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ON THE DIRICHLET PROBLEM OF
LANDAU-LIFSHITZ-MAXWELL EQUATIONS

JIAN ZHAI AND JIAYUN LIN

(Communicated by P. Jr. Ciarlet)

Abstract. We prove the existence and uniqueness of non-trivial stable solutions to Landau-
Lifshitz-Maxwell equations with Dirichlet boundary condition for large anisotropies and small
non-simply connected domains.

1. Introduction

We seek for a solution u = (uy,up,u3) : Q — §> C R? of the Landau-Lifshitz-
Maxwell equations with the Dirichlet boundary condition

Au+ |VulPu+H — (H - u)u—A(W,(u) — (W, (1) - u)u) =0 in Q,
u=g on 0Q, (1.1)
curl H=0, div(H +uyq) =0 in R

where Q is a non-simply connected bounded domain in R* with uniformly C* bound-
ary, A >0 is a parameter, g € C*7%(9Q, 8N {u3 =0}) (0 < o < 1) and yq is the

characteristic function of the domain Q,

zalx) = 0, Vx &€ Q.

{ 1, VxeQ,
For thin films with in plane magnetization (c.f. [19]), as a first approximation, we can
assume W (u) = u3 and denote W, (u) = (0,0,2u3).

H is the demagnetizing field generated by the magnetization u and determined
by the Maxwell’s equation. The (1.1) is the Euler-Lagrange equation of the Landau-
Lifshitz energy functional

E;L(u):/g[%\Vu|2—%u-H+/lW(u)}dx (12)
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576 JIAN ZHAI AND JIAYUN LIN
on H}(Q,5%). Here
Hy(Q,8%) := {u—g € Hy(QR)| u(Q) C 57}

is well defined for Q and g. The boundary conditions are influenced by surface
anisotropy as well as by interface coupling phenomena. The Dirichlet boundary condi-
tion g is induced from the interface magnetization of the adjacent medium (c.f. [19]).

Functional (1.2) was first derived for ferromagnetic problem by Landau and Lif-
shitz [28] in 1935. The equation (1.1) is the static equivalent of the time-dependent
Landau-Lifshitz-Maxwell equations (c.f.[37]-[45])
du
5 = ux (ux (Au— AW, (u)+H))

+yux (Au— AW, (u)+H) in QX (0,0),

u=g on dQ x (0,), (1.3)

ueS? in Qx(0,0),
curlH =0, div(H +uyq) =0 in R>.

Here y = 0 is called the gyromagnetic factor.
Afterhere, a solution u(x) will be expressed in

u(x) = (cos & (x)cos B (x),cos & (x)sin B (x),sin & (x)),
where —/2<E <7/2,0€S' =R/(2nZ) and
g(x) = (cos Bg(x),sin B, (x),0).
For convenience, we also use the notations:

u(0,&) = (cos & (x)cos B (x),cos & (x)sin B (x),sin & (x)),
ug(0,€) = (—cos&sinB,cos€ cos6,0),
ug(0,8) = (—sin&cos@,—sin&sinO,cos §).

In [37], the existence and non-existence of non-trivial stable solutions to Landau-
Lifshitz equation (the first equation of (1.1) with constant H ) with the Dirichlet bound-
ary condition were obtained. This paper is the continuation of [37]. In this paper, we
study the Landau-Lifshitz-Maxwell equations (1.1) in a non-simply connected bounded
domain of R3. The existence and uniqueness of non-trivial solution and its stability are
obtained. Precisely, we have:

THEOREM 1. There exists dy > 0 such that for any non-simply connected domain
Q if |Q| < dy, then there is Ay > 0 such that for A > A, there exists a unique solution

(”)uH/l)’

uy, (x) = (cos&; (x) cos B, (x),cos &, (x)sin 0, (x),sin&; (x)) € C2T4(Q),
Hy, € C'*(Q) N (BMONLP)(R?), Vp € (1,00),
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(0<a<1) to (1.1) corresponding to the homotopy class [0,] of continuous maps
from Q to SN {us =0}. Moreover, 0 is homotopic to 0, and

163 lca@) =

C
Vi
where the constant C is independent of A .

