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EXISTENCE AND NON-EXISTENCE OF ENTIRE
POSITIVE SOLUTIONS FOR QUASILINEAR SYSTEMS
WITH SINGULAR AND SUPER-LINEAR TERMS

HONGHUI YIN AND ZUODONG YANG

(Communicated by Z. Zhang)

Abstract. We establish the results concerning existence and non-existence of entire positive so-
lutions for the nonlinear elliptic systems

—Apu = a(x)u" + Ac(x)", xRV,

—Agv=b(x)V +0c(x)u", xRN,

u,v >0, x € RY and u — 0,v — 0 as |x| — oo,

where 1 < p,q <N and 4,0 >0 are nonnegative parameters, a,b,c : RY — [0,c0) are locally
Holder continuous functions not identically zero, and —eo <m < p—1,—c0 <[ < g—1,max{p—
1,g— 1} < n. The main purpose of this paper is to extend the principal theorem of Xu and Yang
in [23] which concerned single equation.

1. Introduction

In this paper we consider some new results concerning the existence and non-
existence of solutions for quasilinear system of the type

—Apu = a(x)u™ + Ac(x)v", x € RN,
—Agv = b))V + Oc(x)u", xRN, (L.1)
u,v>0, xRN andu — 0,v — 0 as |x| — oo,

where A, = div(|Vu|P~2Vu), denotes the p-Laplacian operator, and A, has the same
meaning, 1 < p,q <N and 4,0 >0 are nonnegative parameters, a,b,c : RY — [0,0)
are locally Holder continuous functions not identically zero, and we assume —eo < m <
p—1,—ee<l<g—1max{p—1,g—1} <n.

Problem (1.1) appears in many nonlinear phenomena, for instance, in the theory of
quasiregular and quasiconformal mappings, in the generalized reaction-diffusion theory
or in the study of non-Newtonian fluids, see [9], [19], [21]. In the latter case, the
quantity (p,q) is a characteristic of the medium. Media with (p,q) > (2,2) are called
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dilatant fluids and those with (p,q) < (2,2) are called pseudoplastics. If (p,q) = (2,2),
they are Newtonian fluids.

Since 1980s, many important results have been obtained for quasilinear elliptic
systems. We will introduce some results in the following. Existence and non-existence
of solutions of the quasilinear elliptic system

div(|VulP=2Vu) + f(u,v) =0, x € RV, (1.2)
div(|Vv]9=2Vv) + g(u,v) =0, x € RV, '

has gained much attention recently. See, for example, [8], [15], [25] and [26].
When p =g =2, system (1.2) becomes

Au+ f(u,v) =0, xRV,
Av+g(u,v)=0, xRN,

for which the existence and the non-existence of positive solutions and positive bound-
ary blow-up solutions have been investigated extensively. We list here, for example,
[4], [6], [8], [18], [20], [26] and refer to the references therein.

When to single equation, that is for equation

Au+ f(x,u) =0, xRV,

there had been many results about the existence or uniqueness of the positive solutions,
see [5], [10] and [11]. Recently A. V. Lair and A. Mohammed in [15] considered the
existence and nonexistence of positive entire large solutions of the semilinear elliptic
equation

Au=p(x)u®+qx)uP, 0<a <p.

Before their work, Xu and Yang in [23] established the existence for single equation

—Apu=a(x)(u"™+Au"), xRV,
u>0, xRV, (1.3)
u—0as |x| — oo,

where 0 < m < p— 1 < n, they proved there exists a A* > 0 such that (1.3) has a
positive solution for 0 < A < A*. For more results we refer the reader to the works
[16], [17], [21], [29] and the references therein.

Motivated by the results of the papers [1], [7], [12], [15], [23], and [28]. In this
paper, we consider the quasilinear elliptic system (1.1). The main object of the present
paper is to extend the principal result of [23] and complement results in [1], [7], [12],
[15], and [28] to show that there exists (0,0) < (A, 6;), (A*,0%) < (o0,00) such that
when (0,0) < (4,0) < (A4, 6,) system (1.1) has at least one solution, but no position
solution when (A*,0%) < (1,0). We use (4,0) > (A*,0%) todenote L > A*,0 > 0*
and the same meaning for other cases in this paper.

