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EXISTENCE OF POSITIVE SOLUTIONS FOR QUASILINEAR
ELLIPTIC SYSTEMS WITH SOBOLEV CRITICAL EXPONENTS

XTIAOYAN CAO AND ZUODONG YANG

(Communicated by D. Kang)

Abstract. In this paper, we consider the existence of positive solutions to the following problem

—div(|VulP2Vu) = a F(u,v)+eP~lg(x) in Q,
—div(|Vv]772Vy) = %—(u,v)—&-sq’lh(x) in Q,
u,v>0 in Q,

u=v=0 on dQ,

where Q is a bounded smooth domain in RV ; F € C!((R")?,RT) is positively homogeneous
of degree u; g,h € C'(Q)\{0}; and € is a positive parameter. Using sub-supersolution method
and comparison principle, we prove the existence of positive solutions for the above problem.

1. Introduction and main results

Let Q be a bounded smooth domain in RY . We are concerned with the following
problem:

—div(|Vu|P~2Vu) = (u v)+ePlg(x) inQ,
—div(|Vv|972Vy) = 9F(u V) + el h(x) inQ,
u,v>0 inQ,

u=v=0 onodQ,

ey

where g,h € C'(Q)\{0}, p,q € R such that p > 1 and g > 1, the parameter ¢ is
positive, and F € C'((R*)2,R") is posmvely homogeneous of degree u, that is,
F(tz) = t*F(z) holds for all z € (RT)? and # > 0, here, RT = [0, 4-<0).

Systems of the above form are mathematical models occurring in studies of the
(p,q)-Laplace system, generalized reaction-diffusion theory, non-Newtonian fluid the-
ory ([4],[34]), non-Newtonian filtration ([29]) and the turbulent flow of a gas in porous
medium ([19]). In the non-Newtonian fluid theory, the quantity (p,q) is characteristic
of the medium. Media with (p,q) > (2,2) are called dilatant fluids and those with
(p,q) < (2,2) are called pseudoplastics. If (p,q) = (2,2), they are Newtonian fluids.

Mathematics subject classification (2010): 35]25, 35J60.
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In recent years, the existence and uniqueness of the positive solutions for the single
quasilinear elliptic equation with eigenvalue problems
div(|Vu|P~2Vu) + A f(u) =0 in Q, )
u(x) =0 on dQ,

with A >0,p > 1,Q Cc RN, N > 2, have been studied by many authors, see [23]-[27],
[33], [35], [48]-[55] and the references therein. When f is strictly increasing on R™,
£(0) =0, lim;_ g+ f(s)/sP~' =0 and f(s) <oy +ops*,0<u<p—1,01,0 >0,
it was shown in [25] that there exist at least two positive solutions for the problem (2)
when A is sufficiently large. If lim,_q+ inf f(s)/s?~! > 0, f(0) = 0 and the mono-
tonicity hypothesis (f(s)/s?~1)’ < 0 holds for all s > 0, it was proved in [26] that the
problem (2) has a unique positive solution when A is sufficiently large. Moreover, it
was also shown in [24] that problem (2) has a unique positive large solution and at least
one positive small solution when A is large if f is nondecreasing; there exist o, 0 >0
such that f(s) < oq + ansP,0 < B < p—1L;lim,_o+ f,,(—f)l =0, and there exist 7,Y >0
with Y > T such that ‘

(f(s)/s"~1Y > 0 for s € (0,T)

and
(f(s)/spfl)/ <0 for s>7Y.

Recently, Hai [27] considered the case when €2 is an annular domain, and obtained
the existence of positive large solutions for the problem (2) when A is sufficiently small.
Xuan & Chen proved in [47] that the singular problem (2) has a unique positive radial
solution if f is a continuous function and positive on Q = By (here By is a ball). The
existence of entire solutions have been obtained for singular and non-singular problem
(2), see [26], [53], [55]. For p = 2, the related results to a singular semilinear elliptic
boundary value problem

Au+Am(x)u? =0, x € Q,
u=0, x€dQ,

have been extensively studied when Q C RN or Q = RV, see [16], [18], [30]. When
p # 2, the problem becomes more complicated since certain nice properties inherent
to the case p =2 seem to be lost or at least difficult to verify. The main differences
between p =2 and p # 2 can be founded in [24]-[26].

