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NONLINEAR DEGENERATE DIFFUSION
PROBLEMS WITH A SINGULARITY

KAOUTHER AMMAR AND HICHAM REDWANE

(Communicated by M. Kirane)

Abstract. We consider a class of degenerate nonlinear diffusion problems with a singularity in a
finite value M > 0 of the unknown v. For such problems, we introduce a notion of renormalized
entropy solution which (under a particular “growth” assumptions on the diffusion term) can reach
the value M. We prove the existence of such a solution for the stationary equation with L' data.

1. Introduction

We consider a class of diffusion problems, in the stationary case with a singularity
with respect to the unknown of the type:

b(v) —divA(v,Vg(v)) = f in Q,

P a
bs(f@) v=a on ':=0Q,
where Q is a bounded open subset of R" with regular boundary if N > 1, M > 0,
feLY(Q), a:T — R is measurable with g(a) =0 a.e. on I" and b : (—eo,M] — R is
nondecreasing, continuous such that 5(0) = 0.
The function g : (—eo,M) — R has a flat region [A],Az] with A} <0< A, <M
on which it keeps a constant value and satisfies:

g is continuous, nondecreasing, locally Lipschitz on (—ee, M),

(1.1)

C! and strictly increasing in [A>,M) with lim g/(r) = +oo.
r—M=

The vector field A : (—oo, M) x RY — RV is a Caratheodory function which satis-
fies the following conditions.

The growth condition: there exists p > 1 such that

M
—r+ |)|§V”1 for all (r,&) € (—oo,M) x RN ae. on Q,
,

|A(r’§) —A(V,O)| < C(|M_
(1.2)
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86 KAOUTHER AMMAR AND HICHAM REDWANE
where C: Ry — R, is increasing with C(0) = 0;
The weak coerciveness condition:
(A(r,E) —A(1,0))-&E = A(r)|E|P forall r € (—eo,M), & €RY, (1.3)
where A : (—eo,M) — (0,00) satisfies

A= inf A(r) >0 forall £k >0;
{re(—eo,MJ: —k<b(r)}

The monotonicity condition:
(A(r,g)—A(s,m)) - (€ —n) = (B(g(r)) — B(g(s))) (1 + [E]"+ n|") (1.4)

forall nse R, &,n € RY, and for some function B: R x R — R which is locally
Lipschitz continuous on (—eo, A [U[A2,M).

Hypothesis (1.4) implies in particular that
(A(r.g) —A(rn))-(§—n) >0 forall r € (—o°,M)

and assumption (1.1) implies that a € [A;,A;] a.e. on I and that A(a) € LI(T'), where
A:R x dQ — R is defined by

A(s) :=sup {|A(r,0)-N(x)|, re[-s,s"]}.

Here, by 7j(x), we denote the out unit normal to Q in x € 0Q.
We will investigate the question of existence in two cases:

(@ y y
r P
[ )P as() <= (15)
(b)
M 1
| )T dg(r) =+, (16)
2

Assumption (1.5) implies in particular that lig[l g(r) < 4o and we denote also by g
r—M—

the continuous extension of g on (—ee, M]. In case (b), we construct by approximation
a solution v such that v <M a.e. in Q but in case (a), for f € ! (Q), the solution may
reach the value M and the behaviour on the subset {v =M} has to be specified.

As g is assumed to be constant in [A},A;], the problem is ill-posed even in the
variational setting and the weak entropy solution in the sense of [28], [29] is more
suitable in order to assure uniqueness results. Furthermore, it is well known ( at least
as far as a reader which is familiar with hyperbolic problems is concerned ) that the
condition on the boundary can not be assumed pointwise but has to be understood as an
entropy condition on the boundary ( see [31], [17], [6] and the bibliography therein).

Let us also emphasize that due the the luck of regularity of the data f and a which
are only assumed to be L!, we can not prove the existence and uniqueness of a weak
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solution in the usual distributional sense. Our aim, is to establisch these results in the
framework of renormalised entropy solutions as defined in [4], [19] and [18].
For simplicity, we focus on the case where

,liIP (b+g)(r) = —oo. (1.7)

This forces the renormalized entropy solution to avoid the value —eo and we do not have

to handle its behaviour on this set. The reader interested in the case where lim (b+
r——oo

g)(r) = —eo in referred to [5].

More results on similar problems can be found among other manuscripts in [14],
[15] and the bibliography therein. For more results on degenerate diffusion problems,
the reader is referred to [17], [32], [33], [2] and [8].

In a forthcoming paper, the second author studies the corresponding evolution
problem and proves similar existence and partial uniqueness results.

The outline of the paper is as follows: In the following section, after a short intro-
duction of our notations, we give our concept of renormalized entropy solution with a
few comments and we present the main results. Finally, in Section 3, we establish the
existence result in the two cases (a) and (b).

2. Notations, definitions and main results

We denote by .#(Q) the set of Radon measures on Q and by M(I") the set of
measurable functions on I' with values in R. For any measurable function v: Q — R,
for any s € R, we denote by X{v<st (€SP X{y>s}» X{v=s}) the characteristic function of
the set {x € Q; v(x) < s} (resp, {x € Q; v(x) > s}, {x € Q;v(x) =s}). Forall [, >0
such that M — 8 > 0, we define T3 ; : R — R by Tg;(r) = (M — B) A (—1Vr) and for
n € N large enough, we define

0 forr<—n—lorM—%>r,
r+n+1 for —n—1<r< —n,
1= har) 1= 1 for —n<r<M-—2
~ n’

—n(r+M—-1) forM—-2<r<mM-1

The operators sign® and Hy are defined as follows: sign™(r) =0 if r <0, = [0,1] if
r=0and =1 if » >0 and

1 ifs>0,
H, =
0o(s) {0 if s <0.

Moreover, for r,k € R, we set 7V k = max(r,k), r Ak =min(r,k). By T',T"? and T2,
we denote the truncation functions defined successively by

T'(r)=rAAy, TY(r)=AVrAA; and T?(r) =rV A,
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and for k,l € R, for a.e. x € I', we define
T(x,k,1) = A(r,0) —A(s,0)) -1
o (kD)= max [(A(r0) - A(5.0) -7 ()]

o~ (x,k0):= max [(A(r,0)—A(s,0))-1(x)|.

INk<rs<k

3. Existence results in case (a)

Throughout this section, we suppose that conditions (1.2)-(1.5) and (1.7) are
satisfied.

