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ASYMPTOTIC PROPERTY OF SOLUTIONS ON NONAUTONOMOUS
LOTKA-VOLTERRA MODEL FOR N-COMPETING SPECIES

KUNIHIKO TANIGUCHI

(Communicated by M. Gyllenberg and J. Sugie)

Abstract. We consider nonautonomous N -dimensional generalized Lotka-Volterra competition
systems. Under certain conditions we show that the set of values of solutions starting from any
compact set tends to a set of measure zero. Our results give generalizations of previous ones.

1. Introduction and Statements of the main results

In this paper we consider the system of differential equations:

uézui a,-(t)— bij(t)f,-j(ui,uj) ,i:l7...,N7N>2, (GLV)

M=

where the functions a;(r), 1 <i <N, and b;;(t), 1 <i,j <N, are assumed to be con-
tinuous and nonnegative on R. Furthermore, let the functions f;;(x,y), 1 <i,j <N, be
continuously differentiable on R? = (0,0)?, and we impose the following conditions

on f;:

fii(x,y) is continuously differentiable on [0,e0) x [0,0), 1 <i < N;

fij(%) >0, (x,y) €RY, 1 <, j <N

L (i) = (D1 i+ Dafi) (6.0) >0, x € Ry 1 <P N:

Difij(x,y) 20, (x,y) €RL, 1 <i<N; (L.
Dy fij(x,y) =0, (x,y) €R3,1 < j<N;

£ii(0,0) =0, 1 <i<N;

lim fii(x,x) = o, 1 <i<N,

where D;, i = 1,2, denotes the differentiation with respect to the i-th variable.
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System (GLV) is a generalization of the following nonautonomous N -dimens-
ional Lotka-Volterra competition system which S. Ahmad and A. C. Lazer [1] consid-
ered:

u; = u; |a(t) — i=1,...,N,N 2 2. (LV)

bij(t)u;

M=

An prototype of system (LV), as well as (GLV), is the classical Lotka-Volterra com-
petition model for two species:

(1.2)

/

u) =uy(ay — bruy — bioun),
/

wh, = up(az — bauy — baoun),

where a;, i=1,2, and b;;, i,j = 1,2, are positive constants. When the growth rates
a;, i =1,2, and the interaction coefficients b;;, i,j = 1,2, satisfy

al—bn(“—2) >0, (1.3)

b

ar — by (ﬂ) >0, (1.4)
b

there exists a unique equilibrium point (uj,u}) € Ri that attracts any solution curve
(u1(t),ua(t)) of system (1.2) with (u1 (1), u2(t0)) € RZ, i.e.

ui(t) — u} and up(t) —u5 as t — oo,

In [1]-[6] it is shown that analogous results still hold for the nonautonomous equa-
tion (LV'), as seen below. In this paper we intend to generalize such results further.

We introduce notation. Put ¢y := sup,cp c(t) for bounded functions c(r) on R.
Fori=1,...,N, we put

fii(x) = fi(x,x), x ER.
By assumption (1.1) f;;, i =1,...,N, have the inverse function fl{l :Ry — Ry . The
assumptions employed in the paper will be sellected from the following list:
(A1) bji(t) >0, t e R, 1 <i<N;
(A2) /Owbi,-(s)ds =oo, 1 <i<N;

bj;
ai(t) =X j2ibij(t)(a;/bjj)m
bii(l)
(AS) inf ai(t) = zibij (0) fij (Fi ' (@i /b)), f;' ((aj/bjj)m))
teR bii(t)

(A3) (“—) <oo, 1<i<N:
M

(A4) inf >0, 1<i<N;
teR

>0,1<i<N;
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(A6) fij(x,y) < Fjj(v), (x,y) €RL1<i, j <N,i # js
(A7) for any s > 1 sufficiently close to 1,

Fi (B M), 75 (59)) < sfij (i '), 75 ), (x,y) € RE, 1<y j <N,

REMARK 1.1. As in the case of (LV) and (1.2), if f;;(x,y), 1 <i,j <N, are
independent of x, (A6) is satisfied. In fact, for (LV) we can take fi;j(x,y) =y, 1 <
i, j < N, which satisfy (A6) and (A7).

REMARK 1.2. Let

x%i
Bi' . .
—yPil, i #
a;
filxy)=q LHxY
x%iybii i = j,

where o, Bi; € Ry. If for i # j, B;j = a;j+ Bjj, then the functions f;;, 1 <i,j <N,
satisfy (A6).

