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EXISTENCE OF POSITIVE SOLUTIONS OF A CLASS
OF QUASILINEAR ELLIPTIC EQUATIONS ON RM

JING MO AND ZUODONG YANG

(Communicated by D. Kang)

Abstract. In this paper we study the following problem: —Apu -+ |u|P~2u = k(x) f(u) + h(x),
x € RV, where u € WHP(RY), u> 0 in RY. Under appropriate assumptions on &, & and f,
we prove that problem has at least two positive solutions.

1. Introduction

In this paper, we are concerned with the existence of positive solutions to the
following nonhomogeneous quasilinear elliptic equations,

{ —Apu—I—|u|p_2u=k(x)f(u)+h(x), xeRN (L1

ue WP(RV) >0, in RV, N >3,

where Apu = div(|Vu|P~2Vu) is the p-Laplacian operator, 1 < p < o and & is a pos-
itive bounded function, 4 € LP" (RV),h > 0,h # 0 and the function f satisfies the fol-
lowing conditions:

(Hy) feCR,RT),f(0)=0and f(r)=0ifr <O0;

(Ha) Tim £(1) /171 = 0;

—!

(H3) there exists 0 € (p— 1,%—%) such that tlimf(t)/t‘s =0;

(Hy) lim f(1) [Pl =1 < oo,

For p =2,h # 0, the existence of positive solutions to the following nonhomoge-
neous semilinear elliptic equations,

—Au+u=k(x)f(u)+h(x), xRN,
uc HRY),u>0, in RV N >3,

has been studied by many authors, see [11, 19, 22-23] and the references therein. For
p =2, h =0, that is the homogeneous case, has been studied extensively in the last
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decade, see [12, 15, 17] and the references therein. Still in [14] and [16], the authors
consider the equations —Au = h(x)u? + f(x,u) and —Au+ V(x)u(x) = K(x)f(u) re-
spectively, they all obtain the existence of the solution to the problem.

For h =0, p > 1, the existence and uniqueness of the positive solutions for the
quasilinear elliptic equation with eigenvalue problems,

{Apu+/lf(u) =0 in Q,

u(x) =0 on 9Q, (1.2)

with A >0, p>1, QC RY, N > 2 have been studied by many authors, see [1-2, 5-
10, 20-21] and the references therein. When f is strictly increasing on R™, f (0)=0,
lim, o+ f(s)/sP~1 =0 and f(s) < aq +0ps*,0 < u < p—1,01,0p >0, it was shown
in [7] that there exists at least two positive solutions for Eqs (1.2) when A is suffi-
ciently large. If lim,_,q+ inf f(s)/s?~! >0, £(0) = 0 and the monotonicity hypothesis
(f(s)/sP~1) < 0 holds for all s > 0, it was proved in [8] that the problem (1.2) has
a unique positive solution when A is sufficiently large. Moreover, it was also shown
in [9] that problem (1.2) has a unique positive large solution and at least one positive
small solution when A is large if f is nondecreasing; there exists o, 0 > 0 such that
fs) <ap+onsf, 0< B <p—1;lim_ g Sj;,(fz =0, and there exists 7,Y > 0 with
Y > T such that

(f(s)/s?~1)' >0 for s € (0,T)
and
(f(s)/sp_l)/ <0 for s>7.

Recently, Hai [10] considered the case when €2 is an annular domain, and obtained
the existence of positive large solutions for the problem (1.2) when A sufficiently small.
Xuan & Chen proved in [20] the singular problem (1.2) has a unique positive radial
solution if f is a continuous function and positive on Q = By (here B is a ball).

Moreover, it was also shown in [21] that problem

Apu+q(x)u' =0, xe RN

has a positive entire solution if g € C(RT),0<y<p—1,

/°° e =)/ (=Dl g (p)dr < oo,
1

0<e<(N—p)p—1-1v)/(p—1),
and for r € (0,1), 8 < 1, q(r) = 0(r79).
Still in [3], the authors studied the existence of nontrivial solutions for the problem
—Apu+|ulPPu=0

in a bounded smooth domain Q C RV with a nonlinear boundary condition by varia-
tional and topological argument, and the authors in reference [18] obtained ground and
bound state solution of quasilinear equation

—Apu+ V(x)|u\p_2u = f(x,u)
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with unbounded or decaying radial potential.