A steady state solution u (x) is called exponentially asymptotically stable (c.f.[27])
if there are Uy >0 and &,C > 0 such that for all @ € W>*(Q,5?),if [|&@ —u; [[y22(q) <
€, then there exists a unique global solution (u(x,7),H) of (1.3) with the initial data
u(x,0) = it(x), and

e, ) = uz () [lw22q) < Ce ' [[it(x) =z, (x) w220, Yt > 0.

THEOREM 2. Assume that Q is not simply connected and |Q| < dy as in Theo-
rem 1. Then there exists a Ay > 0 and for A = Ay, there exists a Yo = Yo(A) > 0 such
that, for A 2 Ao and v € [0,Y0], the solution (u,H, ) obtained in Theorem 1 is ex-
ponentially asymptotically stable steady state solutions of the time-dependent Landau-
Lifshitz-Maxwell equation (1.3).

To prove the theorems, we first solve the Maxwell’s equation and express H in u
and a Calderén-Zygmund operator. Then we consider the limit case of A — oo and geta
solution in the homotopy class [6,] of continuous mappings from Q to S! by Schauder
fixed point theorem. We search solutions for large A in the neighborhood of the limit
case solutions by the Schauder fixed point theorem again. In the last we analyze the
spectrum of the linearized operator in a detailed way by using the Kato’s perturbation
theory (c.f. [25]) and to prove that the solutions are exponentially asymptotically stable
steady state solutions of (1.3) by using nonlinear parabolic equations theory (c.f.[27]).

In [45], we proved the existence of non-trivial stable solutions to Landau-Lifshitz-
Maxwell equations with Neumann boundary condition for large anisotropies and small
domains that are non-simply connected and rotationally invariant around an axis.

Remark that in the Theorem 1 and Theorem 2 of this paper we do not need the
assumption that the domain € is rotation invariant as in [45] for Neumann boundary
condition. Moreover the assumption of diam (Q) < dp used in [45] is replaced by the
volume |Q| < d.

On the other hand, in [37] and [45], the key estimate

C
€l oo < 5

was obtained by using the Campanato inequality. But for the Dirichlet problem consid-
ered in this paper, the Campanato inequality can not be used, because the right of (5.6)
may be non-zero on the boundary of Q (c.f. [8]). Here we shall apply [27] Theorem
3.1.3 to (5.6) to get a similar estimate

C
H&HCQO(Q) < ﬁ
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Related works can also be founded in [20], [34], [5], [26], [16], [33], [6], [32],
[14], [15], [18] and [35]-[45] and the papers cited in there. Visintin [34] proved the
existence of a kind of weak solutions to Landau-Lifshitz-Maxwell equations. In two
dimensional case, the existence, uniqueness and partial regularity of (1.3) were consid-
ered in [15]. Also in the two dimension, Gustafson and Shatah studied the existence
and stability of localized periodic solution to the Landau-Lifshitz equation, and Chang,
Shatah, Uhlenbeck studied the well-posedness of the Cauchy problem for Schrédinger
maps (there are not H and the first term in the right of the first equation of (1.3)). In
three dimension, Ball, Taheri and Winter constructed local energy minimizers around a
fixed constant solution to the model of micromagnetics. Their results are different from
mine.

This paper consists of five sections. The Maxwell equation is studied in Section 2.
In Section 3, the Landau-Lifshitz-Maxwell equations are expressed in spherical coor-
dinates. In Section 4, we consider the limit case of A — oo. The main theorems of this
paper are proved in Sections 5-6.

2. Maxwell equations

The magnetization u and the demagnetizing field H are related by the Maxwell’s
equation

curlH =0 in R?,
(2.1)

div(H +uyg) =0 in R>.

First we recall a lemma proved in [45]. For reader’s convenience, we also give its
proof here.

LEMMA 2.1. There exists a continuous linear map £,

PQR) 5urmVy, veV ={veH, (B R): vVeLZ(R3;R3),/

vdx:O}
Q

such that H = Vv = £ (u) is the unique solution of (2.1) in V. Moreover, £ is
bounded from

AV (Hardy) 10 L'(R?),

L*(Q) to BMO,

LP(Q) to LF(R?), Vp € (1,00).