REMARK 1.3. Let
fij(e,y) =x%yPi | (x,y) € R%, 1<, j <N,

where o;;, Bij € Ry. If oy + B;; < min{c; + Bii, otj; + B;;}, then the functions f;;,
1<i,j <N, satisfy (A7).

S. Ahmad and A. C. Lazer [1] supposed that the functions «;(z), 1 <i <N and
bij(t), 1 <1i,j <N, satisfy conditions (A1)-(A3) and (A4). Under these conditions
they have shown the following [1]:

(D) If u= (u;,...,uy) is a solution of (LV) with u;(tp) >0, 1 <i< N, 1y € R, then

0 < infu;(r) <supu;(t) <o for1 <i<<N.
1200 >0

(Il) If A is a compact subset of RY, then the Lebesgue measure of the set {u(t) | u
is a solution of (LV) satisfying u(f) € A} tendsto 0 as t — eo.

Our main aim is to show that (I) and (II) are still valid for (GLV). To state the
results we introduce the following. For compact subset A of R’X and 79 € R we set

u(t,to,A) = {u(r) | u is a solution of (GLV) satisfying u(to) € A}.

By u(-) we denote the Lebesgue measure of measurable sets in R{X . We can show the
following:

THEOREM 1.4. Let conditions (Al)-(A3), (A4), and (A6) hold. Let A be a
compact subset of Rﬁ and let ty € R. Then,

u(u(t,t9,A)) -0 ast — oo,
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THEOREM 1.5. Let conditions (Al)-(A3), (A5), and (A7) hold. Let A be a
compact subset of Rﬁ and let ty € R. Then,

u(u(t,t9,A)) =0 ast — co.

We give examples of systems (GLV) for which above conditions hold.

EXAMPLE 1.6. We consider system (GLV) for two species

3
u) =uy [(cost+7)— (sint +7) - u3 — (sint 41) - (L} u%)} ,
I+uy
uA
uh = uy | (cost +9) — (sint +2) - —2414? — (sint +9) 13| .
I+u;

Obviously (A6) holds. We have

10
a(t) —bia(t) (Z—;) >cost+7— (sinf+1)- < > 2,
M

ax(t) —ba(t) (;—111> > cost +9— (sint +2) - % > 2.
So conditions (A1)-(A3) and (A4) hold. Of course condition (1.1) hold.
EXAMPLE 1.7. We consider system (GLV) for two-species
uh = uy[(cost +7) — (sint +7) - uf — (sint + 1) - uyu3],
ubh = u, {(cost +9) — (sinz +2) - uu? — (sint +9) -uz] .

Obviously (A7) holds. We have

a0 -enife (7 ((55) )5 ((52) )

1/4 2/6
>cost+7—(sint+1)-<%> <£> >2,

8
- ((2),) 5((2),)

10\ 2/6 2/4
> cost+9 — (sint +2) - (?) ( ) >2.

So conditions (A1)-(A3), (A5) hold. Of course condition (1.1) hold.

The rest of this paper is organized as follows. In Section 2 we give an important
proposition which are employed in proving Theorems 1.4 and 1.5. The proof of The-
orems 1.4 and 1.5 are given in Sections 3 and 4, separately. Related results are found,
for example, in [2]-[5].
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2. Squeezing theorem

In this section we consider system (GLV) on which we impose the following
conditions:

bij(t)>0,1 € R,1<i,j <N, 2.1)
bii(t) >0, 1 € R,1<i<N, (2.2)
a; .
bii )y
o N
/ Y bii(s)ds = oo. (2.4)
0 =1

We note that these conditions are weaker than conditions (A1)-(A3) for system (GLV).
Then we can generalize the results due to S. Ahmad and A. C. Lazer [1, Theorem 2.1]
as seen below:

PROPOSITION 2.1. Let conditions (2.1)-(2.4) hold. Let A be a bounded mea-
surable subset of RY and let ty € R. Let u= (uy,...,un) be a solution of (GLV) with
u(ty) € A. If there exists a number 84 > 0 such that

ui(t) P 5Aa t> fo, u(to) €A7 1 < i < N7 (25)
then

w(u(t,t9,A)) =0 ast — oo,

REMARK 2.2. By Proposition 2.1, in order to prove Theorems 1.4 and 1.5, it is
sufficient to prove the existence of 84 satisfying (2.5). In Sections 3 and 4 we shall
prove the existence of such a 64 (Lemmas 3.1 and 4.1).

