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SOLUTIONS FOR SINGULAR ELLIPTIC SYSTEMS
INVOLVING HARDY-SOBOLEV CRITICAL NONLINEARITY

LING DING AND SHI-WU XIAO

(Communicated by D. Kang)

Abstract. In this paper, we deal with a class of singular elliptic system with Hardy-Sobolev
critical nonlinearity. The existence and multiplicity of solutions for this system are obtained by
the variational methods and some analysis techniques.

1. Introduction and main results

Elliptic systems have extensive practical backgrounds. They can be used to de-
scribe the multiplicative chemical reaction catalyzed by the catalyst grains under con-
stant or variate temperature, a correspondence of the stable station of dynamical system
determined by the reaction-diffusion system. In recent years, much attention has been
payed to the existence of nontrivial solutions for nonvariational systems, potential sys-
tems and hamiltonian systems, see, for instance, [1, 7, 9, 10, 12] and their references. In
particular, some elliptic systems with critical exponents have been studied in [7, 9, 12]
and the references therein.

In this paper, we consider the following elliptic systems,

u| 2y B
—Au—,u# = 2—O‘M—I—QL%F()C,M,V)JCE Q\ {0},

a+p \x\;
o -2
—Av— gty = M A F (v ), x€ @\ {0}, (1)
u=v=0, x€0Q,

where Q is an open bounded domain in RV (N > 3) with smooth boundary dQ and

0€Q, 0<u<TE((N=2)/22% A>0, o, B> 1 satisfy -+ =2%(s) = 2(N —
5)/(N—2)(0 < s < 2), which is the critical Hardy-Sobolev exponent and 2* = 2*(0) =
2N/(N —2) is the Sobolev critical exponent. F is a real function satisfying some
assumptions.

We shall work with the space (H})? := H}(Q) x H}(Q) endowed with the norm

1

2
e g = (el g+ I 2a0))
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w2 1/2
HMHH&(Q) = </§~2 (Vu2_ ‘ 2)dx> )

which is equivalent to the usual norm of H{}(Q). Denote

||(M7V)H2H1 2
Ay (Q) = inf —. ()
(uy)e (HO)Z\{O} <f Ju|*v[P Vlﬁ x) o+B

TR

where the norm

Modifying the proof of Theorem 5 in [2], we can easily deduce that

B —a
~ o\ o+B o\ otB
AM,S(Q) = (E) + (E) A/J7S(Q)v (3)
where
[l 2,
Aus(@) = inf B
ueHg ()\{0} < fo b0 dx) ¥
R

From Lemma 2.2 in [8], we know that A, ((€2) is attained when Q = RN by the func-
tions
Ve
{ZE(N—S)(E—M)} =
N-2
2—s

N
_ C-9y/Eh\ ==
|x|ﬁm<s+|x| v )

ye(x) =

forall € >0 and A, 4(Q) is independent of €, so we denote A, s instead of A, ().
The statement (3) implies that the constant A, () is achieved and independent of Q
when o+ = 2*(s), so we denote Au,s instead of AM(Q).

In recent years, the existence of solutions of the problem (1) with u =0 and s =0
has been payed much attention. Alves, Filho and Souto in [2] proved the existence of
least energy solutions for any A € (0,A;) and generalized the corresponding results [3]
with u =s5=0, %F(x,u,v) =u and %F()@mv) =v. Subsequently, in this case, Han
in [5, 6] studied the existence of multiple positive solutions for the problem (1). The
existence of a positive solution for the problem (1) is studied by Liu and Han in [9]
with s =0, %F(x,u,v) = u and %F(x,u,v) =vforA e (0,4)and u e (0,L—1).

However, as far as we know, there are few results on the problem (1) with Hardy
terms, critical Hardy-Sobolev exponents and general form F . Due to the lack of com-
pactness of embedding of H} (Q) — L? (Q), H}(Q) — L*(Q, |x|~%dx) and H}(Q) —
L¥)(Q, |x|~*dx), we can not use the standard variational argument directly. The cor-
responding energy functional fails to satisfy the classical Palais-Smale ((PS) in short)
condition in Hé(Q). However, we use argument of Brezis and Nirenberg [3] to verify
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that the associated functional satisfies the Palais-Smale condition on a given interval
of the real line. Then the existence result is obtained via constructing a minimax level
within this range and the Mountain Pass Lemma due to Rabinowitz [11].