To the author’s knowledge, it seems that there are few results for nonhomoge-
neous problem (1.1). Only more recently, in [13], Yun-Ho Kim studied the following
boundary value problem with a nonhomogeneous principal part ¢ :

—div(¢(Vu)Vu) = polulP~u+q(A,x,u,Vu) in Q

with the dirichlet boundary condition under certain assumptions on ¢ and g when Ly
is not an eigenvalue of the p-laplacian. The author showed a bifurcation result on a
noncompact component of solutions for the above nonlinear equation. Motivated by
the results of the above cited papers, we study the existence of two positive solutions of
problem (1.1) under the condition (H;)-(H4) and some further assumption on %, the
results of the semilinear equations are extended to the quasilinear ones. We modify the
methods developed in [19, 23] and extend the results of [19] to a quasilinear elliptic
equation (1.1).
We consider the following energy function 7: W!'?(RY) — R defined by:

(u) = I%/RN(\VM\”—F\u|p)dx—/RNk(x)F(u)dx—/RNh(x)udx7 (1.3)

where F(u) = [y f(s)ds. It is known that a critical point of I is a weak solution of
problem (1.1). By (H;) and the strong maximum principle, we see that a nontrivial
weak solution of problem (1.1) is indeed a positive solution. By the Ekeland’s varia-
tional principle [4] it is not difficult to get a weak solution ug for |h|,,+ suitably small.
Moreover, ug is the local minimizer of I and I(up) < 0. However, under our assump-
tions which without the monotonicity of f(¢) and f(z)/t? it seems difficult to get a
second solution (different from ug of (1.1) by applying the Mountain Pass Theorem
as the mentioned reference), we have to find new ways to show that a (PS) sequence
is bounded in W!?(R"). On the other hand , once a (PS) sequence is bounded in
WP (RN), the usual strategy is trying to show this sequence converges to a different
solution from ug, but this still seems not so easy under our assumption. Motivated by
[19] here we study the problem (1.1) by the following two cases:

(A) I < +eo; and (B) | = +oo.

Noted that in both cases, we do not require that tj;(ﬂ and f(¢) are nondecreasing in
t>0.

In case (A), by using the fact [ < +eo, we can prove that the (PS) sequence ob-
tained by mountain pass theorem converges strongly in W'?(R") to a solution u; of
(1.1) with I(u;) > O then it is clear that u; # ug.

In case (B), the method for case (A) does not work any more. For proving a
(PS) sequence converge to a different solution from ug, we simply suppose that k(x) =
1 and seek the solution in W,l’p (RN ), otherwise, we have to use the concentration
compactness principle to show that the related (PS) sequence converges strongly in
WP (RN) which is complicated and some more assumptions on k and f are required.

This paper is organized as follows. In section 2, we give the main results. In
section 3, we give the proofs of the main theorems.
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2. The main results of this paper

By modifying the methods developed in [19, 23], we obtain the next theorems.

THEOREM 2.1. Suppose that h € Lp*(RN), pr= %, h>0, h#£0 and k €
L>(RN, R") satisfies,
(K) there exists Ry > 0 such that

sup{fp(—fz L5 >0} <inf{$ x| > Ro}. @0

Let (Hy)-(Hy) hold and | € (u*,+o0) with
w :inf{/ (IVaul? + |u|?)dx : ue WHP(RV), / Kowdy=1}. 22)
RN RN

Then, there exists m > 0 such that problem (1.1) has at least two positive solutions
ug,uy € WhP(RN) satisfying 1(uo) <0 and I(uy) >0 if | h| < m.

THEOREM 2.2. Suppose that k(x) =1, h(x) = h(|x|) € C'(R¥)N L (RN), h(x) >
(#£)0 and satisfies,
(G) there exists & € LP" (RN)O\W'=(RN) such that
\Vh(x)||x| < |E|7°T (x) forall xR (2.3)

Let f satisfies (Hy)-(Hy) with | = +oo, then there exists my > 0 such that problem
(1.1) has two positive solutions vo,vi € WP (RN) with 1(vg) < 0 and I(v;) > 0 for
|h‘Ll’* <mj.

