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ON A CLASS OF ABSTRACT FUNCTIONAL DIFFERENTIAL
EQUATIONS INVOLVING ALMOST SECTORIAL OPERATORS

EDUARDO HERNANDEZ

(Communicated by N. Yoshida)

Abstract. We study the existence of mild solutions for a class of abstract functional differential
equations involving almost sectorial operators. A concrete application to delayed partial differ-
ential equations is presented.

1. Introduction

In this paper, we study the existence of “mild” solutions for a class of abstract
functional differential equations of the form

X (t) = Ax(¢) + f(t,%), t€]0,q], (1.1)
Xo=@€EQCH, (1.2)
where A : D(A) C X — X is an almost sectorial operator, (X, || - ||) is a Banach space,

2 is the phase, Q C % is open and f : [0,a] x Q — X is a suitable function.

There exists an extensive literature treating on the existence and qualitative prop-
erties of solutions for abstract systems as (1.1)-(1.2) for the case in which A is the
infinitesimal generator of a Cy-semigroup of bounded linear operators, see [3, 4, 5, 6,
11, 12, 14, 15] and the references therein. This type of operators appears frequently in
applications since many elliptic differential operators are generators of Cj-semigroup
when they are considered in L? -spaces, see [7]. However, if we look at spaces of more
regular functions such as the spaces of Holder continuous functions, we see that these
elliptic operators are not generator of Cp-semigroups, see [7, Example 3.1.33] and [9].
Nevertheless, in many cases, estimates such as

[NZEY VRIS A€Zpp={reC:largd —w)|<d}, (13)

M
A [T
with ¢ € (0,1), w € R and & € (7/2, 1) are available (see [9]), which allows to define
an “associated analytic semigroup” by means of the Dunford integral

_L Atry  A\—1L
T(t)—zm,/ree (A—A)'dr, >0, (1.4)
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2 EDUARDO HERNANDEZ

where T'g = {1’ :t € R\ {0}}, 0 € (8,7/2).

In the literature, a linear operator A : D(A) C X — X which satisfy the condi-
tion (1.3) is called almost sectorial and the operator family {T(¢),7(0) =1:¢ > 0} is
said the ”semigroup of growth o” generated by A. The operator family (7(¢));>0 has
properties similar at those of analytic semigroup which allow to study some classes of
partial differential equations via the useful methods of semigroup theory. Concerning
almost sectorial operators, semigroups of growth o and applications to partial differ-
ential equations we refer the reader to [1, 2, 9, 10, 8, 13] and the references therein.

To the best of our knowledge, the study of the existence of solutions of abstract
system as (1.1)-(1.2) for which the operator A is almost sectorial is an untreated topic
in the literature. This fact is the main motivation of this paper.

Next, we introduce some notations and technicalities. Let (Z, || - ||z) be a Banach
space. In this paper, £ (Z,W) represents the space of bounded linear operators from
Z into W endowed with norm of operators denoted || - || ¢(zw), and we write .£(Z)
and || - || #(z) when Z=W. In addition, B;(z,Z) denotes the closed ball with center
at z € Z and radius [ > 0 in Z. As usual, C([c,d],Z) represents the space formed
by all the continuous functions from [ into Z endowed with the sup-norm denoted by
| lle(e.az) and LP([e,d],X), p > 1, denotes the space formed by all the classes of
Lebesgue-integrable functions from [c,d] into X endowed with the norm

I o=
wean=|J .

?

| As) Pds) '

Throughout this paper, (X,]| - ||) is a Banach space, A : D(A) C X — X is an
almost sectorial operator and (T (¢));>0 is the semigroup of growth o generated by A.
For simplicity, next we assume @ = 0. The next lemma consider some properties of
the operator family (7(¢));>o0-

LEMMA 1.1. [2, 9] Under the above conditions, the followings properties are
satisfied.