Since 1980s, many important results have been obtained for quasilinear elliptic
systems. We will introduce some results in the following. Existence and non-existence
of solutions of the quasilinear elliptic system

div(|VulP=2Vu) + f(u,v) =0, x € RV, 3
{div(Vv|‘1_2Vv)+g(u7v) =0, xe RV, ®)

have gained much attention recently. See, for example, [10], [20], [23], [38], [51], [54].
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When p = g =2, system (3) becomes

Au+ f(u,v) =0, xRV,
Av+g(u,v)=0, x € RV,

for which the existence and the non-existence of positive solutions and positive bound-
ary blow-up solutions have been investigated extensively. We list here, for example,
[9], [11], [31], [36], [37], [42], and refer to the references therein.

When p =g =2, f = —a(|x|)v*,g = —b(|x|)uP , system (3) becomes

{Au =a(|x|)v*, xRN,

Av = b(|x))uf, x e RV, @

for which existence results for positive boundary blow-up solutions can be found in a
recent paper by Lair and Wood [31]. Lair and Wood established that all positive entire
radial solutions of (4) are boundary blow-up provided that

/Ooota(t)dt = oo, /Oootb(t)dt = oo,

On the other hand, if

/ta(t)dt<ooand / th(t)dr < oo,
0 0

then all positive entire radial solutions of (4) are bounded.
F. Cirstea and V. D. Radulescu [11], extended the above results to a larger class of
systems
Au=a(|x))g(v), x€R",
Av = b(|x|)f(u), x € RN.

Z.D. Yang [51], extended the above results to a class of systems

{ div(|VulP~2Vu) = a(|x|)g(v), x € RV,
div(|Vv|772Vv) = b(|x|) f(u), x € RN,

For p = g =2, system (3) becomes

—Au= a—i(u,v) +eg(x) in Q,
—Av = a—f(u,v)—ksg(x) in Q,
u,v>0 in Q,

u=v=0 on JdQ,

for which the existence and multiplicity of positive solutions for semilinear elliptic
problems have been investigated extensively. Results relating to these problems can be
find in [1], [5], [7]-[8], [12], [14]-[15], [21], [28], [45], and the references therein.
In a recent paper, Chu and Tang [8] have studied the following systems

—Au = a—i(u,v) +eg(x) in Q,

—Av= a—f(u,v) +eg(x) in Q,

u,v>0 in Q,

u=v=0 on 0Q,

(&)
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where g,h € C'(Q)\{0}; ¢ is a positive parameter, and F € C'((R")?,R™T) is posi-
tively homogeneous of degree u, that is F(tz) = t*F(z) holds for all z € (RT)? and
t >0, here, RT = [0,+o0). By means of sub-supersolution method, they have proved
thatif u € (1,2), (f1) and (f2) (the same as the following assumptions) hold, then the
problem (5) has at least one positive solution for all € > 0 if and only if both problems

—Au=g(x) in Q,
{ u=0 on 0Q, ©)

and ®)
—Av=h(x) in Q,
{v:O on dQ, )

have nonnegative solutions.

Motivated by the results of papers [1], [5], [7]-[8], [12], [14]-[15], [21], [28], [45],
in this paper, we consider the quasilinear elliptic system (1). We modify the method
developed by Chu and Tang [8], Han [3] and extend the results of [8] to a quasilinear
elliptic system (1).

The outline of this paper is as following. In section 2, we investigate the existence
of solution for single equation of singular quasilinear elliptic system (1). Section 3 is
devoted to the existence of solutions to system (1).

Before stating our results, we need to give some assumptions. Let E = Hé (Q) x

HYQ), 2= (u,v), |z = ViZ+7, ||zlls = (fo (u? +1?)2dx)5 . Let

—div(|Vu|P~2Vu) = g(x) in Q, ®
u=0 on 0Q,

and
—div(|Vv]972Vy) = h(x) in Q, ©)
v=0 on JQ.

(f1) gh€C(Q)\{0}, and there exists xo € Q such that g(xo) > 0,h(xg) > 0.

(f2) %—I;(uﬁz), %—f(un}) are strictly increasing functions about u and v for all u,v > 0.

In addition, we denote positive constants by C,Cy,Cs, ... .

The main results of the paper are the following theorems.