NOTATION. Through this paper, we denote by || -|| the norm of W!?(R") and
C1,C; - -+ are positive constants.

3. The proof of the main results

In this section, we consider the nonhomogeneous elliptic problem in two subsec-
tions.
3.1. Case A: | < +oo.

In this part, we consider the following nonhomogeneous elliptic problem,

{—Apu—|—|u1’2u:k(x)f(u)+h(x), xeRN, G.1)

ue WhP(RV) >0, in RV, N >3,

where k(x) is a bounded positive function, 2 € LP" (RY), h >0, h # 0 and the function
f satisfies (H})-(Hy) with [ < 4o, we have the following results for problem (3.1).
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LEMMA 3.1.1. Assume that (Hy)-(Hy) with | < 4o hold. Let h € LP" (RV), k
satisfies (K) and {u,}y C WP (RN) be a bounded (PS) sequence of 1. Then {uy} has
a strongly convergent subsequence in WP (RV).

Proof. Tt is sufficient to prove that for any & > 0 there exists R(g) > Ry (Rp is
given by (K)) and n(€) > 0 such that:

/N(|w,,\1’ 4 lunP)dx <& forall R>R(e) and n>n(e). (3.2)
R
Let & : RN — [0, 1] be a smooth function such that

0, 0< x| <R,
s ={ ) D% (33)

Moreover, there exists a constant Cy independent of R such that
CO N
|[VEr| < r for all x e R". (3.4)
Then for any u € WHP(RV), u# 0 and all R > 1 there exists a constant C; > 0 such

that ||Egul| < Cy||ul|. Since I'(u,) — 0(n — <o) in (W'P(RV))" and {u,} is bounded
in WP(RN), we know that for any € > 0, there exists n(¢) > 0 such that

(1 ) Gt} = [ [Vt 250,V ) + | Eel,

/ €
= o k(x)f(un)éRundx—/RNh(x)ﬁRundx S Cul|T ()l oo ey Nl || < 7 (3.5)
for n > n(e). Thatis, if n > n(e), then
/ (|Vun\p+|un\p)§Rdx—|—/ Un|Vitn|P =2V, V dx
RN RN
€
< [ k() f () Ertindix+ / h(x)Erundx + . (3.6)
RN RN 4

It follows from (H;) and (K) that there exists 0 < 6 < 1 such that
k(x) f(un)un, < Ouf for |x| = Ry

since 1 € LP" (RY) and ||u,|| < C for some constant C > 0, it follows from (3.3), there
exists R(€) > Ry such that

£
/R ) Ertadx < |Gl i < 5 for R> R(e). 3.7)

Then, for R > R(¢) and n > n(€), combining (3.3)-(3.4) with (3.6), we deduce that

C e _(G ¢
LoVl + (1= )l ) e < Pl +5 < 245 68)
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Noting that the constant C; is independent on R, we can choose R > 0 large enough
such that (3.2) holds, then we finish the proof of the lemma. [J

Now we give a property of the variational functional I defined by (1.3) which is
required by using Ekeland’s variational principle.

LEMMA 3.1.2. If (Hy)-(H3) hold, h € L”" (RN) and k € L= (RN), then there
exists p,0c,m >0 such that I(u) ||j,|=p= & > 0 for |h| ,» <m.

N+p

Proof. 1t follows from (H)- (H3) that for any & > 0 there exists 6 € (p— 1, =)
and A = A(€,6) > 0 such that for all

5> 0,F(s) < es” +As® T (3.9)

By the Sobolev Embedding Theorem, we have

1
I :—/ Vul? + Pd—/k F d—/h d
)=~ [ v+ — [ kP [ ntuds
1
> = —e/k P—A/k 5+1—/h d
il —e [ k= [ ko™ = [ o
1
> l—)llull — Cselull — Ca(e) [ul| = || Jul

1
= 1l [ = o)l = Culelul® ~ ol ] (3.10)

Taking € = 21?%3 and setting g(t) = ﬁtl"l —Cyt% forall t >0. Since § > p—1 we
see that there exists p > 0 such that max;>0g(¢) = g(p) = m. Then it follows from
(3.10) that there exists & > 0 such that

I(u) ‘H”H:P> o > 0 for ‘h|LI’* <m.
For p given by Lemma 3.1.1, we denote
Bo ={ue WP(RY): |lully1, <p}.

