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POSITIVE SOLUTIONS TO A TWO POINT
SINGULAR BOUNDARY VALUE PROBLEM

ABDELHAMID BENMEZAI, JOHN R. GRAEF AND LINGJU KONG

(Communicated by J. Henderson)

Abstract. We employ fixed point index theory to establish existence results for positive solutions
to the singular boundary value problem

{ (@Y () = b)), 1€ ©,1),
W' (0) =u(1) =0,

where a € C'((0,1),(0,0)), 1/a is integrable on any compact subset of (0,1], b€ C((0,1),

[0,420)) does not vanish identically and is integrable on any compact subset of [0,1), and f:
[0,1] x RT — R™ is continuous with f(#,u) >0 forall (z,u) € [0,1] x (0,0). As applications,
existence and nonexistence criteria for positive radial solutions to some elliptic equations are
deduced.

1. Introduction

In this paper, we present some new results guaranteeing the existence of positive
solutions to the singular boundary value problem (BVP)

{‘w)'(r) =b(O)f(t,u(r), 1€(0,1), (L.1)

where R = [0,), a € C}((0,1),(0,%)), 1/a is integrable on any compact subset
of (0,1], b € C((0,1),R") does not vanish identically and is integrable on any com-
pact subset of [0,1), and f:[0,1] x Rt — R™ is continuous with f(z,u) > 0 for
all (r,u) € [0,1] x (0,0). By a positive solution to BVP (1.1), we mean a function
ue C([0,1],RT)NC((0,1),R*) with u(t) >0 on [0,1) satisfying both the differen-
tial equation and the boundary conditions in (1.1).
It is worth pointing out the difference between the boundary conditions in (1.1)
and the conditions
(ad')(0) = u(1) =0 (1.2)
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that are often considered in the literature. If u is a positive solution of (1.1), then u’
may be positive on some subinterval of (0,1). For example,

u(t) =12 (1= 1vA) + 3 (1-12V0)

is a positive solution of

v(t) = % (1—1V1)

is a positive solution of

(%)@ =v(n=o0,

and V/(t) = —t/t <0 on (0, 1). This difference, together with the possible singularities
of a and b, makes the study of problem (1.1) harder than using the boundary conditions
(1.2).

Throughout this paper, we assume that a and b satisfy the following conditions:

1
)1(5%@/0 b(1)di = 0, (1.3)

/01 (%/;b(ﬂdr) ds < o, (1.4)
/Olb(t) (/tl %) dt < oo, (1.5)

Typical examples of a and b satisfying (1.3)—(1.5) are a(t) = b(z) =t*(1 —I)B with
a > —1 and B < 1. Note that a solution of (1.1) in the case a(t) = b(t) ="~ with
n € N is aradial solution to the elliptic equation
—Au(x) = f(|x] u(x)), xeQ,
u=0 ondQ,

and

(1.6)

where Q is the unit ball in R"”. Moreover, in the case Q = R" (n > 3), by means of
a change of variables, we can see that a radial solution of (1.6) is a solution of (1.1)
(see Section 4 for details).

Since singular BVPs arise in many physical problems, existence and multiplicity
results for positive solutions of such problems have been studied by many authors in
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recent years; see, for example, [1, 4, 12, 15, 18, 21, 28] and references therein. For
some studies on radial positive solutions of elliptic equations, the reader may refer to
[6, 8, 13, 16, 17, 23] and the included references.

Different variations of the regular version of BVP (1.1) have been studied ex-
tensively in the literature, for example, in [2, 7, 9, 10, 11, 19, 26, 24, 25, 22, 30]. In
this paper, as in the papers [7, 10, 19, 22, 24, 25, 30], our criteria for the existence of
positive solutions are determined by the relationship between the behavior of the term
Sf(t,x)/x near O and e when compared with the smallest eigenvalue of an associated
linear problem subject to the same boundary conditions. However, our existence results
can not be proved with the same arguments as in those papers since the weights a and
b here are singular. To overcome the difficulty caused by the singularity of a and b,
many new ideas and techniques are developed in this paper.

In what follows, we let E be the Banach space of all continuous functions de-
fined on [0,1] endowed with the usual sup-norm denoted by |||, K be the cone of
nonnegative functions in E, and K* = K\ {0}.

We recall the following convergence result due to Brezis and Lieb; see [3, Theorem
1].

LEMMA 1.1. Assume that 0 < p < oo and Q is a measurable set in RN . If {f,}
is a bounded sequence in LP (Q) with f, — f a.e. in Q, then

111 = lim ([1fally = 1 = fall})-
The following corollary is an immediate consequence of Lemma 1.1.