THEOREM 1. Suppose that F € C'((RT)2,R") is positively homogeneous of de-
gree i > 1. Assume that(f1), (f2) hold, and 1 < u < min{p,q}, then problem (1)
has at least one positive solution for all € > 0 if both problems (8) and (9) have
nonnegative solutions.

For p = g, we give the following theorems.

THEOREM 2. Suppose that F € C'((RT)?,R") is positively homogeneous of de-
gree U > 1. Assume that (f1), (f2) hold, and 1 < u < p, if problem (1) has at least
one positive solution for all € > 1, then both problems (8) and (9) have nonnegative
solutions.



QUASILINEAR ELLIPTIC SYSTEMS WITH SOBOLEV CRITICAL EXPONENTS 61

In particular, for the supercritical case, the condition that problem (8) and prob-
lem (9) have nonnegative solutions are also a necessary condition that guarantees the
existence of positive solutions for problem (1). In fact,we have

THEOREM 3. Suppose that F € C'((RT)2,R") is positively homogeneous of de-
gree U >2* (2" = 1\%\;) Let Q C RN (N > 3) be a star-shaped domain, (f1), (f>)

hold, and 1 < p < u, if problem (1) has at least one positive solution for all € > 1,
then both problems (8) and (9) have nonnegative solutions.

REMARK 1. If p > N, we do not know whether or not Theorem 3 holds. From
[56], we guess problem (1) has no positive solution for p > N. This is an open problem.

2. The existence of positive solutions for problem (1)

In this section, we will prove Theorems 1-3. It is well known that the following
lemma holds. From [8], we give the following lemma.

LEMMA 1. Suppose that (f») holds. Assume that F € C'((R*)?,R") is posi-
tively homogeneous of degree | with W > 1, then %—5, %—f € C((RT)%,R™) are posi-
tively homogeneous of degree U — 1.

From [27] and [42], we give the following lemma.

LEMMA 2. (Weak comparison principle) Let Q be a bounded domain in RN
(N = 2) with smooth boundary dQ and 0 : (0,00) — (0,e0) be continuous and nonde-
creasing function. Let uy, uy € WP (Q) be such that

/\Vu1|p‘2Vu1V1//dx+/ 6(u1)1//dx</ |Vu2|p‘2Vu2V11/dx+/ 0 (u2) wdx
Q Q Q Q

. 1,
for all non-negative y € Wy'*(Q). If
uy <up on 09,

then
up <uy in Q.

PROOF OF THEOREM 1. First, let ug,vo be nonnegative solutions of problem (8)
and (9) , respectively. It implies from Lemma 1 that (€ug, €vg) satisfies:

—div(|V(euo) [PV (eug)) = —e?~div(|Vuo|P~*Vuy)
= e’ g(x)
JdF

< E(Euoﬁvo) +ePg(x),
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and

—div(|V(evp)|972V (evg)) = —e7 ' div(| Vg |92 Vvp)

= 9 ()

JoF
< W(WO,EVOH-E’]_%(X)

for all € > 0. Hence, (€ug,€vp) is a subsolution of problem (1). In addition, let d and
e denote the solutions of the following problem, and (10) respectively:

—div(|Vd|P72Vd) =1 in Q,
d=0 on 0Q,

—di q-2 — :
{ div(|Ve|?™*Ve) =1 in Q, (10)

e=0 on JdQ.

It follows from the strong maximum principle (see Serrin and Zou [43]) that d(x) > 0,
e(x) >0 in Q. Choose Ry so large that

_ _ JoF
R > R 'max =—(d,e) + € ' max|g|,
0 0 x€Q du ( ) xeQ |g‘
_ _ oF
R > R* T max 2= d,e) + €9 "max |h|.
0 0 x€§ a\)( ) xeﬁ‘ |
This is possible, since 1 < u <p, 1 <u <gq and
1—p pu—1 oF -1
R “P(R*™ max —(d,e) + €~ max|g|) — 0,

xeQ ou xeQ

JoF
R'"™9(R* ' max = (d,e) 4 €4~ ' max|h|) — 0,
xeQ 0V xeQ

as R — oo, Set 61 = Rod, 62 = R()e, we have

—aiv(VB) V@) — L @y m) — e o)

du
= —aiv((V(Rod))| 2V (Ro) ~ R 2L

L d0) 715 2 0,

(d,e) —e"'g(x)
— Rg—l _Rg_fl
and
o\ 12— oF __ _ 1
—div(|Vo,) |9 *V,)) — W(whwz) — &7 h(x)
— —div([V (Roe)) T2V (Roe)) ~ RY O

_ _10F
=R RE lg(ae)—eq—lh(x);o.