2.1. Preliminary lemmas for Proposition 2.1

In this subsection we prove lemmas needed later. As a first step, we show that
every solutions u of (GLV) with u(fy) € RY remains here as long as it exists. To see
this we rewrite system (GLV) in the form

wi(t) = pi(t)ui(t), i=1,2,....N,

where the functions p;(¢), 1 <i< N, are given by
N
pi(t) =ai(t) = Y bij(t) fij (uilt),u;(t)).
=1

Since p;, 1 <i< N, is continuous on the domain of u, for # in the domain of u we
obtain

ui(t) = u,-(to)exp/[t pi(s)ds > 0.
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N
Hence u(r) e RY.

LEMMA 2.3. Let conditions (2.1)-(2.4) hold. Let ty € R and u a local solution
of (GLV) with u(ty) € RY. Then the following statements hold:

(i) Let r; > 0 be a number such that

ai
(b—”)M <rj.

ﬁ-,-(u,-(t)) < max{fii(ui(to)),ri}. (26)

(ii) Let A C RIX be a bounded subset. Then there exists a number My > 0 such that

Then

ui(t) <My, 1 <i<N, 2.7

Sor any solution of (GLV') with u(ty) € A.

Proof. (i) Step 1. First, we prove the following claim.
Claim. If there exists some T >ty and some number i € {1,...,N} such that

f,-,-(ui(T)) >r> <i> >0,
bi )y
then u}(T) < 0.

In fact, from the assumption of the above claim, (2.2) and (2.3), we have

wi(T) = ui(T [ ébu )fij (ui(T ), u (T))—bii(T)ﬁ'i(ui(T))]

<ui(T)[ai(T) — bi(T) fii(wi(T))]

< w()[a(T) — ribi(T)] = w(T)bi(T) [b((% ) ] =0

Step2. We will prove Lemma 2.3. The proof is divided into two cases.

Case 1. Let
Jii(ui(to)) = ri
It suffices to show that for # > 19, fii(ui(2)) < fi(ui(to)).
Case 2. Let
f,-i(u,-(to)) <rj.

It suffices to show that for 7 > tg, fii(u;(t)) < ri.
In Case 1, we assume to the contrary that there exists some 7 > fo such that f :=
Fii(ui(7)) > fii(ui(to)) =: y. We take 1, satisfying:

t :=inf{t €R |t > to, fii(ui(t)) = B}.
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Next we take 1, satisfying:
ty=sup{t €R |t <t <1y, fi(ui(t)) =y}

Then fi(ui(t1)) > fii(ui(t2)) and fi;(ui(¢)) = ri on [tp,#1]. From Step 1, we have u; <0
on [tp,1]. Consequently, we obtain u;(7;) < u;(t2). This gives fii(ui(t1)) < fii(ui(r2))

by condition (1.1), which is a contradiction.
In Case 2, we assume that there exists some number 7 > #; such that

n .= fu(u,(f)) > 1.

We take #3 satifying:
ty:=inf{t € R |t > 19, fii(ui(t)) =n}.

Next we take #4 satisfying:
ty:=sup{t € R | 1o <t <13, fii(ui(r)) = ri}.
Then fii(ui(t3)) > fii(ui(ta)) and fii(u;(¢)) > r; on [t4,3]. Similarly to Case 1, we get
ui(t3) < ui(ty). This gives fii(ui(t3)) < fi(ui(ts)), a contradiction. The proof is then
completed.
(i1) From (i), it follows that for all 1 > #;

Ji ' (Fii(ui())) < fiy ' (max{ fis(ui(t0)), ri})-

That is
wi(t) < max{u;(to), fi7 ' (ri) }-
Therefore if we let M4 be
My = max{ sup {x | x EA},fii_l(r,-)}
1<k<N

where x = (x1,...,xy) €A, then for ¢ > 1y, u;(t) < My . The proof is then completed.