(a) The operator A is closed, T(t+s) =T ()T (s) and AT (t)x = T (¢t)Ax for all
t,s € [0,%0) and each x € D(A

)-
(b) T(:) € C((0,%0),X)NC((0,00),X )and GT(t)=AT(t) forall t > 0.

c¢) For ne NU{0}, A"T(-) € C((0,%0),X) and there exits D, > 0 and a constant
(c)
Y > 0, which is independent of n, such that || A"T (1) || ¢(x)< Dye"t~ ) for
all t > 0.

We include now some remarks on the abstract Cauchy problem

X(t)=Ax(t)+ &), te€]0,a], (1.5)
x(0) =x€eX, (1.6)

where & € LP([0,a],X) and p > ﬁ . From [2, 10], we adopt the following concept of
solution.
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DEFINITION 1.1. A function u: [0,h] — X, 0 < b < a, is said a mild solution of
(1.5)-(1.6) on [0,] if u € C((0,a],X) and

u(t):T(t)x+/0tT(t—s)§(s)ds, Vi € [0,b]. (1.7)

This paper has three sections. By considering the behavior near of zero of the
function + — T(¢)@(0), in the Section 2 we discuss the existence of “mild” solutions
for (1.1)-(1.2) for the case in which & = C([—r,0],X) and & = L?([—r,0],X). In
the last section, a concrete application to partial differential equations with delay is
considered.

2. Existence of mild solutions

In this section we study the existence of mild solutions for the system (1.1)-(1.2).
By considering Definition 1.1, we introduce the following concept of solution.

DEFINITION 2.1. A function u: [—r,b] — X, 0 < b < a, is called a mild solution
of the abstract system (1.1)-(1.2) on [—r,b] if up = @, Ujioy € C((0,b],X) and

u(t) = T(1)9(0) +/0[T(t — ) f(s,us)ds, Vi € [0,].

REMARK 2.1. In the remainder of this paper, ¢ : [—r,0] — X is a given function
and y: [-r,a] — X is the function defined by y(0) = ¢(6) for 6 < 0 and y(¢) =
T(t)®(0) for t > 0. In addition, C,, n € N, are positive constants such that

| AT (2) || )< Cut ") forall 1 € (0,a],
and for a bounded set B C X, we use the notation Diamy (B) for
Diamy (B) = sup ||a—20]|.
a,beB

To prove our results, we introduce the following conditions. In the next assump-

tions, g € (12,%) or g =0 and ¢’ = # for g <ooand ¢’ =1 if g =oo.

(H;) The function f(-,y) is strongly measurable on [0,q] forall y € Q and f(z,-) €
C(Q,X) for each ¢ € [0,a]. There are my € L4([0,a],R") and a non-decreasing

function Wy € C([0,2°), (0,°0)) such that
1 w) (< meO)We(l|

(Hz) The function f is continuous and for all / > 0 with [0,/] x B;(¢, %) C [0,a] x Q,
there exists Ly ; € L1([0,a],R™) such that

) forall (¢,y) € [0,d] x Q.

Hf(s7 WI) _f(svw2)H < Lf,l(s)HWI —Y2|l%, v(S7 V/z) S [07l] XBZ(§07$)~

Our development depends on the behavior of the function y(-) at zero. For this
reason, next we consider separately the cases in which # = C([-r,0],X) and & =
LP([-r,0],X).
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2.1. The case Z = C(|-r,0],X).

In this section we study the existence of mild solutions for (1.1)-(1.2) assuming
that % = C([~r,0],X). Next, to simplify we write || - || in place of || - [|¢(—r0]x)-
Now, we can establish our first existence result.

THEOREM 2.1. Assume the condition (Hy) is satisfied, T(-)¢(0) € C([0,a],X)
and T (t) is compact for all t > 0. Then there exists a mild solution of (1.1)-(1.2) on
[—r,b], for some 0 < b < a.

Proof. Let 0 < by <a and C > 0 such that By, (¢, %) CQ and Wr(|| v || z) <C
for all y € By, (¢, %). Since ¢ € C([—r,0],X) and T(-)@(0) € C([0,%0),X), we have
that the function ¢ — y, belongs to C([0,a], %) . Using this fact, we can select 0 < b <
b1 such that

1_g
b
| mg HLq([o,b]) < %

b
sup ny—pre@<71 and CC

1
sel0.b] (1—qa)?

