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EXISTENCE OF POSITIVE SOLUTIONS TO A
QUASILINEAR ELLIPTIC SINGULAR NEUMANN PROBLEM

QING MIAO AND ZUODONG YANG

(Communicated by J. -M. Rakotoson)

Abstract. We show the existence of positive solution for the following singular Neumann prob-
lem
{ —div(|Vu"2Vu) + “5) = Ah(x)u? in B,
g—c =0 on JBg,
where R > 0,A > 0 is a positive parameter, § >0, p € [0,m — 1). By means of double perturba-
tion argument and variational methods, we obtain a positive solution u € C!(Bg\{0}) NC(Bg).

1. Introduction

In this paper,we are concerned with the existence of a positive solution to the
problem

—div(|Vu|"2Vu) + % = Ah(x)ul in Bg,

u>0 in Bg, (P)
% =0 on JBg,

where B =Bgr(0) CRY(N > 1), m>2,0<p<m—1, B >0 isaconstant, A >0
is a positive parameter. Throughout this paper, we assume that 4(x) = h(r) and a(x) =
a(r), r = ||x||, are two nonnegative C' -functions with a,h # 0.

The problem of the above form are mathematical models occuring in studies of the
m-Laplace system, generalized reaction-diffusion theory, non-Newtonian fluid theory
[2,19], non-Newtonian filtration [14] and the turbulent flow of a gas in porous medium.
In the non-Newtonian fluid theory, the quantity m is characteristic of the medium. Me-
dia with m > 2 are called dilatant fluids and those with m < 2 are called pseudoplastics.
If m =2, they are Newtonian fluids. When m # 2, the problem becomes more compli-
cated since certain nice properties in herent to the case m =2 seem to be lost or at least
difficult to verify. The main differences between m =2 and m # 2 can be founded in
[8,12].
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In recent years, the existence and nonexistence of the positive solutions for the
quasilinear elliptic equations

div(|Vu"2Vu) + f(x,u) =0, x€ RV,

with m > 1 have been studied by many authors, see [9-11, 25, 27-28].
In [24], the author concerned the entire radially symmetric solutions of the prob-
lem
div(|Vu|"2Vu) = g(x) f(u), xRN,

In [13], the authors considerer the existence of positive solutions of the quasilinear
eigenvalue problem
—Apu=Af(u) inQ, u=0 ondQ, (E)

where 1 <m < e, A >0, and Q C RV(N > 2) is a bounded, connected, smooth
domain, under appropriate smoothness conditions on f.

By a positive solution of Eq.(E) we mean a pair (A,u) in RT x C}(Q) satisfying
Eq.(E) in the weak sense and with # > 0 in Q.

It was shown in [26] that problem

div(|Vu|"2Vu) + Ag(x)u ' =0, xe R",

has a positive decaying entire solution for all A >0 if 1 <m <N, q(r) = q(|x]) €
C(R*), ¢>0 for r>0,and 0 <y < (m—1) for any

0<e<(N=m)m—1-y)/(m—1)

such that

/+°° e HN=m) Y/ m=D] g (1) gy < oo,
1

and for r € (0,1), 8 < 1, g(r) = 0(r79).
In [20], the author investigated singular p-Laplacian equations of the form

div(|Vu|""2Vu) + f(x,u, Vu)u P =0, xRV,

where | <m < N,0< f <m—1,and f satisfy:

(f1) f(x,u,q) € CL(RY x Ry xRV), ie., f:RY xRy x RY — R is locally Hélder
continuous with index o € (0,1), here R} = (0,00) and Ry = [0,0);

(f2) for every bounded domain D C RV, for any M >0, 3 p(D,M) > 0 such that

/(v u,q)] <p(D,M)(1+]g"), x€D, 0<u<M, geRY,

and that there exist functions F, ¢ such that the conditions (F1)-(F4) below are valid.

Then for any 8 € [0,m — 1), the problem has a positive entire solution u satisfying

el o(x]) <u(x) <e, xRN lim u(x) =0,

[x[—e0
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where € > 1 is a constant.

(F)FeC’ Ry xRy xRy),¢eC? (RyxRy) and

0 < ¢(|x|,u) < flx,u,p) < F(|x|,u,|p|) forall (x,u,p) € R¥ xR x RY;

(F2) ¢(r,u) is non-decreasing in u € Ry ; F(r,u,q) is non-decreasing both in u € R,

andin g € Ry ;
(F3) for any r € I, there is some subinterval I of R, such that

lim E-7T (1, &L (r)) = oo

oo

(F4) for any r e R,
Jim EITF(RE,E) =0

and there exists a nonnegative measurable function M(r) € A;, with a constant & > 1
such that

g*H%F(r,&,i)((P(V))fB <M(r), reR, forall & > &,.

