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EXISTENCE OF POSITIVE SOLUTIONS FOR QUASILINEAR
ELLIPTIC EQUATION ON RIEMANNIAN MANIFOLDS

WENJING CHEN AND JIANFU YANG

(Communicated by D. Zubrinic)

Abstract. Let (.4 ,g) be a smooth compact Riemannian manifold of dimension n > 3. We
study the existence of positive weak solutions for the following quasilinear elliptic equation

—(Ap)gutuP~t = f(x,u,Veu) in A,

where (Ap)qu= divg(\Vu\§72Vu) is the p-Laplacian operator on Riemannian manifold (. ,g)
with 1 <p <n.

1. Introduction

Let (. ,g) be a smooth compact Riemannian manifold of dimension n > 3. We
consider the existence of positive weak solutions for the following quasilinear elliptic
equation

—(Ap)eu+ult = f(x,u,Veu) in 4, (1.1)

where (A,)qu = divg(|Vul§ “2Vu) is the p-Laplacian operator on the Riemannian man-
ifold (A ,g), 1 <p<n. f:. 4 xRxR"— R is continuous and nonnegative.

Problem (1.1) does not have variational structure in general. In bounded domains
of the whole space R", such a problem has been extensively studied for the case p =2,
see for instance [3], [5], [6] etc. A main ingredient in establishing existence results in
[6] is to obtain a priori bound for solutions. This was done by a blow up argument,
where a Liouville theorem was used. The existence of solutions is then obtained by
topological method. For the case p # 2, the Liouville theorem in the half space is
unknown up to now, so the blow up argument can not be applied in general. Results
for p # 2 were obtained in convex domains in [1], [11]. The idea is to show maximal
points of solutions remain inside the domain by using moving plane method. Hence, it
needs only to apply Liouville type theorem in the whole space.

Mathematics subject classification (2010): 35J60, 53C21, 58J60.
Keywords and phrases: Riemannian manifold, quasilinear elliptic equation, a priori bound, existence
of solution.

This work was supported by grants N10961016 and 10631030 from the NNSF of China and 2009GZS0011 from NSF
of Jiangxi.

© depay, Zagreb 569
Paper DEA-02-34



570 WENJING CHEN AND JIANFU YANG

Recently, nonlinear elliptic equations on compact Riemannian manifold have been
brought much attention. Multiple solutions were obtained in [4] for the problem

—&?Agutu=|ulP?u in A, (1.2)

where (.#,g) is a compact, connected, orientable, Riemannian manifold of class C*
with Riemannian metric g, dim.Z =n>3,2<p<2" = n2Tn2 and A, is the Laplace-
Beltrami operator. While for zero mass case, similar result was obtained in [14].

In this paper, we are interested in the existence of positive weak solutions for
problem (1.1), that is a C'**—solution of problem (1.1). Suppose that f : .# x R x

R" — R is a nonnegative continuous function and satisfies the following condition:
(A) there exist L > 0 and cp > 1 such that

MS_L|n|q < f(xauan) < COMS+L|n|q

for (x,u,n) € #4 xRxR", where s€ (p—1,p.—1), g€ (p—1,ps/(s+ 1)), px =
p(n—1)/(n—p).
Our main result is the following.

THEOREM 1.1. Ifwe assume condition (A) holds, then problem (1.1) has at least
one positive weak solution of €% regularity.

In section 2, a priori bound for positive weak solutions of (1.1) is obtained; By
topological methods, we obtain a positive weak solution in section 3 for problem (1.1).

2. A priori estimates

In this section, we establish a priori bound for positive weak solutions of problem
(1.1) by using blow up arguments. Such an argument is based on the Liouville-type
theorem in [12], which is described in Lemma 2.1 as follows, see [12, Corollary II(iii)].
Related works on differential inequalities on Riemannian manifolds can be found in [9]
and [10].

LEMMA 2.1. Assume 1 < p < n. Then the differential inequality Apv+v* <
0,v = 0 has a positive solution in R" if and only if s > p.— 1, where p, = p(n —

1)/(n—p).
Our main result in this section is the following.
PROPOSITION 2.1. Suppose condition (A) holds. Let u € €V (#),0 < a <

1 be a positive solution of problem (1.1). Then there exists a positive constant C
independent of u, such that ||u|;=( ) < C.