Then by Ekeland’s variational principle and Lemma 3.1.2, we have the following lemma
which show that I has a local minimum if |k, is small.

LEMMA 3.1.3. Assume that (Hy)-(Hy) with | < 4o hold, h € LP" ,h > (£)0
and k satisfies (1.3), if |h|,,» < m,m is given by Lemma 3.1.2, then there exists ug €
WLP(RN) such that 1(ug) = inf{I(u) : u € By} <0 and uq is a positive solution of
problem (3.1).

Proof. Since h € LP" ,h >0 and h # 0, we can choose a function ¢ € W17 (RN)
such that

RNh(x)(p(x)dx> 0. (3.11)
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For r > 0, we have
I(tg) = —/ (V[P +||P)dx — /k t(pdx—t/ h(x)@dx
<—||<PH”—I/ h(x)pdx < 0 (3.12)
p -

for ¢ > 0 small enough. Hence co = inf{I(u) : u € By} < 0. By the Ekeland’s varia-
tional principle, there exists {u,} C B, such that

1
cogl(un)<co+; and I(w) > I(un)——||w—unH forall w € Bp.

Then by a standard procedure, we can show that {u,} is a bounded (PS) sequence of
1, hence, Lemma 3.1.1 implies that there exists ug € W17(RY) such that I'(ug) = 0
and I(uo) =cp<0.

Next, we prove the problem (3.1) has a mountain pass type solution. For this
purpose, we use a variant version of Mountain Pass Theorem which allows us to find a
so-called Cerami type (PS) sequence. Let us recall this theorem, and the proof can be
found in [3, Chapter IV]

PROPOSITION 3.1. (Mountain Pass Theorem) Let E be a real Banach space with
its dual space E* and suppose that I € C'(E,R) satisfies

max{I1(0),I(e)} <u<n< | lﬁlfpl( u),

forsome u<mn, p>0 and |le|| > p. Let ¢ > n be characterized by

= inf 1
R

where I' = {y € C([0,1],E) : v(0) = 0,y(1) = e} is the set of continuous paths joining
0 and e, then there exists a sequence {u,} C E such that

I(un) = c=n and (1+||un|)|I7' (un)|| £+ — O

The following lemma shows that I defined in (1.3) has the so-called mountain pass
geometry.

LEMMA 3.1.4. Suppose that (H,)-(Hs) hold and 1 € (u*,+e0) with u* given
by (2.2). Then there exists v € W'P(RN) with ||v|| > p (p is given by Lemma 3.1.2),
such that 1(v) < 0.

Proof. Since | > u*, we can choose a nonnegative function ¢ € W'»(R") with

/ k(x)pPdx =1 suchthat/ (IVO[P +¢P)dx < 1. (3.13)
RN RN
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Therefore, by (H4) and Fatou’s Lemma we deduce that

lim (’¢> — Lol = tim [ (¢>d _lim /h Jodx

{—o0 p {—o0 {—o0 t _1

<=(lol” =1 <0 3.14
#MH ) < (3.14)

and the lemma is proved by taking v = fo¢ with 7y > 0 large enough.
From Lemma 3.1.2 and 3.1.4, there is a sequence {u,} C WP(R") such that

L(up) — ¢ and [[I'(un) | 1oy (14 [lun]]) — 0 as n— oo, (3.15)

where (W!?)" denotes the dual space of W!»(RY). For this sequence {u,}, let
Up

. (3.16)
[t

Wy =

Clearly, {w,} is bounded in W' (R") and there is a w € W!?(R") such that, up to a
subsequence:

w, — w weakly in WHP(RV),

w, — W a.e. in RN

wy, —w strongly in L (RY). (3.17)

For the above w we have the following lemma.