Here are the main results of this paper.

THEOREM 1. Suppose that N > <u<u, 0<s<2andF satisfies:

(F1) FeC'(QxR* xR*,R) and F(x,0,0) = OFlls) _ OF(xaf) _ g,
(F2) there exist 1 < p; < po (here po € (2,2%]), i=1,2, Ry >0 and T > 0 such
that

0J d
Za_F(vaat)+ta_F(x7Z7t)<T(2p1+tp2)’ ifZ-'—t}R()
u v

forall (z,t) € RT x R and for almost every x € Q;
(F3) there exist 6; € (2*—1@, )i =1,2) such that

d d —
0< F(x,z,t) < GleF(x,z,t) + tagF(x,z,t), (z,t) ERT xR1\ (0,0), x € Q;
(F4) let by := inf|(z7t)‘=1F(x,Z,l‘) >0, (Z,I) ERT x R+\(0,0), xeQ.

Assume that

1>

n

; > max N N=2y 4)
max{6;, 0.} SRR \/’ 0

Then there exists A* > 0 such that the problem (1) possesses one positive solution for
every A € (0,A%).

COROLLARY 1. Suppose that N >4, O < u<u—1and 0<s <2. Assume

that (F1)-(F4) hold. Then the problem (1) has at least a positive solution for every
A€ (0,A%).

THEOREM 2. Supposethat N >3, 0< u <, 0<s <2 and F satisfies:

(F1') FeCY(QxR*R) and F(x,0,0) = 2E5:00) — FGu0) _ g,
(F2') there exist 1 < p; < py (here py € (2,2*]), i=1,2, Ry >0 and T >0 such

that

0
7=—F(x,z,t) + 1=

Ju v

forall (z,t) € R? and for almost every x € Q;
(F3') there exist 6; € (2*#(5)7 1)(i=1,2) such that

Fx,z,0)| ST (2P +[]72), if [z + [t > R

0 _
(x,2,1) + Ot =—F (x,2,1), (z,1) € R*\ (0,0), x € Q;

0
0< F(x,z,t) < 01z=—F
< F(x,z,t) 12 e

du

(F4') let bo :=inf|(,) 1 F(x,2,1) >0, (z,1) € R*\ (0,0), x € Q.

Assume that (4) holds. Then the problem (1) possesses two distinct nontrivial solutions
Sforevery A € (0,A%).
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COROLLARY 2. Supposethat N>4, 0 < u<u—1and 0<s<2. Assume that
(F1')-(F4') hold. Then the problem (1) has at least two distinct nontrivial solutions
forevery A € (0,A7).

REMARK 1. Theorems 1, 2 are supplements to Theorem 1.3 in [9]. The case
of s # O(the critical Hardy-Sobolev exponents) and general nonlinearity perturbation
which is suplinear at zero is not considered in [9], where the authors only studied the
case of s = 0(the Sobolev exponent) and the perturbation of the linear at zero.

In the sequel, we shall give the proof of theorems. |Q| and C;(i = 1,2,3,...) will

denote the measure of Q and various positive constants, respectively.

2. Proofs of theorems

Itis obvious that the values of F(x,z,t) for z or t <0 are irrelevant in our theorems
and we may define

F(x,z,t) =0 forxeQ, z<0ort<0.
Let ™ = max{+u,0}. The energy functional corresponding to the problem (1) is de-
fined on (H})? by
1 2
J((u,v)) = E/ (Vu2+Vv|2—,uu|2 u:v:2>d —)L/ F(x,u™,v)dx

(ut)*(v+)B
a+B/ |x|‘ . ©)

According to the Hardy, Hardy-Sobolev inequalities, J € C! ((HO1 )2,R). Now it is well
known that there exists a one to one correspondence between the nonegative solutions
of the problem (1) and the critical points of J on (H&)z. More precisely we say that
(u,v) € (H})? is a weak solution of the problem (1), if for any (@1, ) € (H})?, there
holds

up+v
u«mmxwwm:ljwﬁw+vww‘“ﬁﬁﬁﬂ

_)LiF(x7u+7v+)(p1 —/liF(x7u+,v+)(p2]dx

du v
200 (u*)o‘*l(vﬂﬁ / +)B71

_ dx— dx=0. (6
atBlo o MH a+B \ws P2 ©

LEMMA 2.1. Suppose that N >3, 0< u<m, 0<s<2and A >0. Assume
that (F1)-(F3) and (4) hold. Then J satisfies (PS). condition with

gﬂ(@)”?