REMARK 2.4. By (i) of Lemma 2.3, we see that every solution u of (GLV) with
u(ty) € RY exists on [f,0) under conditions (2.1)-(2.4). So in this case (2.6) and (2.7)

hold on [tg,°).
Now we rewrite system (GLV) in the form
' =g(ut),

where u(t) = (u1(t),...,un(t)) € RV, and g(u,t) = (g1(u,1),...,gn(u,t)) is given by

bij(t) fij(xi,x) |, 1 <P<N,

M=

gi(x,t) =x; |ai(t) — 1

~.
I
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for x = (x1,...,xn) € RV Since the functions a;, 1 <i <N, and bij, 1 <i,j<N,are
continuous on R and the functions f;;, 1 <i,j < N, are continuousuly differentiable
on RZ, for every £ = (&) € RY and 7 € R, there exists a unique solution u(t) of
(GLV) with u(t) = £. We denote it by u(t,7,&) = (u;(¢,7,&)). Recall that we have
introduced the notation:

M(I,IO,A) = {u(t7t0a§) ‘ 5 EA}

for A C Rﬁ. Furthermore, since the functions g;(x,7), 1 <i < N, are continuously
differentiable with respect to the components of x € RN, u(t,7,£) are continuously
differentiable with respect to the components of £ € R . Therefore we can introduce
the following notations. We denote by D¢ (u(,7,&)) the N x N matrix with (i, j)th
entry equal to du;(t,7,£)/d&;:

du;(t,t 5)]
D u taT7€ = {% 9
gul ) dE;
where & € R’X. Similarly we define N x N matrix Dyg(x,?) by

Dyg(x,1) = [%}fj’ﬂ :

where x € RY.
Now for ¢ > 1y and &, € RJX, we set ug(t) = u(z,t9,&) . Then it is well known [4]
that
X' () = A@0)X (1), X(t0) =1,

where

X(t> :Déu(talb;&O)a A(t) :ng(MO(t)’t)a

and [ is the N x N identity matrix. Furthermore we know that
t
detX(¢) = exp/ trA(s)ds
fo
Therefore, we have

detDgu(t,t,50) = exp

ds. (2.8)

tOll

2.2. Proof of Proposition 2.1
In this section we prove Proposition 2.1.

PROOF OF PROPOSITION 2.1. First, from assumptions of Proposition 2.1 and
Lemma 2.3, we note that there exist some numbers M4 and 84 such that

0< 8 <ui(t) <My, 1 > 10,1 <i <N. (2.9)
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ForteR,i=1,...,N, we have

_ N
%8 u().1) = alt) ~ 3 i 005010
1 j=
—ui(t) ), bij(t)D1fij(ui(t),u;(t))
P
— ui(t)bii(t) (D1 fii + Do fii) (ui(t ), ui(t))
< 8 — (0 (1) (D1 i+ D fi) ), ().
Therefore
' 9gi " | #i(s)
u(s),s)ds <
/toizzi ﬁxi( (s),5) </;0i§1lui(s)

/10214, bii(s)(D1fii + Dafii) (ui(s),ui(s))ds.

4

Here, from condition (1.1), if we set

/. : . -
Oy = lgliglN{(Dlﬁz + Dy f;i)(04,04)} >0,

then we obtain from (2.9)

N t N
/ ag‘ )s)ds < 3 log A 5,5 / Zbii(s)ds
o ST 0 ]

= lax,

—NIOg 5 6A6A/ zbll

tol

Hence by (2.4),

g agi
/ Y == (u(s),s)ds — —oo as 1 — oo (2.10)
0 51 0xi

uniformly with respect to &y € A. Thus it follows from (2.8) that

' & dgi
detDgu(t,t9,&) = exp 29
fo j=1 9N

(u(s),s)ds — 0 as t— oo (2.11)

uniformly with respect to & € A. Since, from (2.8),

detDgu(t,t9,8) >0, t > to,
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it follows from the change of variables formula [3] that
pltao,A) = [ dx= [ detDeu(t.to,E)d.
u(t,19,A) A

Hence from (2.11)
u(u(t,t9,A)) -0 ast — oo.

This completes the proof.

3. Proof of Theorem 1.4

From Remark 2.2, in order to prove Theorem 1.4, it is sufficient to prove the
following lemma.

LEMMA 3.1. Let conditions (Al)-(A3), (A4) and (A6) hold. Let A be a com-
pact subset of Rﬁ and let to € R. Then there exist some numbers 84 >0, r >0 and
ta =ty such that

Sa<ui(t)y<rt>zty, ISIi<N

Sfor any solution u of (GLV) with u(ty) € A.

