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ON THE RESOLUTION OF A PARABOLIC
EQUATION IN A NONREGULAR DOMAIN OF R?

A. KHELOUFI, R. LABBAS AND B.-K. SADALLAH

(Communicated by M. Kirane)

Abstract. In this work we give new results of existence, uniqueness and maximal regularity of a
solution to a parabolic equation set in a nonregular domain Q with Cauchy-Dirichlet boundary
conditions, where Q = {(t,x;) €R?:0 <t < T;¢; (t) <x; < @2 (£)} x]0,6 C R with some
assumptions on the functions (;);—12. The right-hand side term of the equation is taken in
L?(Q). The method used is based on the approximation of the domain Q by a sequence of
subdomains (Q,), which can be transformed into regular domains. This work is an extension
of the one space variable case studied in [12].

1. Introduction
Let Q be an open set of R? defined by
Q={(t.x))ER*:0<t<T;0(t) <x1 < p2(1)}

where T is a finite positive number, while ¢; and ¢, are continuous real-valued func-
tions defined on [0, 7], Lipschitz continuous on |0, T, and such that

@1(t) < 2(2)
for 1 €]0,T[. ¢, is allowed to coincide with @, for + =0 and for r = T. We also

assume that (@2 — @) is a bounded function on ]0, 7T'[. For a fixed positive number b,
let Q be the three-dimensional domain defined by

O={(t.x1) eR*:0<t <T;0(t) <x1 < @2(t)} x]0,b],

with boundary 00 = (T' x ]0,p[) U(Q x {0})U(Q x {b}), T is the boundary of Q (see
Fig.1).

In this work, we study the existence and the regularity of the solution of the
parabolic equation with Cauchy-Dirichlet boundary conditions

Du—Diu—Diu=f inQ

(P)
u=0 ondQ—1TIr,
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where ['7 is the part of the boundary of Q where + = T. The right-hand side term f
of the equation lies in L?(Q).

In Baderko [3] we can find domains of the same kind but which can not include our
domain. In Sadallah [12] the same problem has been studied for a 2m-parabolic op-
erator in the case of one space variable. Further references on the analysis of parabolic
problems in non-cylindrical domains are: Savaré [13], Aref’ev and Bagirov [2], Hoff-
mann and Lewis [6], Labbas, Medeghri and Sadallah [7], [8], and Alkhutov [1]. There
are many other works concerning boundary-value problems in nonsmooth domains
(see, for example, Grisvard [5] and the references therein).

We are especially interested in question of what conditions the functions ((p,-)l-:L2
must verify in order that Problem (P) has a solution with optimal regularity, that is a
solution u belonging to the anisotropic Sobolev space

Hy?(Q) = {u€ H'?(Q) :ujp0 1, =0}
with
H"?(Q) = {u € L*(Q) : Dyu,D} u,D u,Dy Dyu € L*(Q) ,j = 1,2}?

An idea to solve Problem (P) consists in transforming the parabolic equation
in the nonregular domain Q into a variable-coefficient equation in a regular domain.
However, in order to perform this, one must assume that ¢; (0) < @2 (0) and ¢, (T) <
¢ (T).

So, in Section 2, we prove that Problem (P) admits a (unique) solution when Q
could be transformed into a regular domain by means of a regular change of variable,
i.e., we suppose that @ (0) < @2 (0) and @; (T) < @2 (T).

In Section 3 we approximate Q by a sequence (Qg,) of such domains and we
establish an a priori estimate of the type

1112 (04, ) < K111 22(04) -

where u, is the solution of Problem (P) in Q, and K is a constant independent of 7.
Finally, in Section 4 we take limits in (Qy,) in order to reach the domain Q.
The main assumptions on the functions (¢;);_, , are

o (1) (@2 (1) — @1 (1)) — 0 ast—0,i=122 (1.1)

and
0 () (@2 ()= @1 (1) =0 ast —T,i=1.2 (1.2)

2. Resolution of Problem (P) in a reference domain Q,
In this section, we replace Q by

Qu={(t,x1) ER* <t <T—a,q(t) <x; < ¢ (t)} x]0,b],



A PARABOLIC EQUATION IN A NONREGULAR DOMAIN 253

with o > 0. Thus, we have

{(Pl (@) <@ (a)
01 (T—0a)< (T —a),

(see Fig.1).