On the space
By, (0.5(6)) = {u€ C([=rb].X) 1o =0, [ cqosix) < %}
endowed with the norm | - [|¢(j04),x)» We define the map
3By, (0.5(6)) — C([-rbl.X)
by (Tu)p =0 and

Tu(r) = /Ot T(t—s)f(s,us+ys)ds, t€][0,b]. 2.1

Next, we will prove that I is completely continuous from B, (0,S(b)) into By, (0,S(b)).
7z 7
To begin, we note that for (s,u) € [0,b] x By, (0,5(b)),
z

by by
430~ 0lls < sup (@) +I—ols< 2+ D <n, @2

0€[0,s]

which implies that u; + ys € By, (¢, %) and We(|| us+ys || 2) < C. Now, from the
properties of (T'(¢)),>0 and f, the Bochner’s criterion for integrable functions and the
inequality

Comf(s)W(”uS +ys — ¢l 2) < CoCmf(s)
(t—s)* St

we infer that the function s — T'(# — ) f (s, us +s) is integrable on [0,¢] forall ¢ € [0, 5],
which implies that T'u € C([—r,b],X) and T is well defined.

| T(t—s)f(s,us +y5) [|< (2.3)
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On the another hand, from the estimate

1 o
d m bd
ITu(r)|| < CCo sup my(s) ds < CCo | ms llzao.0)) b

o) /o (1 —9)% (1—q'a)?

it follows that T'u € By, (0,S(b)) and T'B;, (0,S5(b)) C By, (0,5(b)). Moreover, a stan-
2 2 53

dard application of the Lebesgue dominated convergence Theorem proves that I' is
continuous. In the next steps, we prove that I" is a compact map.

Step 1. The set I'By, (0,5(b)) = {T'u(r) : u € By, (0,S(b))} is relatively compact
2 2

forall 7 € [-r,D].
The case r < 0 is trivial. Let 0 < € <t < b. For u € B;, (0,S(b)) we get
2

Tut) = T(e) /0 T s— ) f(s.xe+ yo)ds+ i Tt —5) f(5,% +yy)ds
& T(e)By, (0,X) +By(0,),

2

where

=

1 _
le=CCy | myg HL‘J([t—a,t]) ev a(l —q/OC)

Since T'(€) is compact, from the above we obtain that

I'B;, (0,8())(t) C Ke + Cg,

71
where K, compact and Diamy (C;) — 0 as € — 0. This proves that I“B;,Tl (0,8(b))(r)
is relatively compact in X .
Step 2. The set FB%L (0,8(b)) ={Tu:uc By (0,S(b))} is equicontinuous.

2
Let 0 < 2e <t < b. By noting that 7'(-) € C([e,b],-Z (X)), we can select 0 < & <
€ such that

| T(e+s)—T(e) || gx)< € forall 0 <s<§.
Then, for u € By, (0,5(b)) and 0 < h < & such that t+h < b, we get

|| Tx (¢ +h) —Ix(z) ||
1—2¢ 1-2¢
| [T h=9) st y)ds— [T =9 (sxt)ds |
0 0
t+h 1
[ T h=)fxcty)ds |1 [ T=s)f(s.x+y)ds|
t—2¢ t—2¢

t—2¢
<[(T(e+h) — T(e))/0 T(t—s—g)f(s,xs+ys)ds]||

t+h CC 1 CC
/ omy(s) s / omy (s) s
1—2e (t+h—s)* i—2e (1 —5)%
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t—2¢ S
< eCCy / ——————ds
t—s

— OC
CC L1 1
+7°1||mf||mh>(<h+zs>q "+ (26)7")
(1-g'a)?
CC m 1 g 1
o fHL‘JEOb] [ 1 o)t a}
(1—=g'a)?

which proves that I'B,, (0,S(b)) is right equicontinuous at ¢ € (0,5) . Arguing as above,
2

we can show that T'B, (0,S(D)) is left equicontinuous at # € (0,b] and equicontinuous
T

at t <0. We omit additional details. Thus, I'B;, (0,S(b)) is equicontinuous on [—r,b].