s
N 2
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Proof. Suppose that {(u;,v;)} C (H})? satisfies
J((uj,v;)) — c<¢ and J'((uj,v;)) — 0 as j— oo.
Together with (5), (6) and (F3), we get as j — o the following:
1+ o(1) gy + oDy
> J((uj,vj)) = <J/((“ja"j)):(91“,/':92",/»

1 2 1 2
(500 Iy o+ (500 ) Iy o

—|—)L/ (6114 a—F()c u,, ,)—!—92\) (;—I:(x,u;r,v*)—F(x ut +)>dx

%a&+ﬁ%—1%/@ﬁW@ﬁﬁw
Q

o+p x|

1 2 1 2

g (E - 61) ot g + (5 - 62) ille
(1 1 2

> min 5—9175—92 ||(”j7vj)H(H')2

which implies ||(u;,v;)| is bounded in (H})?. Going if necessary to a subsequence,
we can assume that

(uj,vj) — (u,v) weakly in (Hy)?,

uj—u, in LV(Q), 1 <y <2%(s),

vi—v, in LV(Q), 1 <y <2*%(s),

(uj,vj) — (u,v) a.e. in Q

as j —oo. By (F1) and (F2), there exists a positive constant M > 0 such that

T

F@uﬁﬁ7<§(pr+@pM)+M. )

According to the absolutely continuity of integral, for any & > 0, there exists = 55; >
0, when E C Q, mes(E) < §, we have

/E ((u;r)’” + (v}r)p2> dx < ;

Together with (7), we deduce that

T
jQFKLuj7J E]/ D) ()72 d -+ Mimes(E)
<Te ys—Ei8_¢
Sar’ _2 2

Hence { Jo F(x,uf ] Tdx,jEN } is equi-absolutely-continuous. It follows easily from

the Vitali Convergence Theorem, we deduce that

/qu,,ldx—>/F
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By the same method, we have

oF H vt
/ (xu V)+dx_)/8qu )u+dx7
Q

Ju u

/aF(x,uj, j) +dx—>/anu >+dx
o av ’

as j — oo,
Let iij=u;—u, ¥; =v; —v. Then, we have

127 7 a2 = 1172 G2 = 1 W) g2 +0(1)-

Using the similar method of Lemma 2.1 in [6], one gets

@)k (i)*(vh)P (ut)*(vH)P
Ly = — 1).
/Q P dx /Q P dx /Q P dx+o(l)
Since
o(l) = <J/((”jv"/)) (uj,vj))
gl -2 [ S
d 0
_/l/Q (ujaF(x,uj ,vj)—I—v a—F(x,u;r,vf)) dx,
we deduce

17, 7)1z + H(u V)||2

—2/ Eer 2/
\x\s \x\s
0
—/l/g<u+$F(x7u+7v+)+V+EF(x7u+7v+)> dx=o0(1). (8)
Furthermore, we have

lim (J'(uj,v), (u,v))

oo
S 2/ mrt
—/l/( F(x,ut vt 4+vt aiF(xu v+)>dx:0. )
It yields
+yo (,+)B
() = (1 ai ﬁ) / L >x<f L 4o
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Together with (F3), we conclude that
J((u,v)) >0. (10)

Since J((u,v)) — ¢ (j — o), we obtain

Iusovi)) = 5@ 7)1y 2+;H<u,v>||2m s [

\X\S
(ut)®
Ot—|—ﬁ/ |x|‘ dx A/qu v)dx+o(1)
+)B
= J((u,v)) + —||<u,, [ (HB/ Ms’ dx+o(1)
=c+o(l).
Therefore, one gets
1 *(vf)P
I()) + 5155 2 a+ﬁ/ vl (D

From (8) and (9), we have

- @) (nP
||(u,-,v,-)||§Hé)2—2/9de20(1),

then ||(ii;,7;)||> — 0 as j — co. Otherwise, there exists a subsequence (still denoted by
(i1j,v})) such that
(&) (v})P
lim [|(i7;, %)) (|70 =k, i 2/%61:1( 12
jl_{?oH(ujaVJ)H(Hé)Z 1) jl_I}olo o ‘x‘s X ) ( )

where k is a positive constant. By (2), we deduce that

2
- . (@) ()P &P .
”(”jvvj)”%Hé)z ZA,LL,S (/Q % for all JEN,

|x|.\

=

—S

)2, which, together with (11) (12), shows that

then k > A, ()2 Y ,ie., k>2(

1 1 2—s5 (Aus\
= C— — — k<K R — 2
J((u,v))=c 2k—|—2*(s)k\c N—s( 5 ) <0,

which contradicts (10). Therefore, we get
(i1, 9))|I> — 0 as j — ee.