Before we prove Lemma 3.1, we give several lemmas which are employed in prov-
ing Lemma 3.1. Firstly from (A4), there exists some number € > 0 such that

ai(f)—zbij(t)<ﬁ) > ebji(t), t > 19, 1 <i<N. (3.1)
j#i bjj M

Therefore we have the following proposition.

PROPOSITION 3.2. There exists some number s > 1 such that

se—(s—1)<ﬂ) >0, 1 <i<AN. (3.2)
i/ M
Furthermore
ailt) =Y by (1)s <ﬂ> > abilt), 1 > 10,1 i< N, (3.3)

j#i bjj M

where
P 1 — R i
o= 1I<nilgnN{S8 (s—1) (b,-,- )M} > 0. (3.4)

Proof. Since, forall t >tpandi=1,...,N,

ss—(s—l)(%) —e>0ass— 1+0,
i) M
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there exists some number s > 1 such that (3.2) holds. Therefore if o is defined by
(3.4),thenfort >1ty, i=1,...,N we have from (3.1)

ai(t) — ¥ bij(t)s (Z—L)M = lai(t) = bij(t) (Z—’)M] = (s = 1ai(t)

i#i i#i d
> sebji(t) — (s — 1)aj(t)
= [ss —(s—1) Z,l,((tz) ] bii(r) = obii(t).

This completes the proof.

Henceforth let s and o denote the numbers given in Proposition 3.2. Then it leads
to the following lemma.

LEMMA 3.3. Let conditions (Al)-(A3) and (A4) hold. Let A be a compact sub-
set of RY and let 1) € R. Let ul(t,ty,&) be a solution of (GLV) with & € A. Then
there exists some number t =1ty > t* such that

&) <s () LrziGeAl<icn. 6:5)
i) M

Proof. Step 1. First, we prove the following claim.
CLAIM. For &y € A, there exist some t* = t%‘o >ty such that

o) <s (1) L1<ish, 36
bii )y
We assume to the contrary that there exist some number & € A and i € {1,...,N} such
that
~ a; a;
fir(ui(t,t0,80)) > s (—) > (—) >0,1>1. (3.7)
bii )y bi )y

To simplify the notation we put u(t) = u(z,1y,&y). For t > 1y, we have

wi(1) = ui(t) [ai(t) - é'bij(t)ﬁj(”i(t):”j(t)) - bﬁfii(ui(f))]
J#i

< 0)ast) a0 s0)] <o) [ — i) (—)M] .

Here, noting that
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From (3.7), we have

ui(t) < —(s— 1) f; ! <<Z; )M) (%)Mbii(t) <0,1>1

Integrating the both sides on [tg,?], it follows that

wltstorEo) < —(s— 1) ((b—)M) (b—)M [ bu(5)ds &

From (A2), and the fact that s > 1 and (a;/b;;)ir > 0, we have
u,‘(l,to,go) — —oo0 aS [ — oo;

but this is an obvious contradiction. That proves the claim.
Step 2. We fix £ € A. From Step 1, there exists some t* = = tg > 1o which satisfy
(3.6). Since s > 1, we choose r; so that

a; a; .
s(b—;>M>ri> (b—;i)M, 1<i<N.

Then by replacing 7y of Lemma 2.3 by ¢*, we have

Flutean € <s () Lezia<isn.
i/ M

By continuity with respect to initial conditions, there exists a neighborhood V; of I3
such that

= X aj .
fi,-(u,-(té,to,n))<s<b—> , NEVe, I<i<N.
i) M

Thus, it follows that

fi(ui(t,t0,m)) <s ai ,t>t2,neV§,1<i<N.
bi )y
Since A C Jgeq Ve by compactness of A, there exist some points &1,...,&L € A such

that
L

AcC V.
k=1
Hence, (3.5) holds by setting 74 = maX1<k<L{lgk}. Then the proof is completed.

Henceforth let 7 denote the number given by (3.5) in Lemma 3.3. Then it imme-
diately leads to the following corollary from (A6).

