)
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— A2V (~1),0)) - Vg(va) Hj (g(v1 ARE) — g(v2V (~1))]
//(D X, V1 /\kl ,a2V Cn—F/ Cnd\/ i Vz))
<= [ AR = bV (D),
QxQ
[ e (A AR = A2V (<1), Vg2V (1) VL

- fZCn}

QxQ

Remark that

//w (xx,vi Nk ap V (— //(D (x,ki* ;a2 V (—1)) &,

Moreover, obviously, (rAk—s)" = (rAk—sAk)" for all r,s,k € R. Therefore,
integrating the preceding inequalities in x resp. y over €, summing up, using the same
arguments as above, passing to the limit with n — e successively, for some &, € L*(Q)
with k3 € sign™ (vi Ak* — v,V (1)), we obtain

~ [0 wkar v (~0)En+ [ Eordlun) +v-i(2))
r Q
<= [ 6T AR = (T ) E

—/Q%{Tlvmk;zﬂ,mkiﬂf}(A(Tlvl/\qu,Vg(TlVl/\qu))
— A(Tva Ak Vg(Tiva AK))) - Vi(E 1)

+/QKz)c{r,vz<k;1}(%{r,vl<kg}f1 —f2)E¢i+ lim < Lo ) (v1),6000; > (3.27)

Using the same arguments as before, we can prove that (< Ze;(v1),(£06,¢i) >) con-

verges with n — eo. Note also that (rVk—sVk)t + (rAk—sAk)t = (r—s)T, forall
r,s,k € R. Moreover, if we define

K 1= K1 (v >k} T K2 Xy <k} X{v <k}

then
K = K1 X vk} X{v >k} + Ko X vy <k € sign™ (vi —v2).

Therefore, summation of (3.24) and (3.27) yields
~ [0k ar v (~1)E6+2 [ Edidu(r) +v-i())
r Q
<= [@@me) ~b(Tv) g0+ [ k(- p)E0
Q Q

- /Q%{T,vlﬂm}(A(Tm,Vg(Tm)) —A(Tiv2,Vg(Tiv2))) - Va(E 1)
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+}}g{}o < Lo (v1),E 0100 > +r}g{}o < My (v2),E9i0, > (3.28)
forany £ € 2(RN), E>0,forall i€ {1,...,mq}.
REMARK 3.3. For & € 2([0,T) x Q), the method of doubling variables allows
to prove the following local comparison result:

there exists k € L™(Q) with k € sign™ (Tjv; — Tj»,) a.e. in Q such that, for any
€e2(Q).¢=0,

2 [ Eordulvn) +v-i(2))
Q
<= [ emv) —b(T)) ¢+ [ k(- £)E
—/Q)C{T,VI>T,VZ}(A(7}V1,Vg(Tm))—A(Tlvz,Vg(Tlvz))'Vg (3.29)

The proof in this case is easier than the global comparison result. Indeed, as & =0 on
", we can choose k = vy(x) (resp k = v;(x)) in (2.8) (resp in 2.9) and we have only to
add the obtained inequalities, then to go to the limit on n in order to get (3.29).

As E=E(1—o0,)+ &0, and Eo, € 2(Q) for n sufficiently large, applying the

local comparison principle (3.29) with § = £o,, the global estimate (3.28) with & (1 —
0,), we obtain

_/Q(b(TlVl) b(Tyv2)) &g — X{T,v1>T1v2}(A(Evlan(TlVl))
—A(Tiv2,Vg(Tin2))) - Vi (Edi)
+ [t — g2 [ Eodlutn) +vi(v)
> = [ (b(Tv) - b(Tw) (E(1- o))

Q
—/Q%{T,v1>T,vz}(A(TIVth(TlVI))—A(Tlean(Tl"z)))'Vx(§(1—0)¢i)
+/9K(f1—f2)§(1—0)¢i

—/wa(x»k?»@\/(—l))'f‘i)i(l —0)+ lim < Za,(v1),(Si(1 — 0)0,) >
+ lim < My 1(v2),(Edi(1 — 0)0,) >
—Aw’(x7k?,a2v(—l))§¢i+lim < Lo (1), (E0i(0n — 0,0) >
+r}i_l}30<'//kf‘,— (v2),(E¢i(0n — 0,0) > .
Note that ¢;0,,0 = ¢;0 for n sufficiently large. Therefore,

lim lim <. % (v1), (Edi(0,—0o0y)) >

M—00 B—00
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= lim lim < .#« (v2),(§9i(0, — 00,)) >=0,