DEFINITION 3.1. Let f € L'(Q) and a : T' — R be measurable with g(a) =0
a.e. on I'. A measurable function v: Q — (—eo, M] is a renormalized entropy solution
of the problem P, 4(f,a) if

b(v) € L'(Q),
80X kevem—p) € Wy "(Q), Vk,B >0 with B < M, 3.1)
A, DE)) X kevery € (L7 ()Y, Vk >0, (3.2)

and there exist two families (ug)p and (v;); of bounded measures on Q such that
ug € (W (Q) +L1(Q) + L' (D) n.2(Q), (3.3)
ug({v<M—pB}) =0, v({v=1})=0,
éin})/ Edug(v) =0 forall £ € Z(R") with supp(VE) C {v < M},
—0J/Q

Jim [ Edvi(v) =0 forall § € 2(RN)
——c0 /O

and the following inequalities are satisfied. The first one: for all §,k € R with M —f3 >

k, forall £ € WhP(Q)NL>(Q) such that & >0 and (g(aA (M —B)) —g(k)téE =0
a.e.on I,

_/Qb(V/\(M_B))X{VA(M7B)>k}5+/£‘2X{v/\(M7B)>k}f5
- /Q Xioni—pyoy (AW A (M= B),Va(v A (M= B))) — A(k,0)) - VE
> = [0 (ckan 1=+ [ Edug() (3.4)

and the second one: and for all [ < k<M € R, forall £ € WIP(Q)NL=(Q) such that
E>0and (gk)—g(aVvl)TE=0ae.onT,

LoDz @&+ [ 2y A0V L0V 1) = Ak 0))-VE

- /Q Koy € > — /F o (xkaVI)E+ /Q Edvi(v). (3.5)
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REMARK 3.2. We emphasize the following four remarks.

1. In (3.2), we denote by ¥(«_r<y<ayA(v,Dg(v)) (in (3.2)), the measurable field on Q
satisfying

X<ty X{—k<vemyA(v,Dg(v)) = Vg(Tyv) for all I > 0 with I < min(M, k).
It makes sense thanks to condition (3.1) on v.
2. As g is strictly increasing on [A, M), it follows from the definition that the function
Tayr1v — Tav € Wy P(Q) forall L >0 with Ay+L < M.
3. Suppose that g is strictly increasing and assume (1.5). It follows in particular that
Tg v € WOI”’(Q) forall B,I >0 with M — 3 > 0. Taking & = @h(v) as a test function

in (3.4) with ¢ € 2(Q) and h € W'(R) such that supp (k) C] — o, M[, letting § — 0,
we find

/Q)c{k<v<M} (b(v) +(A(», Vg(v)) —A(k,0)) - V(h(v)@) — f9) <O.  (3.6)

Letting kK — —eo, we find

[ e (6(0) + (A Vg(4) = A(1,0))- V(1)) — 1) <0

Similarly, taking & = h(v)@ as test function in (3.5), letting [ — —oo, for all k <M,
we find

— | 2y (B)OH) + (A, T(4) = A(k,0)) - V() p) ~ 9) <O (B.T)
Combining (3.6) and (3.7), we get

— [ 231y () P(3) + (A Ve(4)) = AL,0))- V(1)) = 9) =0 (B.8)

forall @ € 2(9)(Q) h € W'=(Q) such that supp (h) C (—eo,M).
4. Now, taking & = @(1 —h,(v")) € WhP(Q), with ¢ € 27(Q) and Vo =0 a.e. on
v =M as test function in (3.8), we get

/%{M>v} @h(v) + (A(v, Vg(v)) —A(M,0)) - V(h(v)@) — f¢)

__ /{ v:M}b(M)(ph(v)—F {v:M}ﬂph(V)~

Letting n — +oo, we find the energie estimate

/{VZM}ﬂp—b(M)/{V:M}@: lim A(v,Vg(v))-Vve.

n—+eo J{M, <v<M—1}
n

Similarly, taking & := @(1 — h,(—v™)) with ¢ € 27(Q) as test function in (3.8),
letting n — +-oo, we find

lim A(v,Vg(v))- Vo =0.

n—tee JI_p—1<v<—n}

Here, we denote ¥~ =rV0 and r~ = rAOQ.
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THEOREM 3.3. For all f E_LI(Q) and a : T — R measurable with g(a) =0
a.e. on T, there exists v:Q — R such that v is a renormalized entropy solution of

Pb.,g(f7a)'

Proceeding as in [5], we prove the following comparison principle.

THEOREM 3.4. Let a;: ' — R with g(a;) =0 ae. on T and f; € L'(Q), i =
1,2. Let vi be a renormalized entropy solution of the problem P, 4(ay, f1), v2 be a
renormalized entropy solution of the problem Py 4(a2, f>). Then, for all B,1 >0 with
B < M, there exists k € L™(Q) with k € sign™ (—IVvi A(M—B)— (=IVvaAN(M—f))
a.e. in Q such that, for any & € P(RV),

@@ = b(T )€
+ | (AT 91, Ve(Tp 1)) = A(Tp v2. V(T ) - VE
< [ kth= =2 [ Edlgv)+v-i()
+/Fw_(x7T57la1,Tﬁ’la2)§. (3.9)
As a consequence, we deduce the following “partial uniqueness” result.

THEOREM 3.5. Let f € LY(Q) and a: T — R be piecewise continuous with

gla)=0ae. onT. Let v;, i = 1,2 be a renormalized entropy solutions of Py 4(f,a).
Then, b(vi) = b(v;) a.e. in Q.

The proofs of Theorem 3.4 and Theorem 3.5 follow the same lines as those in [5]
and are omitted here for convenience.
3.1. Proof of the existence result

For € >0 with M —& > A,, let g : R — R and A¢ : R x RV — R be defined
by:

B g(r) if r<M-—g¢,
r)=
8¢ eM—e)+g(M—e)(r—M+e) if r=M—¢,

and

B A(n&) if rﬂM—ga
Ae(r,é) = {A(M_g’g) if r>M—c¢.

The proof consists in two steps: in a first step, we consider the problem

ba(v)— divA;(v,Vge(v))=f inQ,
Phaslf) {gav) ~ ge(a) on,

with f € L*(Q), a € L*(T") g(a) =0 and with by(r) = b(r) + ar for r < M and
bo(r) =b(M)+ ar for o > M, o > 0. The operator v — — div Ag(ve, Vge(v)) being
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coercive, existence and uniqueness results for this problem are already proved in [5].
The definition of the weak entropy solution in this case is given in Proposition 3.6
below. Going to limit with € — 0, we prove the existence of a renormalized solution
of the problem

ba(v)— divA(v,Vg(v))=f inQ
Pba7g(f7a)
g(v) =g(a) onT,

In the second step, proceeding by approximation, we pass to the limit with o« — 0 and
solve the problem P, 4(f,a) in the L! -setting.

3.1.1. First step

We start with the following existence result proved in [4].