COROLLARY 3.4. Let conditions (A1)-(A3), (A4) and (A6) hold. Let A be a
compact subset of Rﬁ and tg € R, & € A. Then, for all i,j=1,..., N,

aj

fl‘j(ul‘(t7t0750)7uj(tat0a§0)) <s <b_) , I 2 f’go cA. (38)
1/ M



NONAUTONOMOUS LOTKA-VOLTERRA MODEL 459
It leads to the following lemma.

LEMMA 3.5. Let conditions (Al)-(A3), (A4) and (A6) hold. Let A be a com-
pact subset ofRIX andlet tg € R, &y € A. Then, foralli=1,...,N,

Jii(ui(t,10,&0)) = min{ fis(ui(,10, &0)), 0}, t > 1,& € A, (3.9)
where o. is the number defined by (3.4).

Proof. Step 1. First, we shall prove the following claim.
CLAIM. Ifthere exist some T >1, &€ A and i=1,...,N such that

0 < fii(ui(T,10,&0)) < (3.10)

then u}(T,ty,&) > 0.
In fact, from (3.3), (3.8) and (3.10), we have

ui(T) = ui( [ ébu )Jij(i(T), MJ(T))_bii(T)fii(ui(T))‘|
J#i

U; a; - ij s i - i
z (T)[ ) ;b,(T) (bij)M " (T)]
> ui(T)(abii(T ) — abii(T)) = 0,

where u;(T) = u;(T,t0,&), 1 < i< N. That proves the claim.
Step 2. We prove Lemma 3.5. The proof is devided into two cases.
Case 1. Let

0< ﬁi(ui(f7t07€0)) <o

It suffices to show that for all 1 > 7, fi;(ui(t,t0,&0)) = fii (ui (7,10, &))
Case 2. Let

ﬁi(ui(fvt7€0)) = o

It sufficies to show that for all ¢ > 7, fi(ui(t,t0,&)) > o.
In Case 1, we assume to the contrary that there exists some 7 > f such that f§ :=
Fi(ui(F10,&0)) < fii(ui(f,t0,&p)) =: y. We take #; satisfying:

ty:=inf{t e R |t > 17, fii(ui(t,10,&)) = B}
Next we take #, satisfying:
n=sup{t e R |F <1 <y, fiiui(t,10,&0)) = 7}
Since it follows that f; (ui(t1,t0,&0)) < fii(ui(t2,t0,&0)) and fii(ui(2,0,&))

< o on [fp,11], from Step 1 u/(z,19,&y) > 0 on [t,1,]. Hence, we have u;(t1,19,&y) >
ui(ta,10,&0) . By (1.1) fn(uz(ﬁ,to,éo)) > fii(ui(t2,10,&0)), which is a contradiction.



460 KUNIHIKO TANIGUCHI

In Case 2, we assume to the contrary that there exists some 7 > 7 such that n :=
Ji(ui(f,10,&)) < o. We take #3 satisfying:

ty:=inf{t €R |t > 1, fii(ui(t,10,&)) =N}
Next we take #4 satisfying:
ty:=sup{t € R |7 <1 <13, fiui(t,10,&)) = a}.
Then f;;i(ui(t3,10,&)) < Fii(ui(ts,19,&o)) similarly to Case 1, we can get u;(t3,19, o) =

ui(t4,10,0) . By (1.1) fii(ui(t3,10,&0)) = fii(ui(ta,10,&0)), which is a contradiction. This
completes the proof.

From Lemma 3.5, we have an important lemma which will be employed to prove
Lemma 3.1.

LEMMA 3.6. Let conditions (Al)-(A3), (A4) and (A6) hold. Let A be a com-
pact subset of Rﬂvr and let to € R. Let & > 0 be a number such that & < o. Then there
exists some t' =t} > 1 such that,

ﬁi(ui(taIOa 50)) >4 >O7 t >t/a 50 EA, I<i<N.

Proof. Step 1. First, we prove the following claim.
CLAIM. For §y €A and i=1,...,N, there exists some 1| = ti/.éo such that

Jiiui(t],10,&)) > 8. (3.11)
We assume to the contrary that there exists some & € A and i = 1,...,N such that
Jirlui(t,10,80)) <8 <, 1 > 1.
For simplicity, we put u(t) = u(t,19,&p). Then, by (3.3) for ¢ > 7
ui(r) = ui(r) lai(f) — ) bij () fij (wile),u;(2)) — bii(t)fii(ui(l))]
J#i
> ui(t) |ai(t) — 3 bij(0)s <ﬂ> 0
JAi bij ) m
> ui(t)(ocb,-i(t) — 5bii(l)) = (OC — 5)u,-(t)bi,-(t).
Since it follows from the above inequality that «; > 0 on [f, ), we get

ui(t) Zui(f) =:C+ >0, t > 1.