Figure 1.

We can find a change of variable ¥ mapping Q, into the parallelepiped
Py =]o, T —alx]0,1[ x]0,b],
which leaves the variable ¢ unchanged. v is defined as y : Qo — Py such that:

x1 —@i(?) )
— )
P2(t) = (1)
The mapping v transforms the parabolic equation in the domain Q into a variable-
coefficient parabolic equation in the parallelepiped P,. Indeed, the equation

(t7x17x2) — W(taxlvx2) = <T7y17y2) = (t7

Diu— Dflu — szu =f
in Qy is equivalent to the following
Dv+a(t,y1)Dyv— C(T)D§1V —Dizv =g
in Py, where a and c are defined by
(01 (0= 05(®)) 31~ 0} (¢) I

o2 (001 (7) ) = - ()

a(T7y1) =

and
f(taxl7x2) = g(T7y17y2)7
u(taxth) = V(Ty)’h}’2)~

Since the functions a,c and @, — ¢ are bounded, it is easy to check the following.
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LEMMA 2.1. u€ H'"?(Qq) ifand only if v € H'2 (Py).

In other words, ¥ preserves the Sobolev space H'!»2.
The boundary conditions on v which correspond to the boundary conditions on u
are the following

V/9Py—Tr_q = 0,

where I'r_, is the part of the boundary of P, where t =T — «.
In the sequel, the variables (7,y;,y2) will be denoted again by (¢,x;,x2).

THEOREM 2.1. The operator
" 2 2
L' =D, +aDy, —cD}, — D,
is an isomorphism from H}} 2(Py) into L*(Py), with
1,2 , . -
Hy? (Py) ={ueH"(Py) :usgp,—ry_, =0}
Consider the simplified problem

Dtv—c(t)D)zqv—D)zsz =g in Py,

(P)

V/aPy—Tr_q = 0-

Note that g € L?(Py) if and only if f € L?(Qy).

LEMMA 2.2. Forevery g € L*(Py), there exists a unique v € H}}’z (Py) solution

/

of (P).

Proof. Since the coefficient ¢(¢) is continuous in Py, the optimal regularity is
given by Ladyzhenskaya-Solonnikov-Ural’tseva [9].

LEMMA 2.3. Let B be an operator, B: H}}’z(Pa) — L*(Py), defined by
Bv =a(t,x1)Dy,v.
The operator B is compact.
Proof. P, has the "horn property” of Besov [4], so

1
Dy, - Hy? (Po) — H2' (Py)
% —  Dyv

is continuous. Since Py, is bounded, the canonical injection is compact from H 21 (Py)
into L?(Py), where (see [10]):

H2' (Py) = L* (0, T — o H' (10,1[ x ]0,b)) N H? (e, T — ;L2 (]0, 1[ x 10, 5])) .
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For the complete definitions of the H"** Hilbertian Sobolev spaces see for instance [4].
Consider the composition

Dy, : Hy? (Py) — HY' (Py) — L2 (Py)
v —  Dyv +— Dy,

then D,, is a compact operator from H}} 2 (P,) into L2(P,). Since a(.,.) is a bounded
function, the operator aD,, is also compact from H,}’z (Py) into L2(Py).
Lemma 2.2 shows that the operator L; = D; — cD)%1 - D)%z is an isomorphism from

H,}’z (Py) into L?(Py); on the other hand the operator aDy, is compact, consequently,

L; +aDy, is a Fredholm operator from H,}"z (Py) into L*(Py). Thus the invertibility of
Ly +aDy, follows from its injectivity.

LEMMA 2.4. The space
D(Ja, T — a[;H*(]0,1]x ]0,6]) N Hy (0,1 x ]0,5])) , (see [10, p.13]),
is dense in the subspace of H'* (Joi, T — o[ x ]0,1[ x ]0,b[) defined by
u=0on]a,T —a|x {0} x]0,b[ and |, T — a x {1} x]0,5].

It is a particular case of Theorem 2.1 [10].
We shall need the following result in order to justify the calculus of Section 3.

LEMMA 2.5. The space

{ueH*(Py): usop,—ry , =0}

is dense in the space
{ueH"(Py); ujop,—r, , =0}

Proof. Let I';, be the part of the boundary of P, where t = ¢. The previous
lemma shows that the space

{ue H* (Pu)upap,—r;_o-r, =0}
is dense in the space
{M S I{l"2 (Pa) ; ”/9Pa71"77a71"a = 0} .