(d,e) — e h(x)
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These imply that (@, ®;) is a supersolution of problem (1). According to @; > 0,
w7 > 0 and Lemma 1, we have

—div(|Ve)[P~2Voy)) — (—div(|V(eup)|P2V (eug))
‘;—F ,0) + el lg(x) —ePlg(x) >0 in Q,

(
(01
—div(|V®,) |17 2VD)) — (—div(|V(evo) |72V (evp))
> (@), @) + &9 h(x) — e 'h(x) >0 in Q,
El :Ezzé‘uo:EvO:O on JdQ.
By Lemma 2, we have 0 < eug < @1, 0 < evg < @>. By C O‘(Q) estimates in [32]
and monotonic iteration in [2] or [41], we conclude that problem (1) has at least one
positive solution (u},v%) which satisfies 0 < eup < uj <@, 0 < evg < vi < 0.
It implies from (f;) that there exists Qy = B(xo) CC Q such that g(x) >0, h(x) >
0 in Q. Moreover, 1y and v satisfy

—div(|Vuo|?*Vug) = g(x) in Qo,
uy >0 on 9dQ,

and

vo=0 on 0Q.

By the strong maximum principle (see Serrin and Zou [43] or Vazquez’s [46]), we have
up > 0,v9 > 0 in Q. We infer from (f;) and Lemma 1 that

{—div(|Vv0|’12Vv0) =h(x) in Qq,

JoF
—-— —(&up, €vp) >0
du dv (euo, &vo)
in Qy. Hence we conclude that (gug,€vp) is not the solution of the problem (1). So,
we have u} > gup > 0,vi > €vp >0 in Q, that is, (u},v}) is a positive solution of
problem (1). The proof of Theorem 1 is completed. [

(Euo, EV()) >0,

PROOF OF THEOREM 2. Assume that problem (1) has at least one positive solu-
tion for all € > 1, we shall prove that problems (8) and (9) have nonnegative solutions.
To this end, let (#g,Ve) be any positive solution of problem (1) with respect to the
parameter €. Set W = £ 1T, Wy = €1V, then (wye, wy) satisfies

—div(|Vore|" 2Vw18)—£“ L (w1, ane) + g(x) in Q,
—div(|Vone | ?Vane) = e~ pa (@1e,2¢) +h(x) in Q, an
Wig, e >0 in Q

W1 = =0 on 0Q.

Since F € ((R*)?,R™) is positively homogeneous of degree u, we have
mlz|* < F(z) < Mlz)*,
where

m= min F(z) and M= max  F(z).
{ze(RT)2:Jz|=1} {z€(RT)2:[e|=1}
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Let |Q| denote the Lebesgue measure of Q. Multiplying the two differential equations
in problem (11) by w;¢,®s¢, and integrating over Q, respectively, according to the
Schwartz inequality, the Holder inequality, the Poincaré ineuality and 1 < u < p, we
obtain

/Q|Va)18|p+\Va)2£|pdx
_ oF oF
=eH p/gwle o (wlﬁaw2£)+w18 B (wv&‘;wZE dx"‘/ wlgng-‘r/ ehdx
:us“*l’/ F(wlg,wgg)dx—i—/ wlggdx—i—/ wrehdx
Q Q Q
<uM€“’1’/(w128+w128)%dx+/ wlggdx—i—/ Wrehdx
Q Q Q
Ak
< uMet ”22/Q((wlﬁwle)derIleallegH2+leeHzllhllz

Meh—r2% |0 (”wlanz T loell§) + lonellallgll + lorella ]2

<u
<C(Q,8,1) ([|1e]| T + [[2e]| % + o1 + e, (12)

for all € > 1, where C(Q,g,h) depends only on €, g and h. Therefore, there exist a
constant C > 0 independent of € > 1 such that

[ IVorel? + Vanlrar < ci. (13)