Proof. From [20], we know that there exists a continuous linear map
QR suve {veHL (R:R): Vve I2(R:RY), / vdx =0}
Q

such that H = Vv = £ (u) is the unique solution of (2.1) in V.
Note that from
div(Vv+ you) =0 in R?,
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for any domain D DD Q,
. 0
0 :/ dlv(Vv+)(Qu)dy:/ —v(y)dS(y).
D ap AV

Then for any x € R?, for any ball Bg(x) DD Q, by the Green’s representation formula

d 1 1 d
MW= [ O e d v )

- mdi\/(m ()u(y))dy
0

—1 1
/‘w‘zl Vot RO~ [ S0)

T an

- mdiV(xgz(y)u(y))dy
—1
/\w\zl v(x+Rw)dw —

=i div(xa(y)u(y))dy.

Bg 4T|x — |
Notice that from Vv € L?(R3), we have

lim V, v(x+Rw)dw =0.
R—o0 |w|:1
So | |
VWx)=—V /[ —di d
VW) = 32 [ ey ey
1 1
= —V/ V——dy.
Y o) Pl

We have (see [30, Theorem 2.6.2]),
1

1
Vo(x) = - — lim — AR P
v(x) = Z(u) = Au(x) xa(x) },12}) A /Q\B,,(x)v (ul)-V. \X—Y\)dy

for u € C¥ (Q), where A = (A ) jx is a constant matrix

loc
—1

A. —_
= 4n

1
(v)o, ——dS(y).
/aBl(O)v,@)k‘_y| )

It is easy to check that . — A is a Calder6n-Zygmund operator ([31, Chapter 7]). Then

it is bounded from
' (Hardy) to L'(R?),

L”(Q) to BMO,
LP(Q) to LP(R?), Vp € (1,00).

Thus the same is true for .. O
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3. Expressing Landau-Lifshitz-Maxwell equations in spherical coordinates
Denote
u(x) = (cos & (x) cos B (x),cos & (x) sin B (x),sin & (x)),
where —/2<E<7/2,0cS' =R/(2n7Z) and
g(x) = (cos Bg(x),sin B, (x),0).
For convenience, we also use the notations:

u(6,&) = (cos & (x)cos B (x),cos & (x)sin B (x),sin & (x)),
ug(0,€) = (—cos&sinB,cos€ cos6,0),
ug(0,8) = (—sin&cosO,—sinsinO,cos &),

and etc. By these notations, the energy functional E) is rewritten as

Ek(e,g)z/g[%\vgﬁ cos €|V6\2——u(6 ) Vvt Asin?éldx. (.

The Euler-Lagrange equation of (3.1) can be written as

o ver
AE— (-

E=0 on 0Q,

)sin2€ +ug(6,€)-Vv=0 in Q, (3.2)

and
div(cos>EVO) +ug(6,E)-Vv=0 in Q,

6 =6, on JQ, (3.3)
Av=(—1)div{u(6,E)xa} on R>.

4. Limit case

Let A — oo in (3.1) and consider the limit functional
1 , 1
E(6) :/ (5190 = Su(0,0) - V] ax.
Ql2 2

Its critical points are the maps to S! which satisfy
AB +up(6,0)-Vv=0 in Q,
0 =6, on JQ, 4.1)
Av = (—1)div{u(0,0)xo} on R3.
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LEMMA 4.1. Assume that dQ is uniformly C*. There is a constant dy > 0 such
that if Q is not simply connected, |Q| < dy, then in the homotopy class (6| of con-
tinuous mappings from Q into S' there exists a unique solution 0, € C'**(Q,S") and
Vv, € LP(R3) NBMO(R3) (1 <Vp <o) to (4.1).

Proof. Step 1: Existence. A classical proof of existence can be obtained by apply-
ing the direct method of calculus of variations to the minimization problem. Here we
give another proof that can provide higher regularity.