M—»00 p—r00

and thus, passing to the limit with m — oo in the preceding inequality yields
— [ B(T0) = b(T2))* £ = g,y (AT, Ve (Tiv)
—A(Tiv2,Vg(Tiv2))) - Ve (1)
+/Q’<(f1—f2)§¢i
- [0 ek a v (~0)E0+2 [ E0dGuln) +v-i(m)
forall i=1,...,my. Summing up over i =0,...,my, we find
= [ 6T = b(T2))* E = 2 (AT, Ve(Tiv))
—A(Tiv2,Vg(Tiv2))) - V(&)

+/ K(fl_fZ)g_Zégd(ﬂl("l)"‘v#(vﬁ)

>3 [0 ok v (D)o
/ (o Tiar+ 5 Tia)E0

i=1

By continuity of @, letting € — 0 and after summation over i, we get (2.17) forall £ €
7 (BY) with supp(&) C {[vi] < oo} = {|v2] < oo}. As Tyvy = Tjva =1 on {v; = +o}
= {vp = +oo} and Tjv; = Tjvp; = —1 on {v; = —eo} = {vp = —oo}, it follows that

[ @) b)) E < [ k(i £

Q Q

- /Q Xt o1y (AT, Ve (Tiv1) — A(Tva, Ve (Tivn)) - Vol
+/Fa)_(x,a17a2\/(—l))§

forall E€RY. O

4. Existence of a renormalized entropy solution

The proof of existence consists in two steps: in the first step, we consider the
problem
ba(v)— divA(v,Vg(v)) = f inQ,
Pha,g (fa a)
g(v) =g(a) onT,
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with f € L*(Q), a € L*(T") g(a) =0 and with by(r) = b(r)+ ar, a > 0. Existence
and uniqueness results for this problem are already proved in the non stationary case
(see [3]) by means of weak entropy solutions. The same results remain true for the
stationary problem. The definition of the weak entropy solution in this case is given in
Proposition 4.1 below.

In the second step, proceeding by approximation, we pass to the limit with o — 0
and solve the problem P, ;(f,a) in the L' -setting.

4.1. First step

PROPOSITION 4.1. Let f € L”(Q) and a € L*(I') such that g(a) =0 a.e on
I". Then, there exists a unique v € L”(Q) entropy solution of Py, o(f,a) i.e. g(v) €
WOl P(Q) and v satisfies the following entropy inequalities:

Forall k € R, for all & € P(RN) such that & > 0 and sign™ (—g(k))E =0 a.e.
onT,

_/Fer(x’k’a)é+‘/Qb06(v)%{v>k}5
< [ o [FE= (A0V8(0) ~AK,0))-VE] - @)

and for all k € R, for all & € P(RN) such that & > 0 and sign™ (g(k))é =0 a.e. on
F)

- /F o~ (x,ka)é — /Q ba (V)=
<— /Q Koy [FE— (A(n,Vg(v)) —A(K,0)) - VE]. (4.2)

Moreover, the following comparison principle holds true.

THEOREM 4.2. For i=1,2, let f; € L*(Q) and a; € L*(T") such that g(a;) =0
i=12ae onT. Let vi € L”(Q) be a weak entropy solution of Py, .(a;, f;). Then
there exist kK € L™ (Q) with k € sign™ (vi —v2) a.e. in Q such that, forany & € 2(RN),
£>0,

000 =002) &+ [ 20100y (A1, (01)) = A2, (12))) - VE
Q Q

g/QK(fl—fg)é+/Fw’(x,a1,a2)§. 4.3)

For the proof of the above results, we refer to Theorem 2.3 and Remark 2.2 (ii) in [3].
Remark that the range condition R(by + g) = R is satisfied here because by : R — R
is bijective.



DEGENERATE NON-UNIFORMLY ELLIPTIC PROBLEMS 209

4.2. Second step

The comparison principle is the main tool in this second step. Let f € L'(Q)
and a € M(I') with g(a) =0 a.e. on I'. For m,n € IN, let f;,,, = f AmV (—n), and
define by, : r+— b(r)+ %r* — %r’. Denote by v,,, the unique weak entropy solution
of Py, ,.¢(fmn,a) (Which exists by the result of the first step ). Then,

— [0 @k @E < [ o0 A, Vo))~ AK0))-VE
- fm,ng + bm,n(Vm,n)}é 4.4)

forany & € Z(RV), £ >0, for all k € R such that sign ™ (g(a) — g(k))€ =0 on I" and
_/Fw_(x7k7a)é < /QX{k>vm~,,}{(A(Vm,n»Vg(Vm,n))_A(kvo))'vé

- fm,ng + bm,n("mm)g} 4.5)

for any & € 2(RN), & >0, for all k € R such that sign*(g(k) — ( NE=0onT.
Recall that v, , is a weak solution of b(v) — div A(v,Vg(v)) = f i.