For m = 2, there is a lot of papers in the literature dealing with singular problem
with Dirichlet or Neumann boundary conditions, we can cite for example, the papers of
Cirstea and Radulescu [4], Crandall, Rabinowitz and Tartar [5], del Pino and Hernandez
[21] and reference therein.

The related results to a singular semilinear elliptic the boundary value problem

Au+Ag(x)u’ =0, x€Q,
u=0, x€0Q,

have been extensively studied when Q C RN or Q =RV, see [3, 6-7, 15-17, 23].
The results to a semilinear elliptic boundary value problem

—Au+a(x)uP = Ah(x)uP, x € Bg,
u>0, x €Bg,
% =0, xe 8BR,

and
—Au = logu+ h(x)u?, x € Bg,
u>0, x €Bpg,
% =0, xe GBR,

have been studied, see [1, 22].

The class of problems considered in this paper was motivated by the semilin-
ear problem with Neumann problem. When p = 2, the main point of interest of
the author with respect to the problem is the existence of positive solution, i.e. u €
CZ(ER\{O}) NC(Bg), u >0 in Bg (see [1]). To obtain their results, the authors
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use the nice properties of the operator —A, for example, strong maximum principle,
strong comparison principle and so on. Moreover, the authors obtained the estimate
Ur|| 3 [o.8] - This paper, we are interested in the existence of positive weak solution of

(P),ie. ucC'(Br\{0})NC(Br), u> 0 in Bg. Unfortunately, as we know, for the
operator —A,u with m # 2, many nice properties inherent to —A are lost or difficult
to verify. For example, the strong maximum principle is lost. In this paper, we will use
the weak comparison principle. Because of the weak regularity, we only consider the
estimate ||@m ()¢t &) -

We modify the method developed in [1], and give the following theorem.

THEOREM 1.1. The problem (P) has a positive solution u € C' (Bg\{0})NC(Bg),
if one of the following conditions holds.
(1) For A > ||al|~, B >0 and h(x) > 1 for all x € Bg.
(2) For A >0 large enoughand 0 < B < 1.

(3) For A >0 large enough, W bounded in Bg and 0 < 3 < 1.

2. The perturbed problems

In this section, we study the perturbed problems used to get a solution to (P). In
the first perturbation for each € > 0, we consider a family of approximate problems

—div(|Vu|"2Vu) + (éﬁ = Ah(x)u” in Bpg,
u>0 in Bg, (Pe)

3—3 =0 on 0Bp.

Our goal is to get a solution to the above problem for each € >0 and let € — 0 in
order to find a solution to (P).
For each 0 < r < R, define A := Bg\B,. Consider the second family of problems

—div(\Vu\m_z_Vu) + (ui(g% = Ah(x)u? in Br\B,,
u>0 in BR\B,, P
u=o0o on JdB,, (Per)

g—i‘, =0 on JBg,

where ¢ > 0 is an appropriate fixed constant. When r — 0", we get a solution to (P;).

2.1. Existence of subsolution to (P )

In this subsection, we will show the existence of subsolution u to (P ), which
does not depend on r and €. To this end, we will drive our study in three cases.

CASE 1. (A >lal[«, B >0 and h(x) > 1 forall x € Bg)

a(x)

Since (e)p

that o > 1.

< Ah(x), in this case, u =1 is a subsolution to (P ,), provided
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CASE 2. (A >0 large enoughand 0 <8 < 1)
Let & be a positive solution of the below problem

{—div(|Vu|m2Vu) = h(x)(d(x,dBg))"" in Bg,

u=0 on 0Bg,
m(m—1
where y = (m£1)+>L% .
Define u = k& v/ (m=1) Computing the equation
~ div(|va" i) + 45
u

= ()" - me g

m—1
kN ey Py
()" e ) (d(x, 9B))
a(x)k=B
g1’

Since 8 € (0,1), ¥ > m— 1 and consequent for k > 0 large, in the interior and near the
boundary dBg we have

a(x)k P — <k_y)m71(y_m+ 1)[VE™ < 0.

m—1

Now take A > 0 large enough such that

(KLY g o) 0B < Ao

hence
—div(|Vu|" 2 Vu) + @ < Ah(x)u? in Bg.
u

Finally we choose & such that k£¥/("~1) < 5.

CASE 3. (/l > 0 large enough and d(mB:)(% boundedin Bg and 0 < 3 < 1)

Fixing y=m, u= kém/ (m=1) and repeating the same argument of Case 2, we get

— div(|va"2vi) + 28
u

km km a(x)kP

— ()" wEr s () e 0B

. a(x) .= .
since o BT bounded in Bg, there exists N > 0 such that
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—aiv([V-2vu) + 2
fm \ml g fm ymel —
<—(m) vE| +(ﬁ) En(x)(d(x,dBg))"™ + Nk,

thus, using similar argument to Case 2, for k and A large, we arrive at the same con-
clusion.