The paper is organized as follows. In section 2, we recall some facts that will be
needed in the paper. In section 3, we give the proofs of the main results in this paper.
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2. Preliminaries

In order to establish our results, we introduce some notations. We denote
M(x) = max{a(x),c(x)}, x € RN, m(x) = min{a(x),c(x)}, x € RV,

N(x) = max{b(x),c(x)}, x € RV, 7i(x) = min{b(x),c(x)}, x € RV.

A sub-solution of (1.1) is meant as a pair of positive functions (u,v) € C'(RV) x
C'(RY) with u — 0,y — 0 as |x| — o and

/RN |Vu|P~2VuVedx < /RN(a(x)ﬂm—|—)Lc(x)y")(pdx7

[ 92 ViTodr < [ (b + Bl pdx,
RV RV
for all ¢ € C3(RY), ¢ >0 and (#,7) to be the super-solution if it satisfied the inverse

inequality above.
The following lemma is well known.

LEMMA 2.1. (see [3]) Suppose there exist a sub-solution (u,v) and a super-
solution (u,v) of system (1.1) such that (u,v) < (u,v). Then there exist at least one
solution (u,v) of (1.1) such that (u,v) < (u,v) < (&, V).

In this paper, we use the following definition.
DEFINITION 2.2. Say that a function p(x) € C(RY),p(x) > 0 has the property
(H,) if the problem
—Apu=p(x), xeR,

u>0, xcRV, (2.1)
u—0as |x| — oo,

has an entire bounded positive solution w, € Clla’? (RM) for some a € (0,1).

In fact, from [28] we know that if p(x) satisfies

= s
H.= / (s'N / NNy (0)de) 7T ds < oo, (2.2)
0 0
where /(t) = maxy_, p(x), >0, then p(x) has the property (H,).

REMARK 1. If M(x) has the property (H,) and m(x) # 0, then m(x) also has the
property (H,), additionally, we can easy to verify 0 < wz; < wpy.

REMARK 2. If N > 3, p < N, then condition (2.2) can be replaced by

1

°° 1
O</ Ty (r)r1dt <eo, if 1 <p<2, (4)
1

oo (p=2)N+1 )
0< / T y(t)dt <oo, ifp>2 (B)
1
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where /() = max,_, p(x) > 0.

For the prove of non-existence of positive solutions for system (1.1), we also con-
sider the eigenvalue problem on a smooth bounded domain Q C RV :

{ —Apu=2Ap(x)|ulP~u, xe€Q,

u(x)=0 xe o, (2.3)

where p(x) € C*(Q, (0,0)) for some 0 < o < 1. The first eigenvalue of the problem
(2.3) will be denoted by Ag(p). It is well known that the following result holds true.

LEMMA 2.3. (see [2]) Suppose that Q| C Q,, and Qi # Q,. Then Ag, (p) >
Ao, (p) if both exist.
So there exists

Ao(p) = kli_Ig/lBk(o) (p) €[0,20),
where Bi(0) is the ball centered at the origin and radius k= 1,2, ---.
THEOREM 2.4. ([2, Theorem 2.1, p.821]) Let v € C! satisfy v > 0 in Q and

—Apv = AgvP~! for some A > 0. Then for u >0 in X, (the completion of Cg (Q)),
we have

/ VulPdx > A / elul?dx, (2.4)
Q Q

and A < A1. The equality in (2.4) holds if and only if A = Aj,u=kv and v = cuy (on
each component of Q if Q is not connected) for some constants k,c. In particular, the
principal eigenvalue Ay is simple if Q is connected.

LEMMA 2.5. Given 0 < A < oo, assume that there exists a u € C'(RN) such that

—ApuzAp(x)uPt, xe RN,
u>0, xeRV (2.5)
u— 0as |x| — oo,

holds, then A < Ag(p).

Proof. Because u satisfies (2.5), then we have

—Apu = Ap(x)uP~, x € By(0),
u>0, xeB(0),

for k=1,2,--- and By (0) is as above. Assume the first eigenvalue of (2.3) with Q be
replaced by Bi(0) is Ag, (o). By theorem 2.4, we have

A < )LBk(O)(p)» k= 1727""
Thatis A < limg_... A (0)(0) = Ao(p)., this end the proof.