LEMMA 3.1.5. Assume that (H,)-(Hy) and (K) hold. Let h € L"" (RN) and
I € (u*, +oo) for u* given by (2.2). If ||uy|| — 4o as n — oo, then w given by
(3.17) is a nontrivial nonnegative solution of

—Apu+ |ulP?u = lk(x)u, uewhr(RV). (3.18)

Proof. We prove this lemma through the following three steps.

Step 1: w # 0. By contradiction, if w = 0, the Sobolev Embedding Theorem
implies that w, — O strongly in LP(Bg,) as n — oo, Ry is given by (K) and then by
(Hy), (H4) and I < oo, there exists Cs > 0 such that

[0

T < Cs forallt e R. (3.19)

Hence

/ k() L0 e < cs\k|m/ walPdx — 0 as n— 4o (3.20)
lx|<Ro {; lx|<Ro

on the other hand by (K) there exists 1 € (0, 1) such that

sup{flf—fzzs>o}<ninf{i x| > Ry} 321)

k(x)
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and for all n € R,

/I | k()28 e < k() [walPdx <1 < 1. (3.22)
x| >R

—1
h W|=>Ro

Therefore, from (3.20) and (3.22), we see that

n—oo

fimsup [ k(L) E:i"l)\wn\pdx< 1. (3.23)
R n

However, since ||up|| — o, it follows from (3.15) that

(I’ (un) )

TP o(1), (3.24)

that is

= [lwall? — / k(x | nPdx=1— / k(x \ wa|Pdx, (3.25)

where and in what follows, o(1) denotes a quality which goes to zero as n — +eo,
clearly this contradicts (3.23),so w £ 0.

Step 2: w > 0. In this step, we show that w is nonnegative, that is w > 0. Let
wy, (x) = max{—w,,0}, and {w, } is also bounded in W (RN), if |lu,|| — oo, then

(' (un), Wy, )

I =o(1). (3.26)

That is
—Hw,;upz/ k) L) = o(1). (3.27)
RV [un]

L

By (Hy), f(¢r) =0 for all ¢ <0, then (3.27) implies lim, . ||w, || = 0. Thus w, =
0 ae. xeRY¥ andw>0.
Step 3: w solves (3.18). By (3.15) and ||u,|| — o=, we have

(I’ (un), 9)

TP =o(1) forany ¢ € CJ(RY), (3.28)
n

that is

J(un)

—1
ul

/N VWl P72V, Vo + [wy |7 2w, pdx = /Nk(x) waodx+o(1).  (3.29)
R R

That implies that

! i"j) wnodx +o(1) (3.30)
Un

/ |Vw|P2VwV e + [w|P 2wodx = / k(x)
RN RN
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since w, — w weakly in W17 (RV), hence to show w solves equation (3.18), it is
sufficient to show that

/ k(x)f(u_"l) wnq)dx—>/ lk(x)w(x)pdx as n — oo (3.31)
RV ub RN
Let
Q. ={xcRY:w(x) >0} and Q= {xcR":w(x) =0}, (3.32)

then by (3.17) we have

Un .

Wy = —w ae. in Qp and ||uy|| — oo,
[

so we get that u,(x) — 4o a.e. in Q4 . Hence, (Hs) implies that

f(un)

—1
ul

wp(x) — Iw(x) ae.in Q4

since w, — 0 a. e. in Qg, it follows from (3.19) that

f(un)

—1
ul

wp(x) = 0=Iw(x) ae.in Q.

Hence, by (3.19) and ||w,|| = 1, we have
J(un)

—1
uly

wn(x) — Iw(x) weakly in LP(RM). (3.33)

So, for ¢ € C3'(R") and k € L~(R") we have that

/ IVw|[P=2VwV ¢ + [w|P2wodx = / Ik(x)w(x) @ (x)dx,
RN RN
so w is the solution of equation (3.18) in weak sense.

LEMMA 3.1.6. Let us suppose that k € L*(RN,R") and let u* be defined by
(2.2) with 1 € (U*,+e0). Then (3.18) has no any nontrivial nonnegative solution.