2.2. Existence of supersolution to (P )

In this subsection, we will use variational method to get a supersolution to (P ;).
Hereafter, 6 > ||u||. and X denotes the subspace of H!(A), A = Bg\B,, given by

X ={ve H'(A) : v(r) = 0,v is radially symmetic}

ol = ([ 9oias)

We stress that ||.|| is a norm in X, since Poincare inequality holds in X, that is,
there exist 11 > 0 such that

endowed with the norm

/ [v|"dx < n/ |Vv|"dx, VveX. (2.1
A A
Note that v € X is a solution of the problem below

—(sN o (V) = AN h(s)(v+ )P in (1,R),
v>0 in (r,R),

v(r)=0,

V(R) =0,

2.2)

where ¢,(s) = |s|"2s, the function u = v+ o is a supersolution to (P ,), because it
is easy to check that

(0 + S A in (R,
u>0in (rR),

u(r) =o,

W (R) = 0.

To get a solution to (2.2), we will apply variational methods to the functional
I:X — R given by

I(v) = % / " N1y mgs— 2 / * N1 (5) F(v(s))ds.

where F(t) = [5((z+ 0)+)Pdz and z; = max{z,0}.
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LEMMA 2.1. The functional I is C', weakly lower semicontinuous and coercive
so that there exists v € X such that

I(v) =minlI(u) and I'(v)=0.

ueX

The proof is standard by (2.1).
From the above details, we conclude that v is a solution to (2.2). Also, since v is
a weak solution of (2.2), we have

v(s) Z/S ! [fl*N/RlZN*Ih(Z)(v(z)—FO')sz dt,
in which

1
um—-1 if u>0,
O () = ’
() L11fu<0

Then we define u, :=v+ 0.

LEMMA 2.2. The function u, = v+ 0 is a supersolution to (P ) with u,(s) > o
and ur(s) > u(s) for every s € [r,R]. Moreover,

s R
s) :G—I—/r q),,f,l[tlfN/[ Aszlh(z)uf(z)dz}dt, (2.3)
then u, € C'[1,R).

LEMMA 2.3. There exists a constant M > 0 such that ||u,||c.g <M forall r €
(0,R). Moreover, for each p € (0,R), there exists Cp, >0 and rp € (0,R) such that we
have the following estimates:

HMFHC[p,R]7 H”r”cl[p,R]7 Hq)m(”/r)Hcl[p,R] <G

Proof. From (2.3), we have that
s)=0+ /rlY o, ! [tl_N /tR/lzN_lh(z)uf(z)dz} dt
< o+/rR O [tl—N/tRAzN—lh(z)uf(z)dz] dt

<o+ \|ur\|g”[p_;}] /rR o' [tl’N/tR/lzN’lh(z)dz] dt

/rR 0! {tl—N /tR/lzN—lh(z)dz] dt < Cy

for some constant independent of r.
Using the hypothesis p € (0,m — 1), there exist positive constants C,,Cs indepen-
dents of r verifying the inequality

But

( ) C2+C3H”"Hc[rR
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which implies that there exists M > 0 independent of r, such that
lur||cpry < M.

In fact, since

H”I’Hcf;Rl C2HMVHC:1R]I +Gs,

if ||uy| |cprr) — = as r — 0, we get a contradiction. The estimates involving the norms
[t |ctpp rys 11 @m ()1} &) Tollows easily using the estimative found for [|u,||c(p &) - O

2.3. Existence of solution to (P )

In this subsection, we use the sub-supersolution (¢ and u, respectively) to obtain
a solution for the problem (P ).

We use an interaction method starting from uo = u and define the sequence u,,
n € N, by solving the problems

\'N’la S)uy
() T = A ) in (7 R),
Up+1 >0 in (raR)7

un+l(r) = 0-7
iy (R) =0.

From [18], we first give the following Lemma.

LEMMA 2.4. (Weak Comparison Principle) Let Q be a bounded domain in RN
(N = 2) with smooth boundary dQ and 0 : (0,00) — (0,e0) is continuous and nonde-
creasing. Let uy,uy € W'™(Q) satisfy

/|Vu1\m_2Vu1V1//dx+/ 6(u1)u/dx</ |Vu2|’"_2Vu2V1//dx+/6(u2)u/dx
Q Q Q Q

or all nonnegative y € W ™(Q). Then the inequality
0

uy <upy on 0Q,

implies that
up <upy in Q.