Finally, from the Schauder’s fixed point criterion there exists a fixed point x of I",
and by defining the function u : [-r,b] — X by u =y+x we obtain a mild solution of
(L.1)-(1.2)on [-rb]. O

THEOREM 2.2. Assume the condition (Hp) is satisfied and
T(-)(0) € C([0,a],X).
Then there exists a unique mild solution of (1.1)-(1.2) on [—r,b], for some 0 < b < a.
Proof. Let 0 < b < a and C > 0 such that By, (¢, %) C Q and

17t w) [|<C forall (z,y) € [0,b1] x By, (¢, 5).

By using that the function ¢ — y; belongs to C([0,a], %) (here is used that T'(-)@(0) €
C([0,a],X)) we can select 0 < b < by such supc(g ) [[vs — @[|2 < b1/2 and

1
by_a 1-a

b
Co |1+ D) [ Lyp, llzaqopy ———— + sup [ f(s,0) | ;—
(1 —q Ot) s€[0,b]

< min{%, 1}. (24

Let I": By, (0,8(b)) — C([—r,b],X) be the operator introduced in the proof of Theorem

2.1. Proceeding as in the proof of Theorem 2.1, it is easy to see that I" is well defined.
Next, we prove that I" is a contraction on By, (0,S(b)). At first, we note that for
2

(s,10) € [0,6] x By (0,5(b)).
by by
lus+ys =0l < sup [lu(@)] +ye—llz < 5+ 5 <br,
0€(0,s]

from which we have that
| f(s,us+y5) || < C.
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Using this fact, for u € By, (0,S(b)) we find that
b

fSM\+y\ —f(S (P) d+C/ Hf H

[
Tu(r)]| < C
Pl <o sup [ T

t€[0,b]
1

bq/_oc l*(X
< Co |bill Ly Mlzaqosyy ————+ sup [1f(s;0) ]l 5 :
(1—qa)? sclop] -a

which implies that T'u € By, (0,S(b)) and I'By, (0,S(b)) C By, (0,5(b)) since u is
2 2 2
arbitrary. Moreover, from (2.4) and the estimate

"Ly p,(5)
[Tu(r) —Tv(r)|] SCO/O (tf_ls)a | s — s lle(—ro).x) ds

—a

Y

b
<Co || Ly, lzaqos) —— = vlleqos.x)
(1-qa)i

it follows that T is a contraction on By, (0,5()) and there exists a unique fixed point
7z

x € By, (0,8(b)) of T'. Finally, by defining the function u : [-r,b] — X by u=x+y,
T
we obtain a mild solution of (1.1)-(1.2) on [—r,b]. This completes the proof. [

2.2. The case Z =LP(|-r,0],X).

The results in the Section 2.1 are proved assuming that T(-)@(0) € C([0,d],X),
which implies that + — y, belongs to C([0,a],C([—r,0],X)). To treat the general case
in which @(0) € X is arbitrary, we use as phase space the space # = L?([—r,0],X)
with p € [1, é) . The following Lemma establishes a well known property of integrable
functions. In the remainder of this section, % = L?([—r,0],X) for some p € [1, 1) and
|| - the norm in LP([—r,0],X).

LEMMA 2.1. If u € LP([—r,b],X), b > 0, then the function t — u, belongs to
C([0,b],2).

The proof of Theorem 2.3 below, follows with minor modifications from the proof
of Theorem 2.1. We include a briefly sketch of the proof for completeness.

THEOREM 2.3. Assume the condition (H,) is satisfied and T (t) is compact for
all t > 0. Then there exists a mild solution of (1.1)-(1.2) on [—r,b], for some 0 < b <
a.