This proves (u;,v;) — (u,v) in (Hj)? as j — oo.
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From the discussion above, J satisfies (PS). condition. [

Let

N*Z

CZ(“—W> and U9 = 2L

Define a cut-off function ¢ € C;(Q) such that ¢(x) =1 for x| <r, @(x) =0 for
|x| = 2r, 0 < @(x) < 1, where By,(0) C Q. Set ug(x) = @(x)Ug(x) and

e\
o) =)/ ([l O ax)

so that [5 |ve|? ®)|x|~*dx = 1. Then we can get the following results by the methods
used in [4]:

N-2 N-2

A/J7S +Cl€ 2-s < HVSH?_I(}(Q) < A/J7S +C2£ 2=s 9 (13)
and

VE, v
G2 < fQ|Ve|qu<C4€2%iq, I<g< ﬁ»

JVE VE
Cye ¥ Ine| < Jo [vel9dx < Cye2=9|Ing|, g=——=N— (14)

) \/[_l+ /_/-‘-7/-‘-7

VEN—=gv/B) fN q\f

Cie C9VE-1 L fg ‘v‘g‘qu < Cue @ \/_Jr\/_ <g<2*

LEMMA 2.2. Suppose that N >3, 0 < u <, 0<s < 2. Assume that (F1)-
(F4) hold. Then there exist (ug,vo) € (H{ )2, (1g,v0) # 0 and A{ >0 such that

N—s

2—s A’” -
J((tug,t < — ,
supd(aun.t)) < 3= (%)

forevery A € (0,A]).
Proof. Let u=+/ave, v= \/Evg, then we have

h(t) :=J((tu,1v)) = J(w&vg,zfvg )

12 2008, g
= S (@B Vel — ﬁazﬁz — & [ Flr/ave,r/Bre)dx
Let
~ . 1‘2 2 2t06+ﬁ a B
()= (ot B)lvelliy o)~ 5@ B2
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Note that tlil}rl h(t) = —oo, h(0) =0, h(t) > 0 for t — 0T, so suph(r) is attained for
—Tee >0

some 7z > 0. Since (F3) and

0=H(te) = tg(a—l—ﬁ)HVSH?ﬂ

_A/ <8Fxt8\/—v,s,l£\/_ve +8F(x7t8\/aa‘;87t£\/3v8) \/EVs:) dx

du Ve

—1_a,b
—2tg+ﬁ 1a2ﬁ2

we have
Il g = 2258 o2
THQ ™ a4 B °
N A /(aF(xtg\/_Vg,tg\/_Vg Jave
tg(oc+B) du
(.x tg\/—V£7tg\/_Vg \/_ )dx> 2a2ﬁ2 a+ﬁ 2
av a+p ¢
Therefore, one has
1
(a+B)vell i o | “F2
fe < @) 20, (15)
200282
By (13) and (14), we get
Hv(gllﬁ,é(g)—mu,_\., /Qvf;ldx—>0and /Qvfg'de—m (16)

as € — 0. From (F1) and (F2), we deduce that

(Xte\/_Ve;fa\/_Vs aF(xate\/aVeytE\/E"e)\/’
du Ve dv Bve
gT(té’“la%vé’lﬂfrla%zvé’z)+C5tg
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for some constant Cs > 0. According to (15)