Thus, since 6 < a,
ui(t) = Cy(oe—8)byi(t) >0, t > 1,
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integrating both of sides on [f,?], gives
t
w(t) > C(@=8) [ buls)ds—C:.
t

From (A2), it follows that u;(f,fy,&y) — o as t — oo, which is a contradiction. That
proves the claim.

Step 2. We fix §y € A and i = 1,...,N. From Step 1, there exists some 7/ =
tl.”50 > 7 satisfy (3.11). Since & < min{ f;; (u;(t!,20,&)), o} and ¢/ > 7, we can claim the
following:

CLAIM. Fort >1],

Fii(ui(t,10,&0)) > 8.

In fact, by #/ > 7, we have (3.8) for ¢ > ¢/. Therefore similarly to the proof of
Lemma 3.5, we have

Jii(ui(t,10,&0)) = min{ fis (ui(t}, 10, &), 00} > &
for ¢ > t!. That proves the claim. Here we set /(&) = max|<;<,{t - }. Then
i SISV
Fi(uit,t0,&0)) >8>0, >1(&),l <i<N.

Therefore similarly to the proof of Lemma 3.3, from the compactness of A, there exists
ty >1 such that

fl'l'(ui(tJO;&O)) > 6a t = t;h&o 6A71 < i < N.
Then the proof is completed.
By employing Lemma 3.6, we shall prove Lemma 3.1.

PROOF OF LEMMA 3.1 Firstly, we take the number #4 given in Lemma 3.6. Let

us set
ai
r:= max ¢s| — .
I<i<N bii )

0< 38 < filui(t,to,&)) <r t >14,E €A1 <i<N,

where s, § are the numbers appearing in Proposition 3.2 and Lemma 3.6. Then it
follows that

Then

0< £ '(8) <ui(t,10,80) < i '(r), t = 1a,E0 €A, 1 <i<N.
Hence we have
0< & <u(t,to, &) <rt>ta,& €A 1<KiIi<N

by setting

This completes the proof. [

From Proposition 2.1 and Lemma 3.1, we can prove Theorem 1.4.
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4. Proof of Theorem 1.5

From Remark 2.2, in order to prove Theorem 1.5, it is sufficient to prove the
following lemma.

LEMMA 4.1. Let conditions (Al)-(A3), (A5) and (A7) hold. Let A be a com-
pact subset of RIX and let ty € R. Then there exist some numbers 84 >0, r >0 and
ta >ty such that

Oa <ui(t)<rt>=tay, L <Ii<N.

We give several lemmas which are employed in proving Lemma 4.1. Firstly from
(AS), there exists some number € > 0 such that forall t > 7 and i=1,...,N,

ai(t) —jzﬁbi,,»(tm,- (fl-,-l ((Z—)M) it ((Z—L)A)) >ebii(t). (4.1

Therefore we have the following proposition.

PROPOSITION 4.2. There exists some number s > 1 such that

ss—(s—l)(%) >0, 1<i<N.
i ) M

Therefore, if we put

. ai;
o= 1rgnilgnN{sE—(s—1) <b—”>M} >0, 4.2)

thenforall t >ty andi=1,...,N,

at) = 205ty () )t ((52) )z @

Proof. Similarly to Proposition 3.2, we can prove the proposition. [l

Henceforth let s and o denote the numbers given in Proposition 4.2. Inequality
(4.3) corresponds to inequality (3.3). Now we recall that conditions (A1)-(A3) and (A4)
imply Lemma 3.3. Hence under conditions (A1)-(A3) and (AS5) we can obtain the same
results as in Lemma 3.3. That is,

LEMMA 4.3. Let conditions (Al)-(A3) and (A5) hold. Let A be a compact sub-
set of RY and let 1y € R. Let u(t,t9,&y) be a solution of (GLV) with & € A. Then
Lemma 3.3 are still valid, where s is the number given by Proposition 4.2.