So, if
uc {u eH'? (Pa); U/oPy—Tr_q—To — O} )

then there exists a sequence

(un) € {u € H* (Po) s)9p, 1y 1o =0}
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such that
u, —u weakly in H'2(P,), asn— oo.

Let (e,) be a sequence of C* ([, T — t]) such that
. 1
1, iftzoa+-,
en(t) = nl
0, ifr<a+—.
2n
The sequence (eju,) belongs to

{ueH* (Py)ius9p, 1, =0}

In addition
entty, — u weakly in H'2 (Py), asn — oo.

REMARK 2.1. In Lemma 2.5, we can replace P, by Q. with the help of the
change of variable y defined above.

3. A priori estimate

Now, we shall prove an a priori estimate which will allow us to take limits in
. We denote by u, € H'?(Q,,) the solution of Problem (P) corresponding to the
right-hand side f, = f/o, € L*(Qg,) in

QOCn = QOC,, X]07b[7

where
Qo = {(t,x1) ER? 104 <t <T — 0y, 1 (t) <x1 < P2 (1)},

with (o,), a sequence decreasing to zero.
PROPOSITION 3.1. There exists a constant K, independent of n such that

||”n||Hl>2(Qan) <K anHLZ(Qan) < Ki ||f||L2(Q)~

In order to prove Proposition 3.1, we need some preliminary results.

LEMMA 3.1. Let Ja, 3] C R. There exists a constant K, (independent of o and
B) such that

12 —j 2 .
1622 g0y < (B = 7 Ka[u® |12 g0 7= 051,

for every u € H* (o, B) NHY (o, B), where uV) (respectively u® ) is the first (respec-
tively the second) derivative of u on |a, B[ and u'® = u.

The proof of this inequality may be found, for instance, in Necas [11] .
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LEMMA 3.2. Forevery € >0, chosen suchthat (@2 (t) — @1 (t)) < €, there exists
a constant Cy independent of n such that

D] un <G ||D2 unHL2 Wy =01

HL2 Q(Xn

Proof. Replacing in Lemma 3.1 u by u, and (o, 3) by (¢1(t),¢2(¢)), for a fixed
t, we obtain

n@ N rea()
[ hw)an <Ko 0= 007 [ 7 (0% w) dx

o1 (1) o1 (r)
(1)

< K282(2*J')/ (D)zqun)zdxl.
o1(t)

Integrating in the previous inequality with respect to ¢, then with respect to x;, we get
the desired result with C; = K.

Proof of Proposition 3.1. Let us denote the inner product in L? (Qg,) by (.,.),
then we have

Hf"Hiz(Qa,l) = (Dyuy —D)zc1 U, —szu,,,Dtu,, —Dflu —D%zu,,>
2 2 2 2 2
= 1Deunll 2 gy, ) + 107 1l 12 g, ) +11P% 00l 12,
— 2<D,1,¢,1,D)26l Up) — 2<D,un,D)262un> —|—2<D)2C1 un,Djzczu,J.

1) Estimation of —2(Dtun,D)2C1 u,). We have

1
DyupD?2 tty = Dy, (DyupDy, 1) — 5D (D, ).
Then
—2<D,un,D)2(l up) = —2 D,unD  Undtdxdx;
0

=2 Dy, (DtunDy, ) dtdxdx;
Qo

+/ Dt(Dxlun)zdtdxldxz
=L, {(Dxlun)zvt—2Dtuanlunvxl]dG,

where V;, Vy,, Vx, are the components of the unit outward normal vector at dQg,. We
shall rewrite the boundary integral making use of the boundary conditions. On the
parts of the boundary of Q,, where t = 0,,x, =0 and x, = b, we have u, =0 and
consequently D, u, = 0. The corresponding boundary integral vanishes. On the part
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of the boundary where t = T — o,, we have vy, = 0 and v; = 1. Accordingly the
corresponding boundary integral

0 (T—a) )
A= // (Dy,tn)” dx1dxy
(pl T O‘n

is nonnegative. On the part of the boundary where x; = @; (¢), i = 1,2, we have u, =0.
By differentiating with respect to ¢ we obtain

Diu, = —q); (t) Dy uty.