, (16) and the Holder inequality, we
obtain
Iy = 2282 0
THY(Q ™~ g+ B ¢
A / (8F(x e/ Ove, e/ Be) \/—v
te(a+P) du
(.x tg\/_Vg,tg\/_Vg \/_V8>dx
a B
2002 B2 gip-2 A 0\p1—2 bk
< t T( t2)P 2 Pd
Ol+ﬁ € +(O€+ﬁ) (8) a QVS X
( p2 Zﬁ / Pzd A'CS‘Q|
(a+PB)
a B
20267 o1p2 A
= + T +Cs5|Q|) +o(1
as € — 0. So there exists A = %Aw > 0 such that
1
Ay e
@(L O‘ji) 21, a7
2 2a7ﬁ7
forevery A € (0,4}).
On the first hand, from (13), we get
Z(évifvs) 2:3 N2
HVEHH(}(;z) <AL +Cee™Ts. (18)
Furthermore, from (F3), we get
F(x,u,v) <0 uiF(x u,v)+6 viF(x u,v)
s Uy x Vi1 ou s Uy 2 v s Uy
g max{@l, 92}<VF(X,M,V), (M,V)>
1
= H<VF()C,M,V),(M,V)>. (19)
Consider the function 4 : [1,e0) — R defined by
h(t) = F(x,t L= o)em,
clearly, this function is nonincreasing by (19). Thus for any |(u,v)| > 1, we have
h(1) = h(|(u,v)|). Together with (F4), it yields

F(x,u,v) 2 F(x, (u,v) /[ () ) (0, v)|"

> ' lnlf 1F(x u,v)|(u,v)|" = bol(u,v)|". (20)
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If |(u,v)| < 1, by the continuity of F', one has,
F(x,u,v) = bo|(u,v)|" — C7,

where C7 > max{0,bo —miny(, < F (x,u,v)}. Together with (20), we deduce that
F(x,u,v) = bo|(u,v)|" — C; (21)

forall (u,v) € RT xRT.
On the other hand, the function A(t) attains it’s maximum at ¢ and is increasing
in the interval [0,:2] , together with (14), (17), (18) and (21), we deduce that

h(te) < (1% —)L/QF(x,tg\/avg,tg\/Evg)dx

2
2 a+p—
() @+ B)Ivelly )| 7

5 (e +B)Ivell
205%[3% “H (@)

2 a+p

—/lbo(a+ﬁ)”/2t§/ Wdx—2.C5|Q|
Q

o+
wip2
1 1 OC+ 2(N—s)
<2<5‘a+ﬁ) AL o+ B)llvell i 5 —ACr 1€
2000+B 3 o+B 0
NN
— Abo(oc+ BT Cye VK
2 Lﬁ ;Ob A (Q) 1;]:;
— 5 o\ ot o\ o+ s N2
g— n n - C 2—s
N-s (ﬁ) +<B> 2 T Cse
VEN- Vi)
~Coe NI 2Gr[0), @2)
where
N—s
2 1 o %ﬁ o % =
— 8 o o
Cs = n ) a Cs and Co = Ab n2ric,.
STN-s |2 (ﬁ) +<B> 6 and Co = Abo(o+ B)" Ty Cs

By (4), we obtain that

V-2 VAW -y
2-s 7 (2-s)/E-n
Choosing ¢ small enough, by (3) and (22), we have

supJ({1u,1v)) = hte) < % (A“T(Q)) o0
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Proof of Theorem 1. For any € >0, fix A} € (0,¢). If A € (0,A5), from (2),
(F3), (7) and the continuity of embedding, for any (u,v) € (HJ)?, we have

J((u,v))

1 2 2 . z 2%(s)
> EH(M’V)H(H(;)Z -

o s @) T w5,

—/1/ F(x,u®,vh)dx
Q

2 i -2y 2(s)
~ o g A @) v,

+ + + +
—/l/ (618F(x,u Vv )u+628F(x,u Vv )v I
Q

1 2
> S

Ju ov

> 3100 By = o5 e NI,
—%T Q((“+)p1+(v+)p2)dx—)LM|g2|
> 1) gy = 7o Ans @) N,
AL (It 18y g+ 113 o)~ 2012
> 1) gy = 7o @) F N
- MTTGO (II(M)H{’,‘,&)2 + H(u,v)”féé)z) —AMIQ|
> %H(“H’)H%Hé)z - %W(A%S(Q))*Lz@ H(u,v)”i;;é?z
- %CIO () (e T 1)l {’,301>2) —eM|Q).