For any given Vv € L (R})NL?(R?)(1 < p < o), there is a minimizing sequence
of E.. which converges to a minimizer 0 of E... Let © denote the map from Vv €
LP(R3)NL*(R3) to 6 by

AB+up(6,0)-Vv=0 in Q,
0 =6, on JQ.

Note that A@ € LP(Q) (1 < p < eo). From [27, Theorem 3.1.1], 6 € W*7(Q). By the
Sobolev embedding theorem ([1]), for any o € (0,1), 8 € C'T*(Q).
For any Vv; and Vv, € LP(R*) N L2(R?), let 6; = ©(Vv;) (i = 1,2). Then

/ V(61 — 6,)|*dx
Q

:/9(61—62){(u6(61,0)—u9(6270))-Vv1
+u9(62,0) . (Vvl — VVQ)}dX
< V012 181 — 821 )+ V01— v2) 2 161 — Oull gy (42)

From the Sobolev inequality and the Poincaré inequality,

181 = 62175y < C1IV(61 = 62) 72

13 4.3)
161 = 02]|,2(0) < CIQ7[IV(61 — 02| 12(2)
where the constants C;, C are independent of €. See [17], we may take
Lip, 3 p3
C) = ()12 (313,
1=(37) (F(S/Z))
On the other hand, we have
/ \VV|2dx=(—1)/ u(6,&) - Vvdx
R3 Q
<1Q)'2( [ o).
Q
So we have
Vv 2 < QI (4.4)
and

19l 31200y < 1R1YE1IVV |2 ) < Q. 4.5)
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From (4.2), (4.3) and (4.5), there is dy > 0 such that if |Q| < dp, then
/Q IV(6) — 6,)|2dx < C||V(v; — vz)||§2(g) (4.6)

which implies that © is a continuous map from L?(R3) NL?(R3) to C'T%*(Q,S!).

Let [6,] denote the homotopy class of 6, in C*(Q,S!). Note that [6,] is convex
and closed. From Lemma 2.1, Vv € LP(R*) N BMO(R?) for p € (1,), then the map
©-2u(0,0) is continuous from 6 € [6,] to [6,], and ©Lu([6],0) is pre-compact in
[6g] € C*(Q,S"). Then by the Schauder fixed point theorem, we proved the existence
of solutions to (4.1).

Step 2: Uniqueness. Because,

L1901 =v2) P = (=1) [ (0(61.0) = (02,0))- V(s = )
R3 Q

we have

([ 190 =wo)Pae) ™ < ([ 1ucer,0) - u@s,0)Pax)

1/6
< ‘Q|1/3(/ |u(91,0)_u(92,0)\6dx>

Q
<2013 ||v (8, — )l 12(0)-

From (4.6), we have

12 12
(/ V(61 - 6;)%dx) <CCI|Q\1/3(/ V(61— 6:)dx)
Q Q
So there is dy > 0 such that if |Q| < dp, then 6, =6,. O

LEMMA 4.2. Assume that dQ is uniformly C*. Then the solution obtained in
Lemma 4.1 satisfies
Vv, € CPT4(Q), 6. € C3T4(Q).

Here the derivatives on the boundary 0Q take the inner limit of the derivatives in Q
respectively.

Proof. Since u,(x) = (cos 0 (x),sin 0,(x),0) € W'P(Q), by [1, Theorem 4.26],
there is an extension U, € W“’(BR) of u, for Bg DO Q, and

HU*HWLP(BR) < C||“*||W1~p(gz),

where C is independent of u, .
Consider the equation

AV = (=1)div(U.xg,) in R>. (4.7)
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By elliptic equation theory ([17]), we have

IV 2 oy < CIT progagy < Cllit i ogey:

Since on Q, (—1)div (U.xs,) = (—1)div(usxo) = Av., we have Vv, € WHP(Q), and
from (4.1), 6, € W3?(Q) and so is u,. Using [1, Theorem 4.26] and (4.7) again,

HU*HW3~I’(BR) SCllusllwsr), Ve WHP(R?),

so Vv, € W_‘W’(Q), and from the Sobolev inequality, Vv, € C3*%(Q). From (4.1),
0, cC3r¥(Q). O