By the Sobolev embedding theorem, we have

/ 1] dx < C17/ |woe | dx < C.
By choosing a subsequence if necessary, we may assume that as € — oo,
(w1, m¢) — (01,m) weakly in E. (14)

Combining (12) and (13), we deduce that there exists a constant C, independent of €
such that

8“717/ F(wie, 06 )dx < Cy.
Q
Set ze = (W1, Wye ), according to F(z) > m|z|* and m > 0, we have
1
e“_p/ 2e["dx < —Cs. (15)
Q m
Since F € C'((RT)%,R™) is positively homogeneous of degree i > 1, 2 @), £

is positively homogeneous of degree u — 1. Moreover, we have

oF

%(Z) <Mylz*
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where 9F
M, = max —(z
{(ze(RM)2:|¢|=1} du

By (15) and Hélder inequality, for any @,y € Cy’, we infer that

oF _
‘/ a_(wli:‘awZS)(pdx‘ <M1/ |Z£|# l‘q)‘dx
Q ou Q

1 pet
<M1||<puoo\sz|u< [l
-p)(1-p)
<Mm' i C \QI“ ||<PH<><=€ "
Since 1 < u < p, we have
oF
g:u_P/ _(w187w28>(pdx—>0 as € — oo, (16)
o du
Similarly, one has
_ oF
2 p/ _(wle,wzg)l//dx—>0 as € — oo, (17)
Q dv

Multiplying the two differential equations in problem (11) by ¢, y, and integrating
over Q, respectively, we obtain

oF
[ Vo2 vovodr et [ S on)gdit [ godv.  (8)
Q Qou Q

_ _ JoF
[ IVorelr 2V orVyar =7 | S (ore, one )yt [ gwar. (19)
Q Q ov Q

Taking & — oo on both sides of the equalities in (18) and (19), and taking (16) and (17)
into account, we have

/|Vw1|P*2Va)1V<p:/g<pdx and /\Vah\”’2Vw2V11/:/gwdx,
Q Q Q Q

which imply that w;,®, are weakly solutions of problem (8) and (9), respectively.
Since Wy, wre > 0 in Q, we infer that W, w; > 0 in Q. By the regularity theory (see
[31]), we know that wy, @, are classical nonnegative solutions of problems (8) and (9),
respectively. The proof of Theorem 2 is completed. [l

Before giving the proof of Theorem 3, we introduce the Pohozaev identity, which
is established in [39].

LEMMA 3. Let u be in C'(Q)NC(Q), where Q is a C' domainin RY (N > 3)
satisfying u =0 on dQ. Then we have

/dzv |Vu|P~2Vu)(x, Vu)d. /\vu\l’der / x,n |a "do,  (20)

where n denotes the unit outward normal of 0Q.
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PROOF OF THEOREM 3. Let (u¢, V) be any positive solution of problem (1) with
respect to the parameter €. Set 01 = £ 'uie, Wy, = €71V, then (@1, o) satisfies

—div(|Vore|[P 2V @1, ) = 4P IE(@ye, @e) +g(x) in Q,

—div(|Vane |72V @) = P I (@, @re) +h(x) in Q, @n
a)l&ahg >0 in Q,
wlg = (ng =0 on 0Q.

Multiplying the two differential equations in problem (21) by @y, , (¢, and integrating
over Q, respectively, we obtain

/Q Vare|P + Ve |Pdx = ue P /Q F(@1e, @2 )dx + /Q Bregdx+ /Q Brehdx. (22)
On the one hand, from Lemma 3 and (22), we obtain

/A@lg()QV@g)dx—l—/A@g(x7V@2g)dx
Q Q

N-2 ~ N 1 I J e
_y—e V. 1P 4+ V@ 1P)d _/ P | 9228 10\ g
2 Q(‘ (1)15‘ +| w28| ) x+2 BQ(X on | +‘ on | ) (¢
N-2 ~ o~ N-2 ~ ~
= Tus“*l’/ F(wlg,wzg)dx—i——/(wlgg—kangh)dx
Q 2 Jo
1 8(»18 awzg
— 23
5 [ e (152 + | 22 Y do (23)