Proof. Since [ > p*, there is a constant o > 0 such that u* < u*+ o < 1. By the
definition of u* in (2.2), there exists vo € WHP(RY) such that

/R k(vhdr=1 and @ <||voll,, < u* 4o (3.34)

Since Ci(RV) is dense in WP (RV), we may assume v € Ci(RY). Let R > 0 be
such that Suppvs C Bg and define

uR:inf{/B (|W|P+\M|P)dx;/3 Koudy=1,ue W (Br) ). (3.39)
R R
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Then vo € Wy ¥ (Bg) and
Ur < |vollP < u*+o <. (3.36)

By the compactness of the embedding WO1 P(Br) — L%(Bg), it is not difficult to see that
there exists wg € W, ” (Bg)\{0} with wg >0 and S k(x)wg(x)dx =1 such that

_ApWR + |WR‘p_2WR = ,LLRk(x)WR, X € Bg. (3.37)
It follows from the strong maximum principle that

d
TR 0, V|x| =R. (3.38)

wr(x) >0, Vx € Bg, v

Therefore, if 0 # u € W'?(RV) is a nonnegative solution, then
,uR/ k(x)wrudx = / (—Apwgr + |wr|P>wr)udx
B Br
= / ‘VWR|p72VWRVM —|—/ |WR|p72wRudx
Bpr Bg

—/ \VWRV’Q%WI’O'
9B ov

d
:/ lk(x)uwRudx—/BR|VWR\p_2ﬂudO'
Bg 0 av

=1 [ k(x)uwgudx
Br
using u >0 and u # 0, we may choose R > 0 large enough such that [ k(x)uwgudx >
0 so, the above inequality implies that ug > [. This contradicts (3.36).

PROOF OF THEOREM 2.1. From the above Lemma 3.1.5 and 3.1.6, if ||u,| —
+oo0, we get a contradiction. Hence, {u,} is bounded in W!”(RV). Then by Lemma
3.1.1, we see that problem (3.1) has a positive solution u; € W17 (RY) with I(u;) > 0.
So, we finish the proof of Theorem 2.1.

3.2. CaseB: [ = oo,

In this section, we consider the problem (1.1) with k(x) = 1, that is,

{ —Apu+|ulP~2u = f(u) +h(x), xe RV, (3.39)

ue WPRN), u>0, xe RV, N>3,

where h(x) = h(|x|) € C'NLP (RN),h > ()0 and f satisfies (H;)-(Hy) with [ =
+oo. Since we assume that k(x) = 1 and & is radial, it is known that the energy function
I in (1.3) can be defined on W,'"”(RN), the subspace of radial function of W' (RV).
Moreover, a non-zero critical point of [ is a solution of problem (3.39).
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LEMMA 3.2.1. Suppose that h(x) = h(|x|) € L (RY), h > (#)0, and conditions
(H,)-(H3) hold. Then there exists m; > 0 and vy € W,"P(RN) such that I'(vg) =0
and I(vo) <0 if |h|,, <my.

Proof. Similar to the proof of Lemma 3.1.3, by the Ekeland’s variational principle,
we can find a bounded (PS) sequence {v,} C W;"P(R") such that

I(vy) — bg :=inf{I(v) : v € WP(RY) and ||v| = p} < 0, (3.40)

where p is given by Lemma 3.1.2. Then from (H;)-(H3) and the compactness of the
embedding W,'? (RV) — LI(RN)(p < g < %), there exists vo € W, (RY) such that
va — vo strongly in W, (RV). Hence, we get I(vo) = by < 0 and I'(vg) = 0.

Next, we prove that problem (3.39) has a mountain pass type solution. In order to
prove this, we use the following theorem which given in [9].

LEMMA 3.2.2. (see [9, Theorem 1.1]). Let X be a Banach space equipped with
anorm ||ul|x andlet J C R be an interval. Consider a family (I;); c; of C' function
on X of the form

L (u)=A(u) — AB(u) for A€,
such that A(u) — oo as |ju||x — —+eo. Suppose that there are two points vi,vy in X
such that
c; = inf max I (y(t)) > max{l, (vi),[ (v2} for A €J,
v€lte(0,1)

where T' = {y € C([0,1],X),7y(0) = vi,y(1) = va}. Then for almost every A € J, there
is a sequence {v,} C X such that:

(1) {vn} is boundedin X,
(2) I (vu) — ¢y, and
(3) I,(va) = 0 in X~ as n— +oo.