Proof. Usingthat p € [1,1 ) we can prove that y € LP([—r,a],X) and the function
t — y; belongs to C([O,a},%’), see Lemma 2.1. Let b,b;,C, B, (0,S(b)) and T be

defined as in the proof of Theorem 2.2 and assume that b < 1.
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Under the above conditions, for u € By, (0,5(b)) and s € (0,b], we see that
2

b » 1 by, 1 b
Jict3e=0llor < ([ 1u(s) 17 ds)? + = @l < (5007 + 5 <,
which implies that
us+ys € By, (@, %) and Wr(|| us+yy || 2) <C.

Now, from the Bochner’s criterion for integrable and the estimate

CoCmy(s)
(t—s)*’

we obtain that the function s — T(t —s) f(s,us +ys) is integrable on [0,7] for all 7 €
[0,5]. This shows that T'u € C([—r,b],X) and T is well defined.

The remainder of the proof can be completed proceeding as in the proof of Theo-
rem 2.1. We omit additional details. [

I T(r = 5)f (s, us+ys) [I<

Arguing as in the proof of Theorem 2.2, we can prove the following result.

THEOREM 2.4. Assume the condition (Hy) is satisfied. Then there exists a unique
mild solution of (1.1)-(1.2) on [—r,b] for some 0 < b < a.

3. Application

In this section we consider an application of our abstract results. At first, we
include some technicalities. Next, #{ C R” is a open bounded set with smooth boundary
o4, n €(0,1) and X = C"(U,R"). We note that C""(L,R") is the space formed by
all the 1 -Hlder continuous functions from i into R” endowed with the norm

1€ llen@mrny=ll € llc@rm +1 € llen@rms

where || - ||C(H.R") is the sup-norm on &I,

[E()—EW) |

e llen@mn = sup =25

x,yetl, x£y

and | - | is the Euclidean norm in R".
On the space X, we consider the operator A : D(A) C X — X given by Au = Au
with domain
D(A) ={u e C*""(U,R") : up, =0}.

From [9], we know that A is an almost sectorial operator which verifies (1.3) with
o= 7 and A is not sectorial. In the remainder of this section, (7'(r)),>o represents the
analytic semigroup of growth o generated by A.
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Consider the delayed partial differential equation

%u(t,é) = Au(t,&)+ tirB(s—t)u(s,é)ds, V(t,E) €[0,a] x4, (3.1)
ut,&) =0, V(t,£) €[0,a] x d4, (3.2)
u(t,8) = w(r,§), V(1,8)€[-n0]x1L (3.3)

where y : [-r,0] x & — R" and f : [-r,0] — R are suitable functions.
To represent this system in the abstract form (1.1)-(1.2), we introduce the function
f:10,a] x — X given by

16w)@) = [ BewGs. s
If B € L'([0,a],R) and & = C(|-r,0],X), then f € C([0,a],.£(%,X)) and
1) |z zx)<I B ll11(j0.q) forall z €10,a].

Similarly, if 2 = L?([-r,0],X) and f € L ([0,a],R), then f € C([0,a],.Z(%.X))
and
1) |z <IB ||Lpf([07a]) forall 7 € [0,a].

In the next results, which are consequences of Theorems 2.2 and 2.4, we said
that a function u : [—r,b] x 4 — R” is a mild solution of (3.1)-(3.3) on [—r,b] if the
function u : [0,b] — X given by u(r)(&) = u(t,&) is a mild solution of the associated
abstract system (1.1)-(1.2). Next, for 6 € [—r,0], we denote by ¢(0) the function

¢(0) : & —R" givenby ¢(0)(§) = w(0,£).

PROPOSITION 3.1. Assume % = C([—r,0],X), the function 6 — @(0) belongs
to C([—r,0],X) and T(-)(0) € C([0,a],X). Then there exists a unique mild solution
of (3.1)-(3.3) on [—n,b], for some 0 < b < a.

PROPOSITION 3.2. Assume % = L?([—r,0],X) with p € (1, %) and the function

0 — @(0) belongsto LP([—r,0],X). Then there exists a unique mild solution of (3.1)-
(3.3) on [—r,b], for some 0 < b < a.
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