Consequently, the corresponding boundary integrals /; and I, are the following:
T—0p , 5
/ / 1) [Dayttn (£, 01 (1) 322 didxs
T—oy, , 5
L= / / 1) Dyt (1,05 (1) ,2)2 ity

Oy

We have
—2(Dytt, D3 ) = — 1| — | I (3.1)

LEMMA 3.3. There exists a constant Ky independent of n such that

1 < Kag[|D2 |12 g, 10 1 =12

Proof. We convert the boundary integral ; into a surface integral by setting

P2 (1) —x1
P2(t) = 91 (1) x1=1(1)

o ¢(t) 0 (1) —x1 PREIOPN
- /(pl(t) Dx'{%(’)—(m(f) (D] }d :
(
)—
1

x1=02(7)

[Dxlun (tvq)l (t)vx2)]2 = [Dxlun (t7x1,x2)]

¢2(1) t
— _2/ MDX1 un.D)zc1 updx
o) @2() = @1 (1)

+/<02() [D ]2d
——— Dy u,|"dx;.
o) Q2(t)—@i(r) " !

Then, we have

/ /T o 1) (D un (1,01 (), 32)] dtdxs

T %7() u x1.32)]% dtdxdx
- /Qan @ (t) — @1 (1) [Dy, 1ty (t,x1,%2)]" dtdx dx;

42 /Q %q); (1) (Dxytn) (D2, uy) dtdoxydxcy.
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Thanks to Lemma 3.2, we can write

»(1) ()
|,y PumPan <Klorw -0 [ [0 m] ax.
1

) o1(t)

Therefore

¢(t) )
| Dyl
o1(1) 02— @1

? , »(0)
dx; < K, ’(plﬂ (o2 — <p1}/
o1(1)

[Dfl un] : dxy,

consequently

/ 2
on ‘ (02 — 1] (D3, un)” dtdxidx;

+2/
Qayy

< 1. Using the inequality

ni<k |
Oq,

(p;‘ Dy, 4| }D%l un} dtdxdxy,

P2(t) —x1

since 2 (1) — @1 (1)

2

/ 1 '
2/ 91D [, n] < £ (D) 4 (91)” (Do

for all € > 0, we obtain

|11 <K2/

1 N2
+ € (D,%l un)Zdtdxldxz + E/ ((p1> (Dy, Mn)2 dtdxidx;.
Qan Q(Xn

! 2
<P1‘ (02— @1] (D}, un)” dtdxidx,

n

Lemma 3.2 yields

1

N2 1 N 2 2
E/Q ((p1> (Dxlun)zdtdxldxz ngE/ ((p1> [(pz—(pl]z (Dflun) dtdxdx,.

Thus,

’ 1 N 2 2
1| <K2/Q U‘Pl’ |<P2—<P1\+E (‘Pl) |<P2—§01|2] (D;zcl”") dtdx,dx;
+ £ (D)zc1 un)zdtdxldxz
Qo
< (2K2+1)£/ (D2, )" dedxyds,

since ’(p; (02— 1) | < ¢. Finally, taking K4 = (2K, + 1), we obtain

Ih| < Kqe HD)zcl“"HLZ(Qan)'
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The inequality

|| < Kae || Dy, M”HLZ(QQ,I)’

can be proved by a similar argument.
2) Estimation of —2(Dtun,D)262 u,). We have

1
DyttnD% ty = Dy, (DyunDeyty) — 5D (Dyyutn)*
Then

—2<Dtun7D,2Qu,,> =-2 Dtuanzundtdxldxz
Qo

=2 Dy, (DiunDyyuty) dtdxidx;
Qo

—|—/ D; (Dx2un)2dtdx1dx2
Q(Xn

= [(D,Qun)zvt—2Dtu,,DxZunvxZ]d0.