5. Proof of Theorem 1
Let o € (0,1) and define
M(6,,Vv,) = {(0,Vv)] 0 eC'T*(Q), 0|50 = 6,
0 € [0,], 10— 6. rcoqy < 1.
vEV, Vv eC®(Q), ||[Vv— Vil coo ) < 1}.
LEMMA 5.1. Let dQ be uniformly C2. For any given (0,Vv) € M(6.,Vv.),

there exists a continuous map E, such that &, = E,(0,Vv) is a solution to (3.2)
which satisfies,

1€ lw2a(q) < C1, Vg € (1,%0) (5.1)
and c
1€ ooy < 7% (5.2)
G
162 ]lce@) = —= (5.3)
C \/—
provided A is large enough. Here the constants C; = C;(||0 HC1+(10 AVl @) (=

1,2) are independent of A.

Proof. Let n:=&+C/A, where C is a constant to be determined in the proof.
The equation for 1 is written as

2
0an =YW Gnom - S v w00 -6y v in @
c A A (5.4)
n= T on 0Q.
Let 5
Vo c c
F(n):—(/l—| | )sin2(n — /l)+u§(6 n— )L) V.
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It is easy to check that there exists a constant C = C(||6|| cr+a @) [Vl co @) and
Ao(> 0) such that
2C
F(0) >0 and F(T> <0
for A > Ag. From [4], there exists a non-negative solution 1), to (5.4) which satisfies
2C
O g < A
M )

provided A > Ag. Let & =n; — % Thus &, is a solution of (3.2) and

C C
< <2 .
provided A > Ag.
Rewrite (3.2) as
. Vo? .
—AE+2AE =A(2& —sin28) + 2 sin2& +ug(0,8) - Vv, (5.6)

and use [27, Theorem 3.1.3] to obtain Vg € (1,0):

C .
1€ 1lwra@) < T(M\Zi — sin2€||a(0) +[1V01Z4q) + I VVllLoe)),

1€ lw2a(q) < C(A[[28 —sin28][a(q) + HVGH%q(g) + IVl za@))-

Note that for any § > 0, there exists A(d) > 0 such that

. 1)
128, —sin2&3 [[a0) < 7 1€ llie(e)

provided A > A (). So we have (5.1)-(5.2).
Using (5.2) for ¢ > 3 and the Sobolev embedding theorem, we get (5.3) with
a<l-3. 0O
q

LEMMA 5.2. Assume that Q is uniformly C*. There exists dy > 0 such that if
|Q| < dy, then for &, = E;(6,Vv) obtained in Lemma 5.1, there exists a continuous
map © such that (6,Vv) = 0(&,) is a solution to (3.3). Moreover, there is Ay >0
such that

[ R | A

are bounded provided that A > Ay and

16— 9*||Cl+a0 5 — 0 and IVV = Vvilcagq) — 0 as A — oo (5.7)

uniformly for (8,Vv) € M(6.,Vv.).
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Proof. The proof of existence part is similar to Lemma 4.1. Moreover, as in the
proof of Lemma 4.2, if (8,Vv) € C'T*(Q) x LP(R3) (1 < p < o) is a solution to
(3.3), then u(0,;) € WhP(Q), and for Bg DD Q, there is an extension U € W'?(Bg)
of u. From the Maxwell equation

AV = (=1)div(Uys,) in R,

we have V € W>P(R?). So Vv € W'P(Q), and from (3.3), 6 € W3?(Q). By the
Sobolev embedding theorem, 6 € C>t%(Q). Noting that u(8,£,) € W>P(Q), by
using the Maxwell equation again, we have V € W37 (R3) and Vv € W2?(Q). Then
Vi e ClHo(Q).