PROPOSITION 3.6. Let f € L”(Q) and a € L*(T") such that g(a) =0 a.e. on
I'. Then, there exists a unique v, € L*(Q) weak entropy solution of Py, .. (f,a) i.e.

ge(ve) € WO1 P(Q) and v satisfies the following entropy inequalities. The first one: for
all ke R, forall & € Z(RN) such that &€ >0 and (—g(k))*é =0 ae onT,

_/raﬁ(x,k,a)é-l-/Qboc(VE)X{Ve>k}5
< [ Ko (FE = (A(e Ve (v6) ~A(0)) V), (3.10)

and the second one: for all k€ R, forall £ € P(RN) suchthat &€ >0 and (g(k)) & =0
ae onT,

_/F()o’()c,k,a)é—/Qboc("&)%{k>vs]’5
S /Q%{k>v£}(f§ — (A(ve,Vge(ve)) —A(k,0))-VE). (3.11)

The weak entropy solution is in particular a weak solution of the problem by (v) —
divA(v,Vg(v)) = f ie.

[ pa)&+ [ AwVeetr))-vE= [ s (3.12)

holds true for all & € W, ”(Q).
With a particular choice of test functions in (3.12) and thanks to the strict mono-
tonicity of b, one can prove that

(ve)e is bounded in L”(Q), (3.13)
and forall /,8 >0 with M — 3 >0,

(IVge(Tp 1ve)l)e is bounded in LP(€2).
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Following classical arguments, extracting a subsequence if necessary, we can prove that
as € — 0,

g¢(ve) converges to some measurable function w a.e. in Q, (3.14)

weakly in Wy ? (Q),

3.15
strongly in LP(Q), 1)

8e(Tpve) converges to Tg ;w € Wol’p(Q) {
and by the growth condition (1.2) and (3.13),
A¢(ve,Vge(Tp ve)) converges weakly in L”/(Q)N to some xg; € L”/(Q)N (3.16)

for (nE) ER xRN, Ag(r,E) = Ae(r,E) — Ag(r,0).

Now, we need to prove some strong compactness on ve in L} .. We propose here
to use the L™ uniform bound on (v¢) in order to deduce the weak-* convergence of
(ve) to a function v. Then, going to the limit in the approximate entropy inequalities,
we prove that v is a renormalized entropy process solution of Py, ,(a, f) (see Definition
3.9 below). Finally using a “strong” principle of uniqueness, we show that v is the
entropy solution of Py, ¢(a, f) and that the convergence holds strongly in L'(Q).

DEFINITION 3.7. Let Q be an open subset of RY (N > 1), (u,) be a bounded
sequence of L=(Q) and u € L*(Q x (0,1)). The sequence (u,) converges towards u
in the “nonlinear weak-* sense” if

1
| sw@ar— [ [ swm)vededu asn—w,
forall y € L}(Q), forall S € ¢(R,R).

LEMMA 3.8. Let Q be an open subset of RN (N > 1) and (u,) be a bounded
sequence of L(Q). Then (u,) admits a subsequence converging in the nonlinear
weak-* sense.

For the proof of the above lemma, we refer to [26, 20].
According to Lemma 3.8, there exists v € L*((0,1) x Q) and a subsequence of
(ve) still denoted by (v¢) such that

(ve) converges to v in the nonlinear weak —  sense. (3.17)

We will prove that v is a renormalized entropy process solution of P, .(a, f) in the
following sense:

DEFINITION 3.9. A function u: (0,1) x Q — (—eo,M] is a renormalized entropy
process solution of Py, o(a,f) if u € L”((0,1) x Q) and there exists a measurable

function w: Q — R and a family (ug)g of bounded measures on Q such that

w(x) = g(u(o,x)) ae. in Q,
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wAM—BeW,(Q), forall >0,
A, Dw)t—rcucnry € (L7 (@)Y, k> 0,
g € (W17 (Q)+L'(Q) + L (D) .4 (@),
ug({v<M—B}) =0, (3.18)
éiir})/géd,uﬁ(v) =0 forall & € Z(RY) with supp(VE) C {v < M}
and the following inequalities are satisfied. The first one: forall ,k € R with M —f8 >

k,forall £ € WhP(Q)NL*(Q) such that £ >0 and (g(uAM—B)—g(k))TE =0 ae.
onl,

1 1
/0 /Qba(bm(M—ﬁ))X{MA(M—ﬁ)>k}§dM—/0 /QX{MA(M—ﬁ)>k}f§
1
[ AwA (1= ). Vv A g (M~ B)) ~ AlK.0)) - VE)du
0 JQ
< [0t tkan-p)E- [ Eduglu)
and the second one: for all / < k € R, for all & € WHP(Q)NL™(Q) such that & >0

and (g(k)—g(aVl))T€=0ae.onT,

1 1
~ [ [ batwrpengdn= [ [ g A 9w) - Ak0)-VE)du
1
[ e se < [0 whag 319
0 Jo r
REMARK 3.10. Inequality (3.19) is well defined. Indeed

XA, VW) = XA, V(w Ag(k))) € L7 (Q)N.

Taking into account (3.14), (3.15), and as (g¢)e converges uniformly on compact
subsets to g, it follows that

ge(ve) converges to g(v) a.e. in Q, (3.20)
8e(Tp1(ve)))e converges weakly in WP (Q) to g(Tg,v)
and that g(v) is independent of u . Moreover,

(VeX{veR\[4, A2]}) = VX{veR\[A,.45]} € L7(Q). (3.21)

Indeed, g~ ! is locally Lipschitz continuous in the open segment g(JA»,M[). Moreover,

as g(ve) — g(v) ae. in Q, forae. x € Q, given a fixed § > 0, there exists & > 0
small enough such that |g(ve)(x) — g(v)(x)| < 6 forall € < & . Hence,

87" (g(ve(x)) — g~ (8(v(x))| < C(8),
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where C(8) > 0 depends on . Thus,

(Ive = vIxpveryagan) () = (187 (8 (ve)) — g (g()) | Xpver\ja; a0} ()
c(8)(1g(ve) = 8 Xver A, 451 (X)
(8)(lg(ve) — ge(ve)l(x)
+1ge(ve) —8(W)(X) X{ver) (4, 45} (X)
— 0 with e — 0.

Cc

NN

Next, we prove that v is less or equal to M : We choose g¢(Topve)™ — ge(Tyv)™ as test
function in (3.12) to get
[ Avege(ve) - Vige(Tave) = ge(Tian)")
< (8e(Tomve) ™ —ge(Tuv) ) | f llae) -
By (1.3) and the divergence Theorem, this implies that
ACM)|V(g(M —¢)+&' (M —e)(ve —M+e)|" <Mg'(M—¢) || f ll1q) -

Then, in view of (3.21) and by Poincaré’s inequality together with the fact that g’(M —
€) — +oo as € tends to 0, we deduce that

(Tomv)" — (Ta,v) T =0, ae.inQ,

that is
v<M ae.in Q. (3.22)

In order to pass to the limit in (3.10) and (3.11), we have to identify xg; in (3.16), to
define the measure ug and to verify the properties (3.3) and (3.18).
We use the argument of Minty Browder in order to prove that

~ 1 ~
| AeVee(Tpve)) - vE— [ [ A0 9s(Tpw)-VE) au
Therefore, we need the following convergence result:

%E%lli% QA(V&Vge(TB,ZVS)) -VTL(ge(Tp ve) — 8(Tpv)) = 0. (3.23)

In order to prove (3.23), we use the following decomposition of the above integral:

| ACve, Ve (T ve)) - V(e Ty ve) — (T )

= A("sav«ge("s))'VTL(ga(Ve)_g(Tﬁ,lV))
{=l<ve<M—-B}

- /QA(VE’Vge(Vs)) VTL(ge(ve) — g(Tﬁalv))
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- A(ve,V, VT — (T,
Loy A V8e0) - VT gelve) =87 )

=N+ S.