Proof. We argue by contradiction. Suppose that there exists a sequence of positive
solutions {u;} of problem (1.1) such that |lug||;=( ) — +o as k — co. Since the
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manifold .# is compact and wu; € C"*(.#), we assume that there exist {x;} C .#
such that nmy, 1= ug (x;) = max,c_y up — +oo as well as x; — xq for some point xo € .# .

Let i, be the injectivity radius of (.#,g) at the point xp, that is, i, is the largest
number r > 0 for which any geodesic starting from xy and of length less than r is
minimizing. The fact .# being compact implies i, > 0. Let (U,z') be normal coor-
dinate system at xo, taking 0 < 8 < ig, for any x € By(x,01) C .# and k large, by
the exponential map at xo, we have z = exp, ! (x) € B(z,6,) C U for some & >0,
Bg(xx,61) denotes the ball at the center x; with the radius d; on Riemannian manifold
(A ,g), and B(z;,5,) denotes the ball at the center z; with the radius & in R”.

In normal coordinate system (U, z'), we have

8ij(2) = 8j+0(|z]*), detgij(z) =1+ 0(|z]*).
Set

i (z) = uy(expy, (2))

for z € B(zx,02). Since {u;} is a sequence of positive solutions of problem (1.1), i (z)
satisfies the following equation

1 0 i Ol (2) ity (z) diig(2) £
a9 det (2)8"(2) —; <glh(Z) oo )

] (2) = f(expy, (2). i(2), Vel (2)). (2.1)
By properties of exponential map, z; = expx‘o1 (xx) — 0 as k — oo. Define

ve(2) = m i (Apz+ zx),
where )Lk:m,({p_l_s)/p>0 , A —0ask—oosince s>p—1,and my — oo as k — oo.
Then the function vy is well defined in B(0,A, '8,), and v;(0) = 1. We also have

Vevi(2) = m AVaiin(z+a)i (p)gvi(z) = my PAL(Ap)gin(Maz+20)

and vy satisfies

p—2

_%@%@k@agag@g@ (agh(z)agkz(f) f’gkzi?) ) A

=my PAL flexpy, (Aaz+ z), mivi(2), mdy ' Vg, vi(2)))
= (pk(za Vk(Z)avngk(Z))a (22)

for z € B(0,A, '&,), where g = g(Az+2) is a metric on R”, g — & in C'(B(0,R))
for any R > 0 as k — oo, & is the standard metric on R”, and

(@) =g ="Mz +2) = 8y as koo, @3)
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bi(z) = \/det g, = /detg(Az+2z4) — 1 as k— oo (2.4)
uniformly in ¢! (B(0,R)) for any R > 0. By assumption (A),
|06 (2, v (2), Ve (2))] < comy P AL (mivi(2)])* + L P AL (midy ) Vg vl
= comy "UAL Il Ly AL Vg
for z € B(0,R) forany R > 0. Since g < ps/(s+1), it yields

o gt
colvl"+Lmy " Vg w|?

|9 (2, vi(2), Vg vi(2))| <
< colvil* + Vg vl

for z € B(O,R) and k large enough. Applying C''* regularity result up to boundary
due to Lieberman [8], we obtain that there exists a positive constant C independent of
k such that |Vg vi|z=(p(0,r)) < C. Hence, for any R > 0, B(0,R) C B(O,)Lk*152) for k
large, we conclude |[|vi[|41.e(p( r)) < C for certain C independent of k. Therefore, we
may assume v; — v in €'1%(B(0,R)) as k — . By condition (A),

iy dlstD)

Ok (2,vi(2), Vg (2)) — vil* = —Lmy 7 [Vgw|?—0 as k—oo.  (2.5)
Thus, taking limit in (2.2), by (2.3)-(2.5), we obtain
Apy+v' <0, v=0 in B(O,R),
where A, is the p—Laplacianin R".
Choosing a sequence {R;} with Rj — +eo as j — oo, by a diagonal procedure,
we see that v satisfies
Apy+1v' <0, v=0 in R", v(0)=maxv=1,

where s € (p — 1, p« — 1), which contradicts to Lemma 2.1. The assertion follows.