COROLLARY 1.1. Assume that 0 < p < oo and Q is a measurable set in RV . If
{/fa} is a sequence in LF (Q) with f — f a.ein Q and limy—co || full, = | f|,, then

lim £ = fu], = 0.

In the remainder of this section, for the sake of completeness, we recall some basic
facts from fixed point index theory. Let X be a real Banach space and K be a closed
subset of X . Then K is called a cone if

¢ K is convex;
o txe K forall t >0 and x € K;
o ifxe K and —x € K, then x=0.

The set K is called a retract of X if there exists a continuous mapping r : X — K such
that r (x) = x for all x € K. The mapping r is called a retraction. From a theorem by
Dugundji, every nonempty closed convex subset of X is a retract of X. In particular,
every cone of X is a retract of X.

Let K be a retract of X, U be an open bounded subset of K, and B(0,R) be the
ball of radius R in X such that U C B(0,R). For any completely continuous mapping
f:U — K with f(x)#x forall x € dU , the integer given by

i(f,U,K)=deg(I— for,B(O,R)Nr ' (U),0)
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where deg is the Leray-Schauder degree, is well defined and is called the fixed point
index.

PROPERTIES OF THE FIXED POINT INDEX:

1. Normality: i(f,U,K) =1if f(x) =xo €U forall xe U;

2. Homotopy invariance: Let H : [0,1] x U — K be a completely continuous mapping
such that H (¢,x) # x for all (z,x) € [0,1] x dU. Then, the integer i(H (¢,-),U,K) is
independent of 7;

3. Additivity:
l(f7U7K> = l(f7U17K> +l(faU27K)

whenever U; and U, are two disjoint open subsets of U such that f has no fixed point
inU\ (UUly);

4. Permanence: If K’ is a retract of K with f (U) C K’, then
i(f,U,K)=i(f,UNKK');
5. Solution property: If i (f,U,K) # 0, then f admits a fixed pointin U.

Now, assume that K is a cone, and for all R > 0, we set Kg = B(0,R)NK. The
following lemmas and their proofs can be found in [14].

LEMMA 1.2. If f(x) # Ax forall x € dKg = dB(0,R)NK and A > 1, then
i(f,Kg,K) = 1.
LEMMA 1.3. If
o f(x)# Ax forall x € dKg = dB(0,R)NK and A € (0,1], and
o inf{||f(x)||: x€ dKgr} >0,

then
i(f,Kg,K)=0.

LEMMA 1.4. If || f(x)|| = ||x|| for all x € dKr = dB(0,R) NK, then
i(f,Kgr,K)=0.
2. Preliminary results

In this section, we focus our attention on the linear eigenvalue problem associated
with BVP (1.1), namely,

{—(a "(t) =Ab(t)u(t), te(0,1), o

where A is a real parameter.
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DEFINITION 2.1. We say that A is a positive eigenvalue of (2.1) if A > 0 and
there exists ¢ € K* such that (A,¢) satisfies (2.1).

Consider the linear operator L : E — E defined by

Lu(x) = /X1 % (/Osb(t)u(t)dt) ds, ucE.

LEMMA 2.1. Assume that (1.4) and (1.5) hold. Then the function H(x) defined
by
X I d
H(x) = / b(t)dt / ——dt
= [ bt [ o5

limH (x) =0 and lin}H(x) =0.
X—

x—0

satisfies

Moreover, for all u € E,

Lu(x) = /0 GV,

where X
[l ifo<r<x<,

X a(s)?

L, ifo<x<i<l.

G(x,t) =

Proof. 1t is easy to see that

H(x) < /Oxb(t) (/tl %) dr
Hx) < /x1 % (/Otb(s)ds) dr.

limH (x) = limH (x) = 0.
x—0 x—1

and

Thus,

Now, let x € (0,1) and € € (0,1 —x). For any u € E, an integration by parts yields

[ - ( | tb(s)u(s)ds) a=[" < " (s u(s)ds

+/xl%/Oxb(s)u(s)ds—i—/xl_gb(t) (/ll %ds) u(t)dr. (2.2)

Taking into account that

Lods fl-e
/1 _/0 b(s)u(s)ds < H(1— &) |Ju]

—eaf(s)
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and letting € — 0 in (2.2), we obtain

Lu(x) :/xl%/oxb(s) ds+/ (/ —ds) u(t)dt
- /0 Gl )b )ult)dr.

This completes the proof of the lemma.