So we only need to prove (5.7). From (3.3) and (4.1), we obtain the equations for
0 —0.:

div(cos? &, V(6 —6,))
= —Vcos? & - VO, + (1 —cos® & )AB, + (ug(0,0) —ug(0,£,)) - Vv
+ (g (64,0) —ug(0,0)) - Vv — ug(6,,0) - (Vv — Vv,) in Q,
6—6,=0 on 0Q,

(5.8)

and the equation for v —v,,
/|v<a—v*)\2dx=(—1)/(u(é,gn—u(e*,O))-V(a—v*>dx. (5.9)
R3 Q

Multiplying (5.8) by 6 — 6., by standard elliptic equation theory as well as (5.9)
and Lemma 5.1, as in the proof of Lemma 4.1, we can prove that there exists dy > 0
such that if |Q| < dj then
V(0 —6.)[l12) — 0 as A — o, (5.10)
uniformly for (6,Vv) € M(0,,Vv,). Using (5.9) again, we have
HVV—VV*||L2(R3)—>O as A — oo, (5.11)

uniformly for (6,Vv) € M(6,,Vv.).
As in the Lemma 4.1-4.2, we can prove that for A large enough,

186l c2eeni@s 179 = Prallerany

are bounded uniformly for (6,Vv) € M(0,,Vv.). So we have (5.7). O

From Lemma 5.1-5.2, we obtain

LEMMA 5.3. ©F; (M(6.,Vv,)) is pre-compact in M(6,,Vv,) and OF;, is con-
tinuous provided A is large enough.
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LEMMA 5.4. For any given (0,Vv) € M(60:,Vv.), if 0 € C3T%(Q) and Vv €
C'*%(Q), then the solution &; = =, (0,Vv) of (3.2) obtained in Lemma 5.1 satisfies

1€l 200 @) < C3, (5.12)

and
lim |8 [lc2) =0, (5.13)

where the constant C3 = C3(]|0 ||C2+(10 ) IVVllciog(q)) is independent of A.

Proof. Take the derivative d; = W in the equation (3.2), and rewrite it as
J

—Ad;iE +2A0;& =2A(1 —c0s2&)d;E+VO-VI;0sin2& + |V9\2(c0s25)8j5
+0jug(0,8) - Vv+ug(6,8)- Vv =: f in Q,
£ =0 on JdQ.
(5.14)
Applying [27, Theorem 3.1.3] to (5.14), we have for any g € (1,o0), there is Ag(q) >0
such that for A > Ag,
||ajif||w2>q(s2) < C||fHLq(Q)
By the Sobolev embedding theorem, we get (5.12). (5.2) and (5.12) imply (5.13). O
PROOF OF THEOREM 1. From Lemma 5.3 and Schauder fixed point theorem,
has a fixed point (6 ,Vv;) in M(6,Vv,) forlarge A . Then we obtain a solution

OF;
(6;,&,) and v, to (3.2)-(3.3) which has the properties stated in Theorem 1 by Lemma
5.1-53 and Lemma 5.4. 0

6. Proof of Theorem 2

The time developing Landau-Lifshitz-Maxwell equations (1.3) can be written as

0,0 = g{dlv(cosz’éve)—l—ug(e &)-Vv}
2
COS&{ £+ (‘V‘9| A)sin2E +ug(6,€)-Vv} in QxR
Vo2 .
0.& =N+ ( —A)sin2& +ug(0,8)-Vv (6.1)

g{dlv(cosz’éve)—i—ug(e £)-Vv} in QxR*,

= 0y, §:O on 0Q xRT,
div{Vv+ xou(6,E)} =0 in R* xR,

For simplicity, we denote the solution (6;,&;) obtained in Section 4 by (0,&)
and

Vv =_2u(6,&)).
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The linearized operator A, of the right terms of (6.1) is written as
ap apz
Ay = ,
az) ax
where

Vcos?E -V ysin2g

ajp =A+ o2& cosE VO.V
+—co:2§{uee(e’g)'v‘”r"@(@’&)'iﬂ(ue(@’é)')}
- coZif {ueg(0,€)-Vv+ug(6,8)- ZL(ug(6,8))},
app = ﬁV§ -V — %V@.V

+ @{ue;(e,é) Vv+up(6,8) - L(ug(6,6))}

R 0(0.8) ¥

ysiné Vo|?
 cos2é {Aé +( 2
Cozé(A+(|V6\2—2l)00525)
__r
cos&

+

—)L)sin2§+u§(67if)-Vv}

{uge(0,8)-Vv4ug(0,8)- L(u:(0,8) )},

Y
cos

+ug(6,8)- L (ug(6,8)-)