As € small enough, there exists f’ > 0 such that J((u,v)) > B’ for all J((u,v)) €
0By = {(u,v) € (H6)2,||(u,v)H(H&)2 = p}, where p > 0 small enough. Let A* =
min{A;,A;}. By Lemma 2.2, for A € (0,A), there exists (ug,vo) € (H})?, (uo,v0) #
0, such that

25 Aus(g)>2f3
supJ((tuog,tvp)) < —_— .
(0. < 3= (44

In addition, by the nonegativity of F', we get
2% () (ug )P

dx
oa+B Jo |x|s

1
J((tug,tvg)) = 512”(”07\’0)”%[16)2 —A/SZF(x,tuo,tvo)dx—

2P ()% (ug)P
oa+B Jo |x[$

1
< §t2||(u07vo)”%[.16)2_ dx,



ELLIPTIC SYSTEMS INVOLVING HARDY-SOBOLEV CRITICAL NONLINEARITY 239

which implies that lil}rl J((tug,tvg)) — —eo. Hence we can choose #p > 0 such that
t——foo

|| (tou0,20v0)|| > p and J((tuo,tvo)) < 0. Applying the Mountain Pass Lemma in [11],
there is a sequence {(uy,v,)} C (H})? satisfying J(uy,v,) — ¢ = B’ and J' (un,vy) — 0,
where
= inf max J(n(¢)),
¢ = Inf max (n())
= {n € ([0,1],(Hg)*)In(0) = (0,0),n(1) = (touo,tov0)}-
Note that

"<e=i <
0<p' <c rllgf”rer}gf]J(n(t)) < g&’fﬂ((ltouo,tlovo))

25 AM(Q))H
< esupJ((fuo,tvo)) < ’ .
p(ru0.) < 3= (44

Now Lemma 2.1 suggests {(us,v,)} C (H)? has a convergent subsequence, still de-
noted by {(un,v,)}. Assume that {(u,,vs)} converges to (u,v) C (H})?. From the
continuity of J we know that (u,v) is a solution of the problem (1). Then

(' ((,v)), (u™,v7)) =0,

where u~ = min{u,0} and v~ = min{v,0}. It yields ||(z—,v™)|| =0 together with
(F1). So (u,v) is a nonnegative solution of the problem (1). Then (u,v) >0 in Q by
the Strong Maximum Principle. [

Proof of Theorem 2. First, let us consider the following truncated problem:

u u|%2y|v|P IF (x,u,
B ity = 2 M 2 2 e 00\ {0,
o, B2
_Av_‘u#:%lul mY V_|_)L9F1(axv.,u.,V), xeQ\ {0}, (23)
u=v=0, X € 0Q,

where Fi(x,z,) = F(x,2,t)|(s)>0- For this problem, it is easy to see that Fy(x,z,t)
satisfies the conditions of Theorem 1. Therefore, by Theorem 1, there exists A* > 0
such that the problem (23) has a positive solution (u1,v;) for each A € (0,A*) and it
is also a positive solution of the problem (1) by the definition of Fj(x,z,¢). Next we
consider the following truncated problem:

Au—p = 20 |u|2ulv|P +)L8F2(x,u,v) xe Q\{O},

x| o+pB \x\; du )
2 o|y)p-2 P (x,u,
—Ay— “# = % Jue] m‘ Ly} z(axv,u,V), xeQ\ {0}, (24)
u=v=0, x€0Q,

where Fy(x,z2,1) = F(x,2,1)|;5)<0- Set G(x,u,v) = —F(x,—u,—v) for (u,v) € R%.
Then the problem (24) is equivalent to the following problem:

a-2 B
—Au— M# — ;Taﬁ Juf \x\-l:M +A Bcgb,tu,v) , xeQ\ {0},

v 28 |u®v|P2y JG(x,u,
—Av— g = gl M AR, e @\ (o), @3

u=v=0, X € 0Q,
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it is easy to see that G(x,z,7) satisfies the conditions of Theorem 1. Hence, there exists
A" > 0 such that the problem (25) has a positive solution (u,v) for each A € (0,A™).
Let (u3,v2) = —(u,v), then (up,v7) is a solution of (24) and it is also a solution of the
problem (1). Set 2 =min{A*,A"*}. Itis obvious that (u1,v;) # (0,0), (u2,v2) # (0,0)
and (uy,v) # (u2,v2). So the equation (1) has at least two distinct nontrivial solutions
for every A € (0,4). Therefore, Theorem 2 holds. [
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