REMARK 3. By Lemma 2.4 we can easily verify Ay(p) is positive if (2.2) is
satisfied.

Now we obtain our main result.
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THEOREM 2.6. Assume M(x),N(x) have the property (H,),(H,) and
m(x) 0, 1(x) #£0, —ee<m<p—1, —o <l <g—1, max{p—1,g— 1} <n.

Then there exist (0,0) < (A, 0s), (A*,0%) <
(1) at least one solution, if (0, 0) (A,
(2) no position solution, if (A*,0%) < (

(00,00) such that the system (1.1) has:
0) < (A, 6.) and
A,0).

3. Proof of Main Result

In this section we will give the proof of Theorem 2.6. First let us study another
system:
—Apu=a(x)(u™+Av"), x€RV,
—Agv =b(x)(V' + 0u’), xRV, (3.1)
u,v>0,x€RN andu — 0,v — 0 as |x| — oo,

where a,b: RN — [0,0) are locally Hélder continuous functions, and we assume —oo <
m<p—1<n,—e <l <g—1<s. Then we have.

THEOREM 3.1. Assume that a(x),b(x) have the property (Hy),(Hy), and —oo <
m<p—1<n,—eo<l<qg—1<s. Then there exist (A, 0:) > (0,0) such that system
(3.1) has at least one positive solution for each (A«,0:) = (A,0) > (0,0).

Proof. First we may assume @, satisfies (2.1) with p(x) be replaced by a(x) and
wy satisfies (2.1) with p(x), p be replaced by b(x),q. Consider

1Pt — 1| a2 1 p1n_ m-

Alt) = o _ tP 1 n__m=nj| gy ||m
="l T oa]1)
1971 — |y 1 , ‘

0(t) = ® _ tqflf.\_tlfs (!) (lx} )
( ) ts”wa”go ||wa||2>o( H bH )

_ m 1
It is easy to see A(r) reaches its maximum value at 1} = (%)P*Fm ,and 6(z)

1
reaches its maximum value at 1, = (%) p=I=1 | set fop = max{r|,, }, and denote

—S

U o 1 .
A= B =1 g, 6s = (@
a0 =), = o

— 1 *llop12)-
Then for (0,0) < (4,0) < (As,6y), we take u = fom,, v = tow, . Then there is

—Apii =1 a(x) > a(x) [t | wal| + Arg || s
> a(x) [t 0y + Atg wy]
> a(x) (@ +7").
It follows that we have
—A = b(x) +7).
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Thus (7,7) € C'(RY) x C!(R") is a supper-solution of system (3.1).
On the other hand, let us consider

—Apu=a(x)u™, xeB(0),
—Av=b(x) x € B(0) (3.2)
u,v >0, x € B(0)and u =0,v =0, x € dB,(0),

where Bi(0) as above. In fact, the existence of positive solutions for system (3.2) is
equivalent to the existence of positive solutions for the following two elliptic problems:

—Apu=a(x)u™, x& B (0),
u>0,x€B(0)and u =0, x € dB(0),

and
—Agv =b(x)V x € By(0),
v>0, x €Bi(0)and v =0, x € dB;(0).

From [21] we know there exist uz,v; € C'(Bi(0)) N C(Bi(0)) satisfy the above two
problems, that’s satisfy system (3.2). Taking u; = vy = 0 for |x| > k and using a weak
comparison principle (see [13]), for any x € RY we have:

up(x) Sup(x) <o () S (x) < -+ < Ax),

vi(x) <vp(x) <o Svp(x) S (x) <0 <V(x).

Setting u(x) = limy_ oty (x), v(x) = limg_,. vx(x) and using some standard computa-
tions we show that u(x),v(x) € C'(RV) and satisfy

—Apu = a(x)u" < a(x)(u" +Av"), x€RN,
—Agv =b(x)V < b(x)(V' +0u') xRV, (3.3)
u,v>0, x €RY andu — 0,v — 0 as |x| — oo,

and u <u,v < V. By lemma 2.1 we complete the proof. [J

REMARK 4. Theorem 3.1 can be considered as an improvement and generalization
of the result in [23].