On the other hand, noticing that @, = @, = 0, x € dQ and the homogeneity of F,
we have F(®@y¢, ) = 0,x € dQ. Therefore, one has:

oF N
(7S @1e,Bne) + ¢(0) (5, Ve
4 [ I @G0+ 10) - (1 Ve
Q A%
—ghp / (x, VF (@1, @re ) )dx+ / (x, Ve )dx + / h(x, Ve )dx
Q Q Q
——s“‘pN/ F(@g,@g)dx—zv/ (@reg + Daeh)dx
Q Q
—/ 518(X7Vg)dx—/ e (x,Vh)dx. (24)
Q Q

According to (21), (23), (24), we obtain

N—-2 N _ - - 1 awl 0y
- - _ w-r | F d _/ ¢ €
(S5 uet ™ [ F@ne e s [ en) (|50 +] 52 )do
N+
5 [ (@re + Bach)ax + / 1 (x, Ve)dx+ / Bre (v, VA)dx. (25
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As u > 2%, we have 1% —%’ > 0. Since Q is star-shaped, we have (x,n) >0 on dQ.
Therefore, one has

Consequently, using (25), we conclude that
ghP / F(Gre, Ge)dx
Q
<C3(/ ﬁggdx—f—/ ﬁzghdx—f—/ 618(x7Vg)dx+/ @g(x,Vh)dx)
Q Q Q Q
From (22), we obtain
/Q(\v@gv’+|v@gv’>dx
:ugu—p/ F(&la@e)dx"‘/ U~)1£gdx+/ W¢hdx
Q Q Q
<C4(/ @wgdx—l—/ @Ehdx—l—/ 618(x,Vg)dx+/ ézg(x,Vh)dx> (26)
Q Q Q Q

for all & small enough, where C(Q, g, 1) depends only on Q, g and /. Therefore, there
exist a constant Cs > 0 independent of € such that

/Q V@1e|? + |V |dx < Cs. @27
By the Sobolev embedding theorem, we have
[ 1@iel dx<cs, [ |l dr < cs.
Q Q
By choosing a subsequence if necessary, we may assume that as € — 0,
(W1, @ne) — (01, @,) weakly in E. (28)
Since F is positively homogeneous of degree i, we have
m|z|* < F(z) < M|z|*,
where

m= min  F(z) and M=  max  F(z).
{ze(RT)2:|z=1} {ze(RH)2:|z)=1}

Combining (22) and (26), we deduce that there exists a constant Cg independent of €
such that

8/1—17/ F(@lg,@g)dx<c6.
Q

Set Ze = (W1, Wye ), according to F(z) > m|z|* and m > 0, we have

. 1
8“717/ |Z£|udx < —Gg. (29)
Q m
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Since F € C'((R*)?,R") is positively homogeneous of degree u > 2*, % £ (2), %—f(z)

is positively homogeneous of degree it — 1, and 1 < p < u. Moreover, we have

JoF

< p=t
Se@ <M

where

M, = max oF z).
(e (R 2e=1} Ou

By (29) and Holder inequality, for any @,y € Cy, we infer that

aF ~
‘/ (@1e, @ae) ‘de‘ <M1/ Ze[* ! ldx
1 - ul
<M1||<puoo\sz|u ([ I5e]an)

P
<M1m“C \Q|“||<PH=><=€ g

Since 1 < p < u, we have

oF . .
8“*1’/ E(w187m8)<pdx—>0 as € — 0. (30)
Q

Similarly, one has

oF . -
8“‘1’/ a—(wl&ahg)u/dx—m as € — 0. 31)
Q oV

Multiplying the two differential equations in problem (21) by ¢, y, and integrating
over Q, respectively, we obtain:

. [ OF
/Q IVore|P 2V Vodx = e P /Q E(wle,wzg)wdw /Q g@dx, (32)
I [ OF
[ IVonel V@ Vyar =7 | S (ore,dne)pdet [ gwar. (33)
Q Q ov Q

Taking € — 0 on both sides of the equalities in (32), (33) and tanking (28), (30), (31)
into account, we have

/ Van|P V@, Ve — / gpdx and / IVan P2V Vyr = / g,
Q Q Q Q

which imply that @, ®; are weakly solutions of problem (8) and (9), respectively.
Since Wie, Wy > 0 in Q, we infer that W, ®> > 0 in Q. By the regularity theory (see
[17]), we know that @y, ®, are classical nonnegative solutions of problems (8) and (9),
respectively. The proof of Theorem 3 is completed. [l
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