LEMMA 2.5. The sequence u, is nondecreasing and satisfies
uo(s) < un(s) <upr1(s) <up(s) foralls € [r,R] and all n € N.
Proof. We just need to see that uy < u; < u,. From the definition of u;, we have

{—(SN_l¢m(u6))’+ g(s)uo < — (5" @ (u)) + g(s)ur, Vs € (rR),
(o —ur)(r) <O, (uo —ur)'(R) =0,
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sNa(s)

(TPl From Lemma 2.4, we obtain that
0

where g(s) =
ug < uy(s), Vs € [nR].
On the other hand,

{ —(" o (1)) + g (s)ur < = (5" 9 (1)) + g (s)ur, Vs € (nR),
(1 =u)(r) <0, (ur—u,)'(R) =0,

and again apply Lemma 2.4, we get
ur <ur(s), Vse[nR)].

Thus,
uo < up(s) <u(s), Vse€[nR].

Now, the proof follows by induction at n. [

By Lemma 2.5, we define the pointwise limit

ut(s) := lim uy(s), Vs € [rR],

n—oo

and we see that
1 <ul(s) <uy(s), Vs€|[nR]. (2.4)

LEMMA 2.6. The function uf belongs to C'[r,R] and verifies (P.,).

Proof. For each n € N, we have

wnls) = 0'-1—/: o1 {tlfN/tRZNfl(/lh(z)uil — %)dz} drt,

since
(s) <un(s) <ur(s) <M, VneN.

I

From Lemma 2.3, we obtain that ||¢y(u,)||c1(, g is bounded. So for some subse-
quence, still denote by u,,, we have that

Uy, — ut in C'[r,R].

Therefore, u¢ is a solution of the problem

(1 0n0E ) + S A )W) in (R)
ut > o in (r,R),
uf(r) =0,
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2.4. Existence of solution to (P:)

From Lemma 2.6, u¢ is given by

e _ Sl (K ove e a(z)uy
u,—O'—i-/t o {z /;ZN (Ah(z)(u,)ﬂ_m)dz}dz, 2.5)
and
u(s) <ul(s) <ur(s) <M, Vse[nR)]. (2.6)

Using (2.5) and (2.6), as in Lemma 2.3, we can prove that for each p € (0,R) there
exist Cp > 0 and rp € (r,R), such that

HufHC[p,R]v H“f”cl[pm’ || @ (e )Hcl[p,R] < Gp.

Then from the compact imbedding C![p,R] — C[p,R], we see that there exist a
sequence 7, € (0,R) with r, — 0 and u; : (0,R] — R, such that the sequence w, = u;,
satisfies

wn — ue in CL.(0,R),

and
wn — ug in C[p,R] Vp € (O,R).

The above limits imply that u, is a solution of the problem (P;) written in radial
form: v
(N (1)) + T = 25N h(s) (ue)? in (O.R),
ug >0 in (0,R),
u,(R)=0.

2.5. Existence of solution to (P)

Now we would like to pass the limit in the family u, obtained in above subsection
and get a solution to (P). In order to do that, we need some estimates like the ones in
Lemma 2.3.

First, we observe that the following estimate holds in (0,R),

u(s) Sue(s) <M, Vs € (O,R). 2.7)
Note that the family u, verifies

a(z)ue

A R
we(o) =R+ [ on' 1N [ o -

)dz} i, (2.8)
if s 2R,
wels) = wa(R/2) — /SR/Z 0! [tl—zv /tRZN—l(/lh(z)ug — %)dz] dt, (2.9)

if s € (0,%].
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Using (2.7)-(2.9), for each p € (0,R) fixed, there exist C, > 0 and &, € (1,R),
such that

lluellcpr  uellerp rys H(pm(u{c‘)HCl[p,R] <Cp, Ve€(0,8).

Hence, there exist a sequence [, € (0,R) with /, — 0 and u : (0,R] — R, such that the

sequence z, = u;, satisfies
Zn —u inCL.(0,R),

and

zn — u in C[p,R], Vp € (O,R).

P,
Using the above information, u(s) > u(s), Vs € (0,R] and u is a solution of the
problem

(N u) + = = () i (0.R),
u>0in (O,R), =

u'(R)=0.

We see that u € C'(0,R) N C(0,R]. Now, the next Lemma shows that we can
extend u to the interval [0,R] in such a way that u is continuous on [0,R].
We use the same arguments with Lemma 2.6 in [1], and give the following lemma.

LEMMA 2.7. If u is the solution found for (2.10), we have that lim,_ou(r) ex-
ists. Hence, we can extend u to the interval [0,R], assuming u(0) =lim,_ou(r). Thus
getting the regularity u € C'(Bg\{0}) NC(Bg).

Using the above information, we give the proof of Theorem 1.1.

Acknowledgements. The authors would like to thank the referee for his/her sug-
gestions in the revision of this work.
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