As v is also a weak solution of Py, ¢(a, f),
lim lim 7]
L—0e—0

= lim lim A(Vs’Vge(VE)) -VTr(ge(ve) — g(Tﬁ,l"))

L—0e—0/Q
= —lim lim [ [ ba(ve)Ti(ge(ve) = 8(Tp) — | fTu(gelve) — g(Typ )]
L—0e—0 Q Q

~ [ Ae,0)- VTi(ge(ve) ~ g(Tp0)) (3.24)

It is clear that the first and second term in the R. H. S of inequality (3.24) converge to
0. In view of (3.22),

/QA(v£70) -VTL(ge(ve) —&(Tg v))

= A(ve,0) - VTL(ge(ve) —g(M — B))

B {v=M}
+/ A(ve,0)-VTrge(ve)
{velApAz(}
+ / A(ve,0)- VT, (T
{veR\[A1,4,]} (ve,0) 1(ge(ve) —8(Tp,v))

- / A(ve,0) - VT1(ge(ve) — g(M— B))
{v=M}
+

/ A(ve,0)- VTige (ve)
{VE]AI Az [7VSE]A2%M[}

+/ A(ve,0) - VTrge(v (ve
e aaiec( o0 VILE Ko<y

A(ve,0)- VT —ofT
+/{R\[A1,Az]} (ve,0) - VTL(ge(ve) — 8 (7))
=+ I+ I3+ I

Taking into account (3.21) it is not difficult to pass to the limit with € — 0 and then
with L — 0 in %4 to find

lim lim .#; = 0.
L—0e—0

Next, we prove that (A(vg,O)x{ve]Al7A2LvsG]ALM[}x{‘gg(vg),g(vaﬂgL})g converges a.e.
in Q and then strongly in L” (Q)¥ to A(AZa0)%{\g(v)—g(Tﬁ‘,v)|<L}'
Indeed, a simple computation shows that g¢(ve)X{y.cja,mpy € &(JA2,M() for €

small enough. Moreover, as the restriction of g to [A2,M) is continuously invertible,
taking into account (3.20) and the fact that g.(r) — g(r) pointwise in R, one has

ve —Aa| = g7 (g(ve)) — g (8(v))]
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<lg M (ge(ve)) — g~ (g (V)]
+1g7 (g(ve)) —g H(ge(ve))| — 0 ae. in Q.

Here, we denote by g~ ! the inverse of the restriction of g to [A>,M). Using similar ar-
guments, we prove that (A(Vg,O)X{Ve]Al’Az[,VgE(—“%AI[}X{lgs(VS)_g(Tﬁ‘]V)\éL})g converges
strongly in LF,(Q)N to A(Alvo)X{Lg(v)fg(Tﬁ,v)KL}' This implies that

lim lim .%, = lim lim %5 =0
L—0e—0 L—0e—0

Now, we prove that
lim hm 21 =0.

L—0e—0

Indeed,
/' A(ve,0) - VT (ge(ve) — g(M— B))
{v=M}
/' A(ve,0)- VTL(ge (ve) — g (M — B))
{v=M,ve>M—¢}

A(ve,0)-VIL(g(ve) — (M —B)).
{v=M,ve<M—¢}

As lim g(r) = 4o, for B > 0 fixed, there exists 0 < o¢ < f8 such that g(r) — g(M —

B) > L for all M — oo < r < M. This means that the first term in the R.H.S of the above
equality converges to 0 with €. The second term can be estimated as follows:

/ A(ve,0)- VT4 g(ve) ~ g(M — B))
{v=M,ve<M—¢}

< A(T, _g\e,0) - VT _.2(v
/{V:M’%M_g} (T gm—pyve,0) - VT om—p)-8(ve)

And by (3.21), it is clear that this term converges also to 0 with € — 0. Next, we claim
that
lim limsup % >0
—0 ¢-0

Indeed,

lim limsup % = lim limsup A(ve,Vge(ve))-Vge(ve)

L=0 ¢ L=0 ¢ [ Ag(Tﬁ,lV)+L>gs(V£)>gs(MB)}

- A(ve,Vge(ve)) - Vge(ve)
/{g(TﬁJV)—L<gs(Vs)<gs(—l)} ooeee o }

+ lim lim A(ve,Vge(ve))-Ve(Tg v
L—0e—0 {Vg<—l or M—f<ve and l2e (ve)—g(v)|<L} ( € 88( 8)) g( Bl )

= lim hmsup /Qﬁ(v&Vgg(vg)) V(Tp 1 gm—p)8e (ve) — Tg(M,mgg(vg))Jr}

L—=0 ¢
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+timtimsup [~ [ Ave,Vae(ve)) YTy yinge(ve) = Ty pge(ve)]
— £_>

+ lim lim A(ve,Vge(ve))-Vg(Ts v
L~0-0/{ve< 1 or M—p<ve and [ge(ve)—g(v)| <L} (e, Ve lve)) - Ve(Tp.v)

=H+L+D.

As v, is a weak solution of Py, ¢(a, f),

2} = lim limsup {— /Qba(vg)(TLJrg(M,B)gg(vg) - Tg(Mfﬁ)ge(vg))Jr

L—0 ¢,

| S T pygetve) = Ty pige(ve))”]

/A ve,0) - V(Tpigm—p)8e(Ve) — Tynr—p)8e(ve))™

= lim limsup _L‘zba(VS)(TL+g(M7B)g8(V8)_T:gf(Mfﬁ)gE(vﬁ))Jr

— e—0
+/Qf(TL+g(M—ﬁ)gS(V8)_Tg(M—ﬁ)gS(VS))+}

(1 _ gg(TZVE)fT _ gg(TZVg))+
. / div ( / ) e Alge 1(r),O)dr>
Q A

2

:O,

where g;! is the continuous inverse of (g;) /|Ag,+o0) - The term $22 can be estimated
in the same way. Now, for 8 > € > 0 and L > 0 small enough, we denote y(f3,) :=

“Hg(M—PB)+L) and 6(B,1) ;=g " (g(—1) — L) =g "(g¢(—1) — L). Then

57 = lim limsup Q( A(ve, VT, p.1).0(8.0)8:(Ve)) —A(ve,Vge (T ve))) - VE(Tp )

L=0 ¢

= /Q(—Xy(ﬁ,z),o(ﬁ,z) +xp.1) - Ve(Tgv)
=0.