Using the Cauchy-Dirichlet boundary conditions, we see that the above boundary inte-
gral is nonnegative. Consequently

—2(Dytn, D}ty > 0. (3.2)
3) Estimation of 2<D;2c1 un,D)%2 un). We have
D2 . D% uy = Dy, (Dx, D2 uty) — Dy, (Dx,ttn.Di, Dyyttn) + (D, Dy tt)”
Then

2<D§1un7D§2un> =2 0 Dﬁlun.Dﬁzundtdxldxz
=2 Dy, (D,Cl LL,,.D,%2 u,,) dtdxidx,
-2 0 Dy, (Dy,tty.Dy, Dy, ) dtdx dxs
+2 /Q (Dy, Dy, ty)* dtdxydx;
=2 0 (DxleZun)zdtdxldxz
+2 /{9 o [Dx,tnD?, tn Vs, — Dy ttn. D, Dyyttn Vi, | dG.
Thanks to the boundary conditions, the above boundary integral vanishes. Conse-

quently
2(D3, ttn, Dy, tn) = 2| Dy Dyl 2, - (3.3)
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Summing up the estimates (3.1), (3.2) and (3.3) of the inner products and making use
of Lemma 3.3, we then obtain

1l = 1D (g4 + D% 02 122(0u)

Qo) + HD)%ZMH

2
- |Il‘ - |12‘ +2 ”Dx'szu"”Lz(Qa,,)
2 2
> IDitn g, + (1= 2Ka8) [| D5t 2,

0%l g, 2100 Dt

Then, it is sufficient to choose € such that (1 —2K4€) > 0 to get a constant Ky >0
independent of n such that

||fn||L2(Qan) =Ko HunHHl"z(Q(Xn) ’
and since
”fn”Lz(Qan) < Hf”LZ(Q);
there exists a constant K; > 0, independent of n satisfying

||”n||H1>2(Qan) <K anHLZ(Qa,,) <K ||f||L2(Q)~

This completes the proof of Proposition 3.1.

4. Passage to the limit
We are now able to prove the main result of this work

THEOREM 4.1. Assume that ¢ and @, fulfil conditions (1.1) and (1.2). Then the
heat operator
L=D,-D; -Dj

is an isomorphism from H,}’z (Q) into L?(Q).

Proof. Choose a sequence Oy, n=1,2,... of reference domains (see Section 2)
such that Q,, C Q with () a sequence decreasing to 0, as n — oo. Then we have
Qa, — Q, as n — oo,

Consider the solution uy, € H'?(Qy,) of the Cauchy-Dirichlet problem

Dyug, — D3 ug,, — DY ug, = f in Qq,,
fx) =

uan/anrTfan = 07
with I'r_g, is the part of the boundary of Q,, where t =T — o,. Such a solution u,
exists by Theorem 2.1. Let ug, the 0-extension of ug, to Q. In virtue of Proposition
3.1, we know that there exists a constant C such that
2

+ ‘
L2(0) ,-712:'0

1<i+j<2

—~—

1 2g) + |[Drtte, D, Dlug,

<Cfll2g) -
2(0)
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This means that uq, , Diug,, D;l D,{Zuan for 1 <i+ j <2 are bounded functions in
I? (Q). So for a suitable increasing sequence of integers ng, k = 1,2,..., there exist
functions

u,v and v;j;, 1<i+j<2

in L2 (Q) such that

itg,, — u weakly in L*(Q), k — oo,

ELT%: — v weakly in L*(Q) ,k — oo,

Di Diu,  —v;; weaklyin L*(Q), 1<i+j<2,k— oo.
X1 2 any, 2] y

Clearly,
v=Dyu, vij =D} Dl u, 1 <i+j<2

in the sense of distributions in Q. So, u € H'?(Q) and
Diu—Diu—Diu=f inQ.
X1 X2
On the other hand, the solution u satisfies the boundary conditions u/9¢_r, = 0 since
VneNug, =g,

This proves the existence of a solution to Problem (P).
Notice that we have the estimate

lullFn2g) < K Nf 720y

which implies the uniqueness of the solution.

REMARK 4.1. The result given in Theorem 4.1 holds true only under the assump-
tion (1.1) (respectively, (1.2)), if ¢ (0) = ¢2(0) and @; (T) < @2 (T) (respectively, if
¢1(0) < @2(0) and ¢y (T) = 92 (T)).

REMARK 4.2. Note that this work may be extended at least in the following di-
rections:

1. The nonregular domain Q may be replaced by a non-cylindrical domain (coni-
cal domain, for example).

2. The function f on the right-hand side of the equation of Problem (P), may
be taken in L? (Q), where p € ]1,00[. The method used here does not seem to be
appropriate for the space L? (Q2) when p # 2.

3. The operator L may be replaced by a high order operator.
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