REMARK 2.1. By aresultin [2] and [13], we know that the solution u in Propo-
sition 2.1 is actually a C'**— solution.

3. Proof of Theorem 1.1

In order to prove the existence of positive weak solutions for problem (1.1), we
use a version of a theorem of Krasnoselskii [7] about the existence of fixed points on
compact operators defined in a cone.

LEMMA 3.1. (Krasnoselskii) Let € be a cone in a Banach space and T : € — €
a compact operator such that T(0) = 0. Assume that there exists 0 < r < R, such that:
(@) u£tTufor0<t <1, ueé,
(b) There exists a compact map H : [0,1] x Bx — €, such that:

ul| =r.
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(b1) H(O,u) = Tu for |ul = R
(by) H(t,u) #u for ||u|| =R and t >
(b3) there exists ty > 0, such that for t > to, H(t,u) = u has no solution in B(O,R).
Then
iX(T7Br) = la iX(T7BR) = 17 lX(T?D) = _17

where D={ucX :r<|ul| <R}. So T has a fixed point in D.

PROOF OF THEOREM 1.1: Let C"*(.#) be a Banach space equipped with the
usual norm || - ||cre-
For each function v € C!(.#), we know that the problem:

—(Ap)K(V) +Kv)P 1 =vin .«

has a unique weak solution K(v). A bootstrap argument implies that K(v) € L*(.#),
whence by results in [2] and [13], we find K(v) € C"%(.#). By Lemma 2.4 in [15],
K:CY () — CY% () is continuous.

Define N : C1%(.#/) — C' () by N(u) = f(x,u,Veu). The continuity of f and
the compactness of the inclusion C1%(.#) — C'(.#) imply that N is compact. Let
T =KoN. Then, T is also compact.

Let X :=={u€ E:u>0} be aconein E=%"%#). We will show T has a
nontrivial fixed point in X . For this purpose, we will use Lemma 3.1. Now, we verify
conditions of Lemma 3.1.

By condition (A), N(0) = 0. Hence, T(0) = KoN(0) = 0. By the maximum
principle, T(u) > 0 for u € X \ {0}. The fact T'(u) € C1**(.#) implies T(X) C X.

Now, we verify (a). Let u € X \ {0} be a solution of u = ¢Tu for some ¢ € [0,1],
namely,

—(Ap)eu+ul =177 f(x,u,Vou) in M. (3.1)

Multiplying by u and integrating by part, we obtain
////(Wgu\l’ uP)du, (3.2)
:tl’fl/ x,u,Vou)d g/ x,u,Vou)d
’///f( glt)diig ///f( gt) ditg

<c0/ \u|5+1d,ug+L/ \Vu|Tudu,

q P—q
<c( [ 1ulrdn,) e (/] wvutran)" ([ 17 du) 7

K +1
IIMIIWﬁ‘p 1l - (3.3)

Since s+ 1 > p,q+ 1 > p, it follows that there exists a positive number ¢ such that
[ullw1p(.z) = 0. Hence, [[uc1e(,) > Co. Choose r < Co, condition (a) follows.
Next, we verify condition (b).
Define H : [0,1] x X — X by H(t,u) = K(N(u+1)). Then, H is compact. Ap-
parently, (b1) holds.
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Now, we show condition (b;).
For 0 < < 1, the equation H(¢,u) = Tu is equivalent to the equation

—(Ap)gu+ (u+1)P~' = fx,u+1,Ve(u+t)) in 4. (3.4)

By Proposition 2.1, solutions of (3.4) are uniformly bounded, i.e. |u+t|/41a <C
for some C > 0. Therefore, ||u|41.c < C. So we may choose R > C > 0 such that
for ||u|l41« =R, t >0, H(t,u) # Tu, i.e. condition () holds. Proposition 2.1 also
implies (b3).

By Lemma 3.1, T has a fixed point u in D ={u€ X :r<|ul|41.« <R}. The
fixed point u is a positive weak solution of problem (1.1). The proof is complete.
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