/b Vm,n 5+/A meVg an /f (4.6)
for all £ € 2(Q). By Theorem 4.2, there exists K, m, € L*(Q) and Ky, », € L”(Q)

with Ky my € Si0 (Viny 0 — Vingn) s Ky iy € S1€07 (Vin, — Vi, ) such that, for all & €
7 (RY), & >0,

L <i<v;ln>—mi< Vi)V E 3 (Vi Vi) E

my
B 0) b))
_/ )C{vml ,,>vm2n}(A(thn:Vg(Vmun)) _A(Vm27nan(sz7n))) V¢
1
+/ m17m2 - ml, 5“1‘/ Kml,mz fml, fmz n)é (4-7)
and
1 _ 1 _ 1
/Q(l’l2 mnln vmn2)+§+ ( ;nl _vr:,nz)-i_é
+ [ 60mn) = blrman) &

< Ko A1 V80 ) ~ Ay V) - VE

. 1 I, _ -
_/QKnl 2( - _I)Vm,nl "’/QK"h"z(fm,m _fm,nz)§~ (4.8)

ny n
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This yields that vy, n < Vimy,n for my <mp and vip, < Vi, for ny 2ny.ie. (Vip)m
is increasing in m and (v, ), is decreasing in n.

In the case where R(b+g) = R, we can proceed as in [2] to prove the conver-
gence (up to a subsequence) of (v,,,) a.e. to a function v : Q — R with the following
properties:

i) v is finite a.e. in Q,
i) b(v) € LY(Q),
iii) Tig(v) € W, P (RQ), forall k>0,
iv) v satisfies the entropy inequalities (2.8) and (2.9).

We are interested here in the case where

lim (b+g)(r) < +oo and lim (b+g)(r) > —co.

r——+oo

Suppose first that liT (b+g)(r) < 4. We choose
F—s o0

(8(vimn) — Ty1)8(vman)) T € Wy P(Q)

with L > d and k > 0 as test function in (4.6) to find

A(inn, V€(Vmpn)) - V&(imn) < C
A‘g(vm‘)z)>g(ll)} ( ( )) ( )

with C > 0 independant of m and n and k. By (1.5), it follows that
A Wg("m,n)|p <C
{8(mn)>g(L)}

for some positive constant C. This implies that

(8(vmn) = Ty(1)8(Vmn)) " is bounded in W' (Q) (4.9)

and passing to a subsequence if necessary, we can suppose that
(8(vmn) — Ty(1)8(vmn)) " converges weakly in W'?(Q) to V e W'P(Q),  (4.10)

(8(vmn) — Ty(1)8(Vmn)) " converges strongly in L”(Q) and a.e. toV, (4.11)
with V >0 a.e. on Q. As g is increasing in R\ [—A},A5], it follows that

(Vmn V L) converges a.e. to v- (4.12)

where vE : Q — R is nonnegative, measurable with g(v£) =V +g(L) a.e. in {V <
+oo}. Now, as vy, is increasing in m and decreasing in n, by classical arguments, we
can extract a diagonal subsequence (v, ,(,,)) such that

+

() AL is convergent a.e. to some measurable function vy : Q — R*. (4.13)

\4
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For simplicity, we will omit the second index and simply denote v, ;) = v and
Jmn(m) = fm. Combining (4.12) and (4.13), we deduce that v is convergent a.e. to
some v with vt VL =vE and v AL =vy.
Using similar arguments as above, we can prove the a.e. convergence of v,, to
some measurable function v~ : Q — RU{+eo}. Defining v=v* —v~, we deduce that
(vm)m converges (again up to a subsequence) a.e. in Q to v. (4.14)
Moreover, from (4.7) und (4.8), it follows that
b(vin) X{v|<eo} — D(V) X pj <o} in L' (Q). (4.15)
It remains only to prove the inequalities (2.8) and (2.9).
To this end, let us first verify that v, satisfies (2.8) and (2.9) for all m € N. For

all k€ R, forall [ >k, forany &€ 2(RVY), £ >0 with (g(anl)—g(k))TE =0 on
I', we have

Ll{vn7Al>k}{_brn(VrnAl)é+fm5

—(A(vm/\l,Vg(vm/\l))—A(k,O))-V&}—i—/raf’(x,k,a/\l)&

= [ X A= onlom) = f)
~ (Al V() ~A(0)) -} + [[0* (rka)E
[ T (bl = (1)
+(A(vm7Vg(vm))—A(l,O))-Vﬁ}—/raﬁ(x,ha)’g'
+/Fw+(x7k7a/\l)—/Fa)+(x7k7a)’é+/Fa)+(x,a,l)if

> [/QX{vm>l}{(bm(vm) —bu(1))E + (A(vin,Vg(vm)) —A(1,0)) - VE}
—/w+(x7l,a)§]

I
=< ty(vm), & > (4.16)
We split the right hand side of inequality (4.16) into
< um),& > = [ [ oo Bulvm) = )&+ (A0, V(0m) ~ A(,0))-VE}
~ [0 @] + [ tpnnfné = [ 2oenEoa)E

IZ/Qidﬁer/QX{vm»}fmé—/QX{vm>z}bm(l)5-
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Thus, p (V) is the sum of the negative measure fi; and the operator & — [ X{y,, >} fm& —
Jo Xpyu>1ybm(1)E . In particular, w;(vy,) =0 for I >|| vy || =(q) +d. Moreover, for any
EcRY),0<EL,

&) < [ zonsi+ [ toonElonle
and
&)™ < [ tpnnfie+ [0tttz

This in turn applies that

| &awn) < [ o0 (ful +bu)é+ [0 (0.