Indeed, for all §,L >0,
A(ve,VTg 18e(ve)) = A(ve, VTyg.1),0(8.)8 (Ve)) X{g(—1)<ge(ve) | <g(M—B)}
FAVe 0)X(ge (ve)25(M—p) OF ge(ve)<s(~1)}-
Therefore, going to limit with € — 0, by (3.16), (3.17) and (3.20), it follows that
XB.1 = Xy(B1).0 (B X{g(~)<g(r)<g—p)} +AM,0)X(g(r)>e(M—P) oOF g(v)<e(~D)}>

ae. on {g(v) #g(—=)}n{g(v) #g(M—B)}. As Vg(v) =0 on {g(v) # g(—1)}U
{g(v) #g(M—B)} , this yields

/Q(—%y(ﬁ,z),c(ﬁ,z) +xp.1) - Ve(Tp,v) =0.
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Combining all the estimates, we get (3.23) and by the standard pseudo-monotonicity
argument it follows that

1 ~
/ka-vg :/0 /QA(V,VTﬁJg(V))-Vg forallé € 2(Q).  (3.25)

Indeed, for £ € 2(Q), £ >0, x €R,

06/ 2VE
Q
=1lim | aA(ve,VTp g¢(ve)) - VE
e—=0.JQ
> %in(l)lims(l)lp/gﬁ(vg,VTﬁJgg(vg)) V(T(ge(Tp ve) — Tpig(v)) + &)
—> 8_>
= lim limsup A(ve, VT 18 (ve))
0 60 Hyjge(ry e)-s(t <L)
V(ge(TB,lVe) - Tﬁ,lg(v) +af)
+ lim limsup A(ve,VTg,18¢(ve)) - V(&)
L2060 Tyjgerg pve)-strg i)
=P+ DP,.

By assumption (1.4),

22 > lim limsup A(ve,V(g(Tg v) — al))
~ 10 e—0  J{Ige(Tgve)—8(Tp,v)I<L} ) b

V(ge(Tpve) — Tp18(v) + )

= hm hmsup A(Ve,V(g(Tﬁ,zV) —ag))-V(ag)
e—0 {lge( Tg, 1ve)— Tﬁ[ v)|<L}
+£im limsup A(vg,V(g(TﬁJv) —af))

=0 e-0 {velag M |ge (Tg jve)—2(Tg yv)|<L}
-V(ge(Tgve) — Tp18(v))

+ lim limsup A(ve, V(g(Tpv) — a8)) - V(ge(Tp ve))

=0 ¢—0 {ve(—eA1llge( T, [\s)*g(T[jJ")KL}

+ Tim lim sup /{ Ave,V(=al)) - V(ge(Tp ve))

L=0 e Aglilge (Tg ve)—e(Tg v)I<L}

= Pl + P+ P} + 2.

It is not difficult to pass to the limit in the first term in the R.H.S of the above inequality
to find

2= [ ([ A6 56l )~ ) V(L) an
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The term 27} can be estimated in the same way and it is easy to see that &} = 2} =
Now, in order to estimate &7, we use the growth condition (1.2),

==

Py < hmhmsup \A (ve,V(g(Tp,v) — OﬂC)|pl>

e—0

1
V(ag)P)” =0,
</{gs(TgJVs)—g(T/s.IV)I?L} )

Hence, .
JRAE /0 ([ A ¥(e(Tp ) = 0£)) -V (@) dp

Dividing by o > 0 (resp. a < 0), passing to the limit with & — 0, we obtain (3.25).

DEFINITION OF THE MEASURES g . Let us first verify that ve satisfies (3.4) and
(3.5). Forall k € R, forall B >0 with M — 8 >k, forany & € 2(RV), & >0 with
(—g(k))*E=0onT,

| 2teron-pron{ —batven = B)E+12
— (A(ve A (M= B), Ve (ve A (M~ B)) — A(K0)) - VE |
+/Fw+(x,k,a/\(M—ﬁ))§
= [ Hoon{ = Balve) = )E = (A0, Vee(ve) ~ Ak 0)) - VE)

+ /r ot (x,k,a)é

[ Zpm gy {(balve) = ba(M — B))E
+(A(ve, Vge (ve)) —A(M — B,0)) - VE}
- [0t (m—p.a)g
+/Fw+(x,k,aA(M—3))—/Faﬁ(x,k,a)g+/Fw+(x,a,M_ﬁ>g
> [ [ oA (balve) = ba(M = B)E+ (A, Ve(ve) A (M~ B.0)) - VE}
- [o*m—pLa)]
r
=< ug(ve), & > . (3.26)
We split the right hand side of inequality (3.26) into
< g (ve), & >
= |:/Q%{VS>M—ﬁ}{(bOC(VE) — )&+ (A(ve,Vge(ve)) —A(M — B,0)) -VE}
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—/Faﬁ(x,M—B,a)g}
+/Q’C{Ve>M*B}f &- /Q%{ve><M—m}ba(M -B)¢
= /gédﬁﬁfgx{va(mm}fé _/QX{VE>M7B}ba(M—B)’g’.

Thus, ug(ve) is the sum of the negative measure fi and the operator

é'_}/£‘2%{v€>M7ﬁ}f5 _/Q?C{vafﬁ}ba(M_ﬁ)g-
In particular, for any & € 2(RV), 0< € < 1,

&) < [ tpom £ E+ [ Kooy baldt =B

and

| dtuglve))”
< [ ooy (114 balve) — bud = B))E+ [0 (v~ B.a)E.

It follows that (ug(ve))e is uniformly bounded with respect to €. Therefore, we
can extract a subsequence still denoted by (ug(ve))g which is convergent with respect

to the weak —x topology on C(Q) to some Radon measure ug(v). We are going to
prove that for £ € Z(RN) with VE =0 on {v=M},

éin}) < pg(v),€ >=0. (3.27)

Indeed, for M — 3 > A;, o™ (x,M — ,a) =0 a.e. on I' because a < A, and as
li%ba(r) =by(M) < 4 and by (v) € L((0,1) x Q),

1
tim tim [ (ba(ve) ~ba(M - B))"E = lim [ ¢ /Q (ba(v) — bo(M — B))*E) dut

= élil}) Q(ba(v) —boc(M_ﬁ))+€

= [ (ba() ~ ba(31)) =o0.

Moreover, for all € >0,

tim 1im [ (- (A(ve. Ve (ve)) — A~ B.0) - VE

N ﬁli‘l%i%/gx{mM—ﬁ}A(Ve»Vga (ve))- V&
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lim i 51 (A(ve,0) —A(M — B,0))-V
Htimlim [ 71, (A(ve.0) ~ A~ .0) - VE

=7+ .