Moreover, the map A — c;_ is continuous from the left.
For A € [%, 1], we define the family of functionals I, : WP (RV) — R by
1
L (u) = —/ (|Vul? + |u\p)dx—/1/ (F () + h(x)u)dx.
P JRy RN
LEMMA 3.2.3. Assume that (H))-(Hs) with | = +eo hold, then:
(1) there exists v € er’p(]RN)\{O} such that I (v) <0 forall A € [%, 1],

(2) for my >0 given in Lemma 3.2.1, if |h|,,» < my, then

1
= inf L (y(t)) > L,(0),L, (v Inairel-,1
cx = Inf max 2 (v(2)) > max{I; (0),;(v)} fora [p

B

where T = {y € C([0,1],W!?(RY)) : y(0) = 0,y(1) = 7}.
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Proof. (1) For 6 > 0, there exists v € W,"(RV)\{0} and v > 0 such that

/ [Vv|Pdx < 0'/ [v|Pdx.
RN RN

Since
inf{/N\Vu\”dx:ueW,Lp(RN) and Julr =1} =0.
R

By (Hy4) with [ = 4o and Fatou’s Lemma, we have

. F(1v) »
lim /RN t—l’dx> (l—l—G)/RN |v|Pdx (3.41)

1— o0
and then for any A € [%, 1],

I (tv)

I 1
lim / deg lim P dx
t—oo JRN  tP t—oo RN 114
1
< —(/ \W|de—a/ vPdx) <0, (3.42)
P JRN RN

so, we can choose #; > 0 large enough such that ; (rv) < 0. Then taking v =1,v, we
see that I) (V) <11 (v) <0 and (1) holds.
p

(2) Forany A € [11—7, 1] and u € er’p(RN), we have

B> o [ (9l = [ (F bl ) =)

Similar to the proof of Lemma 3.1.2, if |h|,,» < m; with m; given by Lemma 3.2.1,
we deduce that infyermax;¢(,1)J(y(¢)) > 0. Then

1
= inf 1 > inf J L, (0),I(v) f 1A -1
3 = inf max 13 (7(1)) > inf max (r(1)) > max {1, (0), 1, (7) fora <l 1}

and we complete the proof of the lemma. [J

By Lemma 3.2.3 and Lemma 3.2.2, there exists {A;} C [%, 1] such that:

(@)A; — 1 as j — oo, and

(b)I;; has a bounded (PS) sequence {u}} at the level Ca;-

Since the embedding W, (RY) — LI(RN)(p < ¢ < NN—fp) is compact, we de-
duce that for each j € N, there exists u; € W, (RV) such that uj, — u; strongly in
WP (RY) and u ;18 a positive solution of

—Apu+ [ulP2u = A;(f(u) + h(x)) in RN, (3.43)
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Next, we deduce the Pohozaev type identity which u; is satisfies

N — N
_p/ \Vu/\pdx+—/ |uj|Pdx
P JRV ’

—N/l/ (uj) + huj) dx—l—/l/ Vh(x)-xujdx. (3.44)

In order to prove that {u;} is a bounded (PS) sequence of I, we need the technique
condition (K).

LEMMA 3.2.4. Assume that (Hy)-(Hys) with | = +eo hold, h satisfies (1.5) and
|h|,p« <my for my given by Lemma 3.1.1. Then {u;} C WP (RN) is bounded.

Proof. Since the map A — ¢, is continuous from the left by Lemma 3.2.2, then
by Lemma 3.2.3 (b), we have

IA/.(MJ') =¢; >0 as Aj — 1.