LEMMA 2.2. Assume that (1.3) and (1.4) hold and u € E. Then v=Lu is a
solution of the BVP

{—(av’)’(t) =b()u(r), 1€(0,1), (2.3)

Proof. If, for all x € [0,1],

v(x) = Lux) / /b

then v(1) =0 and

Moreover,

Applying L’ Hopital’s rule and (1.3), we have

1 (0)] = |1im X =4(0) ’ ”””/b )ds = 0.

x—0 X XHO (1

Thus, v(¢) is a solution of (2.3), completing the proof of the lemma.

LEMMA 2.3. Assume that (1.4) holds. Then L is completely continuous.

Proof. This follows from the uniform continuity of the function

H/Jclﬁ (/Otb(s)ds> d

on [0,1] and the Ascoli-Arzela theorem.
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Let {a,} and {B,} be two sequences such that, forall n € N, 0 < 04,41 < oty <
1/2, limy— 0, =0, and B, =1 — a,. Let I, = [a, By]. For each n € N, it is well-
known that the eigenvalue problem

{ —(a')(t) = Ab(@)u(t), 1€ (0, fn), 2.4

W (0) = u(By) =0,

has a smallest positive eigenvalue A' = 4, (a,b,1,) and the eigenfunction ¢, associated
with A{' has no zeroin (0, 1); see, for example, [2, Theorem 9] or [32, Theorem 4.3.2].
For each n € N, let the functions ¢,, y;,, and v, be defined by

©n 2 [0,1] — I, with @, (s) = (By — O) 5 + O,
s— o

B Bn — 0y ’
v 2 [0,1] = R with v, (£) = ¢ (@n(2)) -

From (2.4), we see that v,, satisfies the BVP

{—(anVZ)’(f) = A (Bu = 0)? ba(t)va(0), 1€ (0,1),
v (0) =va(1) =0,

W, = I, — 0,1] with y, (s) and

2.5)

where a, (1) = a(@,(t)) and b, (t) =b(@,(t)). Thus, v, = A['L, (v,), where

Ly

—~

u)(x):(ﬁ,,—ocn)z/xl ! (/Osbn(t)u(t)dt>ds, ucE.

an(s)
LEMMA 2.4. Assume that (1.4) and (1.5) hold. Then lim,_. L, = L.

Proof. As in the case of the operator L, it is easy to see that for each n € N,

Lou(x) = /0 G 1) (),

where

1 . .
) I uj('fv), if0<r <x,
Gu(x,1) =c; Vo

L an) ifx<r <1,

with ¢, = (B, — o). Then, for any u € E with |lu|| = 1, we have

|Lu(x) — Lyu(x)| = ‘/Ol[G(xJ)b(t) — G (x,8)by (2)]u(r)drt

1
< / G, 1)b (1) — G, (1)] it
0

Thus, we have to show that

1
fim ( sup /O G(xJ)b(t)—G,,(x7t)b,,(t)|dt> 0.

=\ x€l0,1]
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Note that

[ 160 (O] dt = Ko () + M, (),
where

ko) = [ |ena) [ vt [
and

r.

Mn(x):/ox c,%bn(t)/xlcé%—b(t)/xl% d

We need to show that K, and M,, converge uniformly to 0 on [0, 1]. Clearly, we have

K (x) <K (0) = /1 Cﬁbn(’)/tl a:% —b(t)/tl %

dt,

and for all € (0,1),

Since

/Olb(t) /tlad—j)>dt—/olcﬁbn(t)</11%>dt‘

/Olb(t)(/tlxj))dt—/fnb(t)(/tﬁ"acéj»dt
/ S)dt+/ (/11 ds)dzt/" 1(/1 ds)dt

/ (S>dt+/ bt /ds nb(t)/an%dt

%)

di +H(By) + H(on),
from Lemma 2.1 and (1.5), it follows that
b (] )= amo ([ 35)
In view of the fact that

hano([ 5 a= Lo ([ 55)
fro ([ )<=

=0.

lim

n—oo

A
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then from Corollary 1.1, we conclude that

lim ( sup Kn(x)) = lim K,(0) = 0.

n—o0 XE[OJ] n—oo

Next, for x € [0,1/2], we have @,(x) > x and

My () g/ox cnbn(t)/(pl(x)%—b(t)/;(x)% dr
x "IP ™) ds x ' L ds
+/0 b(t)dt/x me/O b(t)dt/ﬁnm
S /Ox nba) /tpi(t) % - b(t)/wlz) %
+/x(pn(X)b(t)dt/¢i(x)%+/()xb(t)dt/ﬁi %,

which implies that

di +H(x) — H(n (x))

dt

: b ds L ds
ek /0 Cnb"(t)/%(r) als) o0 /mt) als)
+H(x) — H(¢n (x))

On(x) 1 ds Bn 1 ds
+