Thus, (t;(vim))m is uniformly bounded with respect to m. Therefore, we can ex-
tract a subsequence still denoted by (u;(vy))m which is convergent with respect to
the weak —x topology on C(Q) to some Radon measure w;(v). We are going to prove
that for & € Z(RV) with VE =0 on {v = +e},

zlim <w(v),&>=0. (4.17)

Indeed, for I > d, " (x,l,a) =0 ae. on " and as lim b(r) < +oo and b(v) € L}(Q),

r—oo

lim lim [ (by(vim) —bw(1))TE < lim lim [ (b(vy)—b(1))TE =0.

[—+oom—oo Q [—+4oom—oo Q

Moreover, for all m € N,

lim /QX{vm>l}(A(vavxg(Vm)) _A(l70))'VX§

m— oo

= lim /Qx{vm>l}A~(vmvvxg(vm)) Vi€

m—r—+oo

+ lim /Qx{vm>l}(A(vm,0)—A(z,O)).vxé

m— oo

=N+
In order to estimate .77, we use hypothesis (1.4). For m € N, let

P

v Vd
wai= [ (€)1 dg(n).
d
Using wy, as test function in (4.6), applying the divergence theorem, we get
[ A, V1(0m)) - o)
P

- /Q XonodyA s Vg (vm)) - Vi (8(vm)) (Clum)) 7T
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= [ (=B + fuwm
Q
+oo D
<[ (€oNFTgr 1 £ @) +suplb()]). (@18)
re
Hence, by (1.5), it follows that
[ o )] a0 P(C0m) P
~+oo
<[ (€ONFgN I F @) +suplb(r))
re
and by (1.2), we deduce that
~ / 1 1
A, Ve P x5, <C with —+—=1, 4.19
G Ve 2y <€ with ot 419

and with C > 0 depending only on the following:

T i
[ € g, 1 £ gy and 2.

Therefore, for every [ > d,
(A(vm, VE(Vm)) X{v,=1} )m converges weakly in L”,(Q) to some X; (4.20)

and by (4.10)-(4.14) and the classical pseudo-monotonicity argument, it follows that

X; =A(v,V8(v))Xy>1}y a-€. on Xf|\|<4e}- By assumption (1.4) and (4.20), we now
deduce that

Jim i [ 7oA Vag()-V.E = tim [ A0 Ve(0)-VE =0

(because VE =0 a.e. in {v = +oo}). Now, by assumption (1.3),

lim  lim o X0 (A(m,0) —A(1,0)) - V&

[— o0 m——+o0

= lim 1lim [o X{v<oo} X{vp>1} (A(vim; 0) —A(1,0)) - Vi€

l~>+oomﬂ+°°
= IEI_POO fQ X{v<oo} X{v>1} (A(V7 0) —A(l,O)) ’ Vxé =0.

Thus,

Jim [ gy (A0 Vig(v)) = A(1,0))- V. = 0

for all £ € 2(RY) with VE =0 ae. on {v = +o}. Therefore, we can pass to the
limit with m — o in inequality (4.16) to obtain (2.8). Working on the second entropy
inequality, we construct a family of bounded measures (v;(v,)); on Q such that

<Vi(vm),§ > 1= —/Q%{z>vm}{(b(vm)—b(l))§+(A(Vm’Vg(vm)) —A(1,0))-VE}
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- /wa(x,l,a)é,

and

/Q Xty (bm(vm VIE — fnl + (A(vm V1, V(v V1)) — A(1,0)) - VE}
>~ < vy(vm), € > —/Far(x,k,avmg

forall £ € 27 (R) and k € R such that (g(k) —g(aV1))T& =0 on I'. Moreover, we
can extract a subsequence still denoted by (v;(vy;))m Which is convergent with respect
to the weak —* topology on C(Q) to some measure V;(v) such that for all £ € 2(Q)
with supp (V&) C {v > —eo},

lim /Qﬁdvl(v) =0.

[—+oo

This yields to (2.9). U

REMARK 4.3. In a forthcoming paper, we study the evolution problem
b(v), — diva(v,Vg(v)) = f, v=a on the boundary,

with the same assumptions on the vector field A and the functions b, g.
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