In order to estimate 7], we use hypothesis (1.5). Define

veVAz Mr »
= —1d .
weim [ (Ol T el
Then, by (3.21),
VA2 Mr P
= — ) Td <M}. 3.28
we—wim [V CGHEFT d on <My G2)

Using T;w, as a test function in (3.12), applying the divergence theorem, we get

/QA(vg,vgg(vg)).vrk(wg)
- /Q XveonyAlve, Ve (ve)) - VTi(we)

- /Q (—be(ve) + ) Twe
<kl fllg) - (3:29)

Hence, by (1.3)

Mve |
Jo [ Vae(ve v )7 Co )P <k £ gy
and by (1.2, it follows
[ A o0 Zony <K F vy (330)
{lwe|<k}
S T
with > + 7= 1. Therefore,
(A(ve, VE(Ve)) Xive =g} X{we <k} e is bounded in L (Q). (3.31)
This in turn, implies that
hi(we)A(ve,Vg(ve)) — Wi weakly in (U’/(Q))N for all k > 0. (3.32)

In order to identify y; on the set {42 < v < M}, let h be a smooth function with
support in JA; + o, M — n[ for some o, > 0 with A, + a < M — 1. Then, by (3.25),
(3.21) and (3.28),

h(ve)hi(we)A(ve, Ve (ve)) — h(v)h(w)A(v, Vg (v)) weakly in (L7 (@)Y (3.33)
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as € — 0. As o, n are arbitrary, it follows from (3.33) and (3.32) that
Wi = hi(w)A(v,Vg(v)) ae. in {A; <v < M}. (3.34)

Next, note that for k large enough, At (w) =1 on {v < M}. Indeed, on {v < M},

by (1.5). Therefore, for

M P
k> [ C(|r)7Tdg(r),
Ay

hx(w) =1 and as a consequence of (3.34), one get

A, VW) Xiayevemy €LY (Q)N. (3.35)

This in turn implies that for all & € 2(Q) with VE =0 on {v= M},

limlim/ v A(ve,Ve(ve)) - VE = lim A(v,Ve(v))-VE = 0.
B0e—0 QX{VQM B} (ve,Ve(ve))-VE 820 twrsvontpy (v, Vg(v))- V&

Now, as A(r,€) is continuous in r,

fim lim/gx{vQM_B}(A(v&O)—A(M—ﬁ,O))-Vé —0

ﬁ—>08*>0
= lim i _g1(A(ve,0) —A(M — B,0))-V
tim tim [ 7ot o) (A(e.0) A = B.0)) - VE
1
=i [ oo (A00) = A= B.0))- VE)dp = 0.

Thus,

1
tim tim [ ([ i) (A, Vaeve)) ~ AM ~ B.0))-VE) du =0

for all & € Z(RN) with VE =0 a.e. on {v = M}. Therefore, combining all the esti-
mates on vg, we can pass to the limit with € — 0 in inequality (3.26) to obtain (3.4).
The second entropy inequality (3.5) can be proved by a classical argument: We choose
& =Hg(ge(k) —ge(ve))¢ in (3.12) with £ € 2(RN) such that (g(k))*{ =0ae.on T’
and we let §,& — 0 successively.

Hence, v is a weak entropy process solution of P, ¢(a, f).

Now, in order to prove that v is a week entropy solution of Py, ,(a, f), we use
the following “reinforced ” comparaison result which can be seen as a generalisation of
Theorem 3.4 to the entropy process solutions. The reader is referred to [20] in order to
verify the technical tools needed when dealing with measure-valued functions.
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PROPOSITION 3.11. Let fi € L*(Q), a; € L*(T") with g(a;) =0 and v; € L (Q x
(0,1) be a weak entropy process of Py, ¢(ai, fi), i=1,2 . Then there exists Kk € L™ (Q x
(0,1)) with k € sign™(vi AN(M —B) —vaA(M —B)) a.e. in Qx(0,1) such that for
all M > f3 >0,

/Ol/g(ba(vl(x,a)A(M—ﬁ))—ba(vz(x,u)A(M—ﬁ)))*&dxdadu
</Olfgx(fl—f2>édx+/01/Faroc,alA(M—m,azA(M—ﬁ))é.

In particular, if f; = f, and a; = a3, it follows from Proposition 3.11 and the fact
that by : R — R is strictly increasing that

i, ) AN(M—B)=va(x,u) N(M—B) forae. (x,or,u) € Q% (0,1) x(0,1)

Defining the function w(x) = fol vi(x, ) do, we deduce that w(x) = vi(x,0) =
va(x,B) forae. (x,a,B) € Qx(0,1) x (0,1).
This ends the first part of the proof. <

3.1.2. Second step

The comparison principle is again the main tool in this second step: Let f € L' (Q)
and a € M(I') with g(a) =0 aee. on I'. For mn € IN, let f,,, = f AmV (—n),
amyn=a/mV (—n) and define by, , : r+— b(r)+ %r* — }%r‘. Denote by vy, , the unique
weak entropy solution of Py, ¢ (fmn,amn), which exists by the result of the first step.

Recall that v, , is a weak solution of by, ,(v) — div A(v,Vg(v)) = f i.e.

| bmarma)E+ [ A Velma))-VE = [ 1 (3.36)

for all £ € 2(Q). By Theorem 3.5, vy, n < Viny,n for my <my and vy, < Vi, for
Ny =ny. 1.€. Vmp Ln v a.e. on Q where vy, : Q — [—eo, M] is measurable. Here, we use
the notation T, resp. |, to denote the convergence of a sequence which is monotone
increasing, resp. decreasing in n. Next, we prove that v, is finite a.e. in €: Suppose
first that b(—eo) := rgmwb(r) > —oco. Then, by the range condition (1.7), it follows that

lim g(r) = —oo.
J— —oo

As vy, is a week solution of Py, , o(@mn, fnn), choosing g(Tg ;(—v,,,)) as test
function in (3.36), taking into account the growth condition on A, we find

oo [, 98T (=) < 8D [ Lol
Q Q
(see condition (1.2) on A). Hence, by Poincaré’s inequality,

C +lg(=DD

‘{_v;,ng_l}‘ < |g(—l)|17
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for some constant C independent of m,n and k. Passing the limit with n — oo and then
with k — —eo in the above inequality, we find that v,, is finite a.e. on Q. Applying the
diagonal principle, we may assume that for some subsequence (m(n)),, we have (with
Jo 7= Fon(n)i> @n = () p A0 by := by ) fro — f in L'(Q)) and the solution v, of
Py, o(an, fy) satisfies: v, — v ae. in Q, b(v,) — b(v) in L(Q).

The rest of the proof follows the same lines as in the proof of Theorem 1.4 in [6]
(see also [5]).

4. Existence results in case (b)

Throughout this section, we suppose that conditions (1.2)-(1.6) and (1.7) are sat-
isfied.

DEFINITION 4.1. Let f € L'(Q) and a: T — R be measurable with g(a) =0 a.e.
on I'. A measurable function v : Q — (—oo, M) is said to be a renormalized entropy
solution of the problem P, o(f,a) if

b(v) € LY(Q),
g(Tp v) € Wy P(Q),
Xi1ever—p) € (L7 ()Y, VI,B >0,0<M—B,A(v,Dg(v))

and there exists two family (ug)p and (v;); of bounded measures on Q such that

(v <M= BY =vil{v=>1)) = lim [ ()=

[——o0

and the following inequalities are satisfied: for all B,k € R with M — 8 > k, for all
EcewhP(Q)NL=(Q) such that £ >0 and (g(aA (M —B))—g(k))TE=0ae.onT,

_Lb(VA(M_B))%{v/\(Mfﬁ)>k}5+‘/Q%{v/\(Mfﬁ)>k}f5
_/Q%{v/\(Mfﬁ)>k}(A(V/\(M_B)an(V/\(M_B)))_A(kvo))'vé
—/Fw+(x7k7aA(M—ﬁ))5+/diuﬁ(v)

and for all I <k € R, forall & € W'P(Q) NL>(Q) such that & >0 and (g(k) —g(aV
)"é=0ae onT,

L0V D&+ [ 2y A0V L8V 1) = Ak 0))-VE
~ | oo 6= = [0~ (rkavE+ [ Eavp)
Q r Q
THEOREM 4.2. For all f € L'(Q) and a : T — R measurable with g(a) = 0

a.e. on T, there exists v:Q — R such that v is a renormalized entropy solution of

Ph,g(faa)'
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Moreover, the comparaison result (3.9) and the partial uniqueness result (3.5)
hold true.
4.1. Proof of the existence result

We use another method of approximation. We first consider the problem

ba(v)— divA(v,2Vg(vA(M —K)))=f in Q,

Pbmgo(~/\(M—K) (f,a) {V/\ M—x)=aon T

with k >0, f € L*(Q), a € L*(I') with g(a) =0 and with by(r) =b(r)+ar, o >
0. Existence and uniqueness results for this problem are already proved in [5]. The
definition of the weak entropy solution in this case is given in Proposition 4.3 below.
Going to limit with k¥ — 0, we prove the existence of a renormalized solution of the
problem P, .,(f,a) and we continue exactly as in case (a).

PROPOSITION 4.3. Let f € L*(Q) and a € L*(T') such that g(a) =0 a.eon T.
Then, there exists a unique v € L™(Q) weak entropy solution of thgo(_A(M,K))(f,a)

ie. g(viN(M—xK))€ Wol’p(Q) and vy satisfies the following entropy inequalities. The
first one: for all k € R, for all £ € D(RN) such that & >0 and (—g(k))*E =0 a.e.
onT,

_/Fw+(x7k7a)é+Aba(vK)X{vK>k}é
< /Q Koot (FE = (A(vi, Ve (v A (M — K))) — A(k,0)) - VE)

and the second one: forall k€ R, forall & € Z(RN) suchthat & >0 and (g(k))TE =0
ae. onT,

- [0 k@S = [ balrorpomé
<- /Q ity (fE — (A(v, Ve (T vi)) — A(K,0)) - VE).

The weak entropy solution v is in particular a weak solution of the problem
ba(v)— divA(v,Vg(vA(M—x))) = f ie.

| baz+ [ a0 veenmr—x)-ve= | re @

holds true for all & € W, ”(Q).
With the same arguments as in case (a), we prove that

(vk)k is bounded in L™ (Q),
A(vi, VTig(vi A (M —K))) converges weakly in Lp,(Q)N to some Y € LPI(Q)N
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g(vi) converges to g(v) a.e. in Q,
(Vi X{veR\[A,.42]}) = VX{veR\[A;.4,]}- @-€. in Q, (4.2)

and according to Lemma 3.8, there exists v € L”(Q x (0,1) and a subsequence of (v)
still denoted by (vi) such that

(vi) converges to v in the nonlinear weak- * sense. 4.3)

We will prove that v is a renormalized entropy process solution of Py, ,(a, f) in the
following sense:

DEFINITION 4.4. A function u: (0,1) x Q — (—eco, M) is a renormalized entropy
process solution of P, ,(a, f) if

ue L2((0,1) x Q)

and there exists a measurable function w: Q — R and a family (ux)x of bounded
measures on € such that

w(x) = g(u(o,x)) a.e. in Q,
wAkeW, P (Q), forall k>0,

A(u, DW) X pueny € (L7 (Q))Y,

L € (W H Q)+ LY(Q) + L' (D) n.#(Q), (4.4)

u({v <M—K}) =0, (4.5)

lim / Edjie(v) = 0 forall & € Z(RY), 4.6)
k—0./Q

and the following inequalities are satisfied: for all k,k € R with M — k > k, for all
EecWhP(Q)NL=(Q) such that £ >0 and (g(uA (M —k)) —g(k))*é =0ae. on T,

1 1
/0 /Qba(u/\(M_K))X{MA(MfK)>k}€d“_/O /g‘2%{u/\(M7K)>k}f€
1
+/0 /Q(A(u/\(M—K)7V(w/\g(M—K)))—A(hO))-V’é)du
g/Faﬁ(x,k,aA(M_K))g_/diuk(w @.7)

and forall I <k € R, forall & € W'P(Q)NL™(Q) such that & >0 and (g(1))*€ =0
a.e.on I,

—/01/Qboc(u)X{bu}éd.u—/()1/Q}C{Z>u}(A(u7VW)—A(k70)).v’g’)d“
1
+/0 /QX{Z>u}fif </Fw_(x7l,a)§. O (4.8)
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Let us first prove that v < M a.e. on Q: Let

Ay VYA(M—K) 1
Oy 1= / AT (r)dr
Ay

Let us recall that g is increasing in [A;,+o0) and therefore w, € W'*(Q). Taking
Ti o as test function in (4.1), applying the divergence theorem and taking into account
assumption (1.3), we get:

/Q\VTkwK\” <kl f g -

This implies that (VT;wy )y is uniformly bounded in L?(Q)" and by a classical argu-
ment, it follows that [{wy > k}| — 0 with k — co. But on the set {v =M}, wx — o
which implies that v < M a.e. in Q.

Now, we use the Minty Browder argument in order to prove that for 0 < § < M,

~ 1 ~
| ACeVetun 1=p))-vE— [ ([ A0Vevn1=B))-VE)du, 49)
with Kk — 0. Therefore, we need the following convergence result:

lim lim QA(vK,Vg(vKA (M—B)))-VIL(g(vik N(M—B)) —g(vA(M—B))) =0.
(4.10)

In order to prove (4.10), we decompose the above integral as follows for kK < ¢t:
/QA(VK,Vg(vK AM—=PB))-VTL(g(ve AN (M —=B)) —g(vA(M—B)))
= [ AW V(v A (M= ))) - VT3 (glv A (M = ) = (oA (1= )
—/ Avie, Ve(vie N (M = x))) - VIL((g(vie A (M — K)) —g(v A (M~ B)))
{ve=M—p}
=N+ %.