Henceforth let 7 = 74 denote the number satisfying

Fii(ui(t,10,&0)) <S<%) 121, 8 €A, 1<i<N,
M

ii

where A is compact. Then it immediately leads to the following corollary from (A7).
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COROLLARY 4.4. Let conditions (A1)-(A3), (AS) and (A7) hold. Let A be a
compact subset of RY and ty €R, & € A. Thenforallt >f, §€A andi,j=1,...,N,

ﬁ,,(u,-(r,to,éo>,u,,»<t,zo,5o>><sﬁ-,-(f,-,-l(“—f’_) GH(5L) ) e
bii a bu M

Proof. We fix §y €A and j=1,...,N. Then it follows, from Lemma 4.3, that

~ a; .
uj(t7t07€0)<fj_jl <S<b_j) >7t>l.
JJ/ M

This completes the proof by (A7).

Corollary 4.4 corresponds to Corollary 3.4. We recall that Corollary 3.4 implies
Lemmas 3.5 and 3.6. Hence, under conditions (A1)-(A3), (A5) and (A7), we can obtain
the same results as in Lemmas 3.5 and 3.6, as seen below:

LEMMA 4.5. Let conditions (Al)-(A3), (A5) and (A7) hold. Let A be a com-
pact subset of Rﬁ andletty €R, & €A. Thenforall i=1,...,N, (3.9) is still valid,
where o. is the number defined by (4.2).

Proof. First we will prove the following claim.
CLAIM. Ifthereare T >1, &y €A and i=1,2...,N satisfying (3.10), then

ui(T,10,&0) 2 0
In fact, from (4.3), (4.4) and (3.10), we have

wi(T) = ui(T l ébu )fij(ui(T),u (T))—bii(T)ﬁi(ui(T))]
J#i

> u,'(T) |fl,'(T) — Zbu Sf,J < - <_’> f (b ) ) _ ab,‘,‘(T)‘|
i bii ) u ii/ m
2 ui(T)(abi(T) — abi(T)) > 0,
where u;(T) = u;(T,t0,&), 1 < i< N. That proves the claim.

The remainder of the proof proceeds as in the proof of Lemma 3.5.

LEMMA 4.6. Let conditions (Al)-(A3), (A5) and (A7) hold. Let A be a com-
pact subset of RY and let ty € R. Let § >0 be a number such that § < o.. Then
Lemma 3.6 are still valid.

Proof. We only give the sketch of the proof of (i).
To show our statement by contradiction suppose to the contrary that

Jii(ui(t,10,80)) <8 <o, 1 =1
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for some & € A and i = 1,...,N. For simplicity we put u(¢) = u(z,%,&). Then, by
(4.3)and (4.4)

(1) = uir) |ai(t) — %‘,_bi,i(t)ﬁ,/(ui(’)yuj(f)) — bii(t) fii(ui1))

> ui(t)(abii(t) — Obii(t)) = (o0 — 8)u;(t )b”( ), t Zf

Hence we can get a contradiction as in the proof of Lemma 3.6.

By the above lemmas we can prove Lemma 4.1, and so we can prove Theorem
L.5.

Acknowledgements. The author would like to express his appreciation to Professor
Hiroyuki Usami of Hiroshima University for his useful comments and suggestions, and
to the referees for many valuable comments and suggestions

REFERENCES

[1] S. AHMAD, A. C. LAZER, On a property of nonautonomous Lotka-Volterra competition model, Non-
linear Anal., 37 (1999), 603-611.

[2] S. AHMAD, A. C. LAZER, On the nonautonomous N-competing species problem, Appl. Anal., 57
(1995), 309-323.

[3] P. BILLINGSLEY, Probability and measure, John Wiley & Sons, New York, 1979.

[4] W. A. COPPEL, Stability and Asymptotic Behavior of Differential Equations, P. C. Heath and Company,
Boston, 1965.

[5]1 J. HOFBAUER, K. SIGMUND, Evolutionary Games and Population Dynamics, Cambridge University
Press, New York, 1998.

[6] R. REDHEFFER, Nonautonomous Lotka-Volterra system I, J. Differential Equations, 127 (1996), 519—
540.

(Received December 9, 2009) Kunihiko Taniguchi
(Revised August 20, 2010) Department of Mathematics
Graduate School of Science

Hiroshima University

Higashi-Hiroshima 739-8526, Japan

e-mail: d092134@hiroshima-u.ac.jp

Differential Equations & Applications
www.ele-math.com
dea@ele-math.com