Thus, there exists K > 0 such that I,lj(uj) < K forall j € N. From this and (3.44) we
deduce that

/RN |Vuj|pdx—|—)tj/RNVh-xujdx:Nl,lj(uj)

SO

/ |Vuj|de<KN+/ V|||l |dx. (3.45)
RN RN ’

Then by (G) we have

p
1P Ty
/RNWMJ\ dngN—F/RNK\P |uj|dx

1 . 2
<KN+—*/ £ dx+/ EP Ty |Pdx.  (3.46)
pT JRN RN ’

Since & € LP(RN) nW!=(RV), we know that 7 u; € WHP(RVN). It follows from
(Ii‘(uj),ép*u» =0 that
]

/ V[PV, V(&P 1u1)+§1’ lupdx—)t / flu; —|—h)§1’ Tujdx.  (3.47)



A CLASS OF QUASILINEAR ELLIPTIC EQUATIONS 515
It follows from (3.45) that (denoting by p* Ll)
P2y, T(ETTy .
/RN Vi [P~ 20 9 (E 7T u )
1PE AT 14 P2y, . Py
< \Vuj\ Er d)c—i-—1 \Vuj|P~“Vu;VEu;ErTdx

P
—1

/ Vi |[PE 7T 1dx+/ (VP2 (Vi VE)7
l/ 51’ 1)Pdx
$£O€£>+¢V€Ml)/ Vu Pt~ [ (wyas
<C6/ \Vu,'|pdx+C7/ (u,'éﬁ)pdx. (3.48)
RN ’ RN

By (Hy4) with [ = 4o, for any L > 0, there exists C(L) > 0 such that

f(s)s > Ls? +C(L) forall s> 0, (3.49)
S0
_ _P_
/RN [V [P=2Vu;V (E 7 uj)dx
—/1/ (uj)+h(x )é’Tfupdx / é’Tfupdx
> [ ) )P Tuds— [ EFTudan
RV
L - -
—1 1P Ay — —1 ,P
21—) RNEI Tulidx /RNél uidx+Cs. (3.50)
From the above statements (3.46), (3.48), and (3.50), we obtain:
L P
P =1 4,P
P/szép tujdx— /Né" tujdx+Cy
p
gcé/RN|vu,-|de+c7/RN(u,-5Fr)de
<G (KN—!—L/ |§\p*dx—|—/ |§%u'|pdx)
x Lo p* RN RN J
_P_
+C7/RN(uj’éf’*l)pdx
<c9+c10/ |E7°Tu;|Pdx. (3.51)
RN
That is
L o, o,
— 5[’*1u.dx<C11/ 5l’"u-dx+C12 (3'52)
p JrY J RN J
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taking L > 0 large enough, we get that fRNél”T)lu?dx is bounded, since (3.46), we
easily know that [py |Vu;|? is bounded, ect |Vu;|;» is bounded. It follows from
I, (uj) <K forall j €N that

1
E/RN Va7 dx+ [P — A /RN (F (i) + h(x)uj)dx < K. (3.53)

By (Hy)-(H3) there exists a constant C > 0 such that

Np

1 P s
F(uj) < 5|uj‘p+Cuj y P :N—p. (3.54)

Then, substituting this inequality into (3.53) and by the Sobolev inequality we deduce
that

1
3 MilPdx < C [l ujlp.
Thus, {|uj|,} is bounded and we complete the proof of the lemma.

LEMMA 3.2.5. Under the assumptions of Lemma 3.2.4, the above sequence {u;}
is also a (PS) sequence for I.

Proof. From the definition of / and I}, we have

1)) = I, () + (A;— 1) /R (F () + h(x)uj)dx.

By Lemma 3.2.2, we know that I (u;) = c;; — ¢1 >0 as A4; — 1. Then from Lemma
3.2.4 we get I(uj) — c¢; > 0. Since I} (u;) =0, forany ¢ € W, (RV), we have :
7

(1017).0) = (8} u7),0) + (= 1) [ (7)) + hx))pdx —0.

Thus I'(u;) — 0 in the dual space of W,"”(RV).

PROOF OF THEOREM 2.2. By Lemma 3.2.1, problem (3.39) has a positive so-
lution vy € W;'"”(RY) with I(vg) < 0. On the other hand, from Lemma 3.2.5 and
the compactness of the embedding W, (RV) < LI(RN)(p < g < p*), we know that
problem (3.39) possess a second positive solution v; € W7 (RY) with I(v;) = ¢; > 0.
Hence, vy # v; and we complete the proof of Theorem 2.2.
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