As vy is a weak solution of Py, oo(.pm—x)) (4 ),

lim lim 7} = lim li [/A V(v A(M—
Jim lim 7 = lim lim | | A0, V(v A (M = K)))

VI (g A (M= 1K) =g A (M= B)) |
= —lim tim [ [ b ()T (g0 A (M = 1)) = g0 A (M= B))

— /QfTL(g(vK ANM—xK))—glvA(M— B)))}

— | A.0)- VTL (g(x A 1= ) = g(vA (M= B)). 1D
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It is not difficult to pass to the limit in the first and second term in the R.H.S of inequality
(4.11). Now, we estimate the last term. In view of (3.22), for k¥ > 0 small enough,

L AC.0)- VTL(g(v A (4 = 1) = 5(v 1 (= B)))

= A(v,0)-VTrg(vi AN (M — K))
{velArAal}

" /{veR\[AhAznA(v'“O’ VIL(g(ve A (M~ k) — g(v A (M~ B)))

= A(vg,0)-VTrg(ve A(M — k)
{velAp Az [ve>A2}

—|—/ A(vi,0) - VT g(vi)
{velA1,A2[vic<Ar}

+/{V€R\]A1’A2[}A(vk,0) VT (g(ve AN(M —x)) —g(vA (M —B)))

=9+ 5+ .
Taking into account (4.2) it is not difficult to pass to the limit with k¥ — 0 and then with

L— 0 in .45 to find
lim lim .%53 = 0.

L—0k—0
Moreover,
(A(ie, 0) X vela; Az ve>a2) X g (M) -g(vn(m—p))| <L} )k — AlA2,0)
strongly in L” (Q)N and
(A(vi, 0) Xqvela, Mgl el —eot, [} X{lg (v (M—B)) —gvr(m—B))| <L}k — A(A1,0)

strongly in L” (Q)V . Hence,

lim lim .#] = lim A(A,,0)-VTrg(Ar) =0
L—0x—0 ! L—0J{ve]A1,A5[} ( 2 ) Lg( 2)

and with the same arguments, we prove that

lim lim .% = 0.
L—0x—0
Next, we claim that
lim limsup % > 0.

—0 k0
Indeed,

lim limsup %
L=0 k0

— lim limsup [—/{ oy A VBN (=)

=0 0
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VTLg(ve A (M = ) = g(v A (M= B))]

> limlimsup[—/Qﬁ(vng(vK/\(M—K))

-0 x—0

VTL(g(vie N(M — K)) — g(vie AN (M — ﬁ))}

+ lim limsup [/{ oy A VB A =)

—0 k-0
-Vg(vA (M — B))X{0<g(v,(/\(M—K))—g(v/\(M—ﬁ))<L}]
=4+

As v is a weak solution of Py, oo( pm1—x)) (4. f),

L= lim limsup {—/ bo(vie)TL(g(vik A (M —K)) — g(vie A (M — B)))
Q

—Y k-0

+ [ STulelven (4= 1)) = g(ve A (M~ B))
Q
= [ A0.0)- VT3 (gl (= ) = (v (M = B)))]

= Jim imsup [ [ el Tulg(ve A (4 ) = glvch (M= B))

+ | FTulg(ven (4 = 1)) = glv A (1= B)
Q

TL(8(vie N (M—K)) =g (v \(M—B)) .
—/ div (/ Ag™ (r),O)dr)} =0,
Q A

2

1

where g™ is the continuous inverse of g4, a7 The term .,2”22 can be estimated an in

the term % in case (a).
Combining all the estimates, we get (4.10) and by the standard pseudo monotonic-
ity argument we prove that

/Xk-vg :/1/A(V,VTkg(vA(M_K))).vg forallé € 2(Q).  (4.12)
Q 0 JQ

Indeed, for § >0 with M —f >0 and g(M —B) =k, for £ € 2(Q), £ >0 and
ceR,

o /Q%g(M—ﬁ>V5

— lim [ [ 07(vx, V(v n (1~ B)))-VE]

Kk—0

> lim limsup [/QA(vK,Vg(vKA (M —x)))

L=0 k0

VTi(g(vk N(M—B)) —g(vA(M—B)))+08E)
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= lim limsup A(vi,Vg(vi A (M —PB)))

L=0 x0 [/{Ig(vKA(M—ﬁ))—g(vA(M—ﬁ))\<L}
V(g A (M~ B)) — g(vA (M~ B)) + £)]

Alvi, Vg(ve A (M~ B))) - V(08)]

+ lim lim sup [ /
L=0 x0 {lg(ven(M—B))—g(vA(M—p))|>L}

=P+ P.

By assumption (1.4),

2, > lim limsup A, V(g(vA (M —B))—0c0))

T L0 ko [/{Ig(vKA(M B)—sA(M=B))[<L}
V(g A (= B)) = g(v A (M = B)) + 07|

_11m11msup[/ A(VK,V(g(V/\(M—ﬁ))—O'C))'V(O‘C)}
{

L=0 0 (v A(M—B))—g(vA(M—P))|<L}
+1in(1)1imsup[/ A(vi, V(gvA (M —B)) —c0))
7 k=0 {velag M |g(vicA(M~B))~g(vA(M—B))|<L}
V(g A (M= B)) — g(vA (M= B)))]
+£ir%1imsup A(v,V(g(A1) —00))
Y k=0 {velAy Ag[g(vie A(M—B))—g(vA(M—B))| <L}

V(g AN (M —PB)) —g(Al))}

+ lim limsup [/ A(ve,Vg(A1)—0())

=0 k=0 L e (vl A g(ricA(M—B)) —g A M-B))| <L}

V(g A (M~ B)) — (A1)
= P + P+ P} + P},

It is not difficult to pass to the limit in the first term in the R.H.S of the above inequality
to find

2= [ ([ A65a0AM-B) - 00) - V(o0))du

As to 22, this term is equal to 0 by (3.21) and it is easy to see that ,@13 =P} =
Now, in order to estimate %, , we use the growth condition (1.2),

1
Py < hmhmsup |A vie, V(gWA (M —B)) — O'C)|p) d

K—0

|-
e

( / Vo))
{le(ven(M=B))—g(vA(M—P))|=L}



NONLINEAR DEGENERATE DIFFUSION PROBLEMS 111

Hence,

o /Q 200 > /0 | /Q A(v,V(g(vA (M= B)) - 00))-V(60))d.

Dividing by o > 0 (resp. a < 0), passing to the limit with o0 — 0, we obtain (3.25).
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