+ ogg 11400(0,8) Vv +u0(0,8) 2 (uo(0,€) )},

ay; =sin2EVO-V+ z (cos? EA+Vcos® & - V) +ugg(0,8)-Vv

agz:A+(\V6|2—2/1)c0s2§+u§§(6,§)-Vv+u§(9,§)~$(u§(6,§)-)

+ L~ sin2EAQ — 2c0s2EVE VO — sin2EV0 -V}
cosé
+ Zg;‘;g div(cos> V) + 1ug(6,0) - L (uz (6,£) ).

Decompose the operator A, into A, and the perturbation G:

G=A, —A,



588 JIAN ZHAI AND JIAYUN LIN

sin2EVO-V  yA

Veos? £V ysin2EVO-V cos2E  cosé
cos2 & cos& ZY)L .2
_ 2
- + cosE (cos2& +sin” &) , (6.2)
Goy _ ysin2éVe-V

cos&

where
Gar = az —ug(0,8) - L(ug(0,8)")

We consider the spectrum of the operator A, as the perturbation one of the op-
erator A, . As in [37], [45], following Propositions 5.1-5.3 can be proved in the same
way.

PROPOSITION 6.1. Let T = BI—A;.. For § >0, there exist B >0, Ay = Ao(6),
and for A = Ay there exists Yo(A) > 0 such that for A = Ay and y € [0,Y0], we have

|G®|| i < 8"2((B+1)| @]l +||T®||z) for @€ D(T).
That is, G is T -bounded with T -bound b: b < §'/2.

For j=1,2,let

Y,-z{(?) eWi?(Q,R?) : (g) = (%’) on&Q},

where Y; are endowed with the norm and inner product of W/2(Q,RR?). Note that ¥;
are Hilbert spaces. As in [37], [35], we have

PROPOSITION 6.2. There exist dy > 0, Ay > 0, and for A > Ay there exists
Y0(A) > 0 such that A, : D(A;)(C L*(Q,R?)) — L*(Q,R?) is a sectorial operator
with D(A;) = Ya, provided that |Q| < dy, A 2 Ay and y € [0,Y(A)]. Moreover the
norm of Y is equivalent to the graph norm of A,

1)y~ (2) s e ()

and for any u € p(Ay), (u—Ay)~" is compact.

Let &, (A),iy(A)s- o fiy(A), .. and

12(Q,R2)’

) 1,2 1,2 T .
(Dr Wy ) € Wy (Q) x Wy (Q), 9y ||22(Q) + ”V/I}HiZ(Q) =1,k=12,...
denote the eigenvalues and eigenfunctions of A , respectively. Assume

Refi; (1) < Refiy(A) < ... <Refiy(A) < ....



LANDAU-LIFSHITZ-MAXWELL EQUATIONS 589

PROPOSITION 6.3. There exist dy >0, Ay >0, ¥ >0 and C > 0 such that
Refi (A) 2 —C provided that |Q| < dy, A 2 Ay and vy € [0,Y]. Moreover, if there
is {Aj}; such that

limsupRefi; (A;) < e,

Aj—eo
then
limsupA; [ (W.)2dx < co.
Aje Q
The eigenvalue problem for A; can be written as:
M0+ o (VE-VO) = Lz (V0P (cos28)w)
ysin& IVo|? .
Rt <A§+ 3 sm2if>1//
%é{uee(eé)-VV¢+ue(97€)-i”(ue(&éw)}
~ o {0 0.8)- V90 g (0.2)- Lo (6.)9)) o
+ ooz 0E(0.8) Vo u0(0.8) L 0.0}
2sin in
202 0(0.8) Vo — L2 (1 (0.8) - Vo)
— e {05 (0.6) Vow g (0.8)- Z(ug (0.6)w)}
= _‘qu) in 97
¢ =0 on 0Q,
and

Ay + (VO[> —24)(cos2E)y

Y .
+cosif( $in2EAO —2c0s2EVE -VO)y

yel gdlv(0082§V9)llf+u§( &) L(up(0.£)0)
(6.4)
g 60,8) Y (61E) L 0,E))
=—Uy in Q,
w=0 on 0Q.