PROOF OF THEOREM 2.6. First we denote. Similar to the proof of Theorem 3.1,
we can find (A, 0;) > (0,0) corresponding to M(x),N(x) such that for any

(1*76*) > (176) > (070)7
there is (u;,vg) € C'(RV) x C'(RV) satisfy
—Apu=M(x)(W" +2AV") = a(x)u™ + Ac(x)V" = a(x)u™, xRN,
—Agv =Nx) (V' + 0u") = b(x)V' + Oc(x)u" = b(x)v!, xRV, (3.4)

u,v>0, xRV andu — 0,v — 0 as |x| — oo.

In particular, (#,v) = (u,,,vg) is a supper-solution for system (1.1).
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Now we consider (u,v) being a solution for system (3.3), then (u,v) is a sub-
solution of (1.1), and (u,v) < (#,v). Then by Lemma 1.1, there exists a positive solu-
tion (u,v) € C'(RY) x CY(RN) with (u,v) < (u,v) < (7,7).

This shows (1) of Theorem 2.6.

On the other hand, given 4,0 > 0, define

h/l(t) :tm*PJrl _|_)Ltn717+1 and hg(t) — tlqurl + Qtnﬂfrl,

Consider . .
n =0 — 1>o0,
n—p+1 A
g—1—-1. 1 1
tg = = ,0>0.
0 (n—q—l—l) 6%

We easily to see that

n—m ,p—1—m mptl n-p+i

Tiem )\ em V>0
i Dl V>0,

hy () =y (1) = (

n—1 qg—1—1 + +

l=q+l n—g+l

nil 9 nil ;t 0
l)( l) ) > k)

since £ (1) — oo asA — oo, and hg(t) — o as O — oo, we choose

ho(t) > ho(te) = (

— 1 - p—1-n — m—n
p—1 m,poion n—m

A > Ay (i)r T T = 3.5

> M(m)? (n_ijl n_p+1)’ ; (3.5)
n—I q— 1 —l qg—1-n n —l l—n «

0 > 0y (i) a1 (EE] =9 3.6

> 0y(n)4 (n_qH)" (n—q—f—l)q ; (3.6)

by contradiction, system (1.1) has a solution (u,v), so for any ¢ € C3 (RY), 0 >0,

/ |Vu|p_2VuV(pdx—/ hy, (1) (x)uP ~ pdx
RN RN
2/ \Vu\”ﬁVuV(pdx—/ hy, () (x)uP " dx
RN RV
:/ \Vu\”’2VuV(pdx—/ m(x)(u" +Au")pdx
RN RN
2/ \Vu\”’2VuV(pdx—/ a(x)u™ @+ Ac(x)u" pdx
RN RN

and

/ |Vv\‘172VvV(pdx—/ ho (to)i(x)ul ™ pdx
RN RN

2/ \Vv|q’2VvV(pdx—/ b(x)V' @ + Oc(x)V" pdx,
RN RN
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but we have
/ c(x)u"(pdx}/ c(x)V' pdx (3.7)
RV RV

or

/ c(x)u"pdx > / c(x)V' pdx (3.8)
RN RN
holds. If (3.8) holds, then

/ |Vu|p_2Vqu)dx—/ Ry, (t; )i (x)uP ~ pdx
RN RV
2/ |Vu|p_2VuV(pdx—/ a(x)u™ @+ Ac(x)V"@dx = 0.
RN RN

By lemma 2.5 we have &, (1)) < A (m(x)), but its impossible from (3.5).
If (3.7) holds, then we also get the contradiction with (3.6). That’s end the proof
of Theorem2.6 [

REMARK 5. If we still have m,l > 0 of system (1.1) or (3.1), and there is a
positive solution (u,v) for (1.1) or (3.1), similar as the argument in [23], define u, =

_ p—l-m _ g—1-1 . .
pf : _1mu =T (x) and v, = q‘i : L ;v 7T (x). It’s easy to see that u, is a supper-solution

of (2.1) with p = a, so a(x) has the property (H,), also we have b(x) has the property
(Hy).
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