_|_

LEMMA 6.4. Suppose there is {A;}; such that

limsupRefi; (A;) < oo.

)Lj—nx:
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Then there exist Ay > 0 and y > 0 such that

A C
1 e @) < —7=; (6.5)
VA
Hlllk Hc2+a ) Ca (6.6)
and
||¢;< lc2rag@) < C, (6.7)

provided Aj 2 Ay and y € [0,7], where the constant C only depends on k and the
C**(Q) norm of (£,6).

Proof. Step 1. Since ¢, y € L*>(Q), from Lemma 2.1 we have
ZL(ug(0,8)9), L (ug(0,8)y) € L*(RY).

From (6.3)-(6.4) and [27, Theorem 3.1.3], we get ¢, y € W*?(Q). Since Q is regular,
by the Sobolev embedding theorem, ¢, y € C*(Q) for some o € (0,1). So, from
Lemma 2.1, we have for p € (1,0)

2 (ug(0,8)9), L (ug(0,8)y) € LP(RY).
By using (6.3)-(6.4) and [27, Theorem 3.1.3] again, we obtain
9. W EWP(Q), Vpe (1) (6.8)
and there is constant C such that
[llw2r(0)s [Wllw2r@) < C uniformly for 4; > Ao.
By the Sobolev embedding theorem,
9, y CT(Q).

As in the proof of Lemma 4.2, we have

Z(u9(0,£)9), L (ug(0,8)y) € CT(Q). (6.9)
Considering the equations for dy,¢ and 9, v, similarly we have ¢, y € C***(Q) and

H(I)Hcﬂa HWH@M Q)

are bounded uniformly for A; > Ag.
Step 2. Applying [27, Theorem 3.1.3] to (6.4), we obtain that for all g € (1,00),
there exist ¥ > 0 and Ag > 0 such that for y € [0, 7] and 4; > Ao,

C
< Bt
HWHWU](Q) \/)L_J

where the constant C is independent of A;, y. By the Sobolev embedding theorem we
get (6.5). U

(6.10)
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LEMMA 6.5. Assume |Q| < dy. There exist Ay >0 and y > 0, such that for
320, v (0.7, )
Reft; (1) = po(>0),

where Uy is independent of A .

Proof. If not, there is {A;}; such that

limsupRep; (4;) < Ho.

oo
From Lemma 6.4, (6.3) and (6.4) converge to the eigenvalue problem
A +ugo(65,0) - (Vv.)d +ug(6,,0) — ¥(0,0,1) - h = —p¢ in Q

h=_%(ug(6+,0)¢), (0,0,1)-h=0 in Q, (6.11)
¢ =0 on 0Q.

Integrating over Q and using

—/ ¢u9(6*,0)~hdx:/ Ihdx,
Q R3
we have
Reu/ ¢2dx:Re/ |Vq)|2dx—q)2u99(6*70)-Vv*dx+/3 Ih2dx
Q Q R
> [ 199Pax— ([ |92 [ [91%dx) P+ [ nPax
Q Q Q R3
> co [ gax
Q

provided that |Q| < dy and dj is small enough, where ¢y > 0 is a constant. Taking

Uo = co/2, we get a contradiction. So we proved this lemma. O

PROOF OF THEOREM 2. For fixed A = Ay, we can choose ¢ € (0, y) such that yA
is small enough. By a perturbation argument (c.f. [25]), we have that for |Q| < dy and
for fixed A = Ay, there exists ¥(4) > 0 such that for y € [0,70(1)], the eigenvalues
{ux(A)}x of operator A; have same behavior as A . Then

Re(i(4)) 2 2.
By using the result of the Proposition 6.2 and [27] (p.295, the remark behind the proof
of Theorem 8.1.1), we have the local existence of solutions to (6.1) with initial data in
a neighborhood of the steady state solutions obtained in the Theorem 1. Moreover by
using [27, Theorem 9.1.2], the solutions which satisfy the conditions in the Theorem 2
are exponentially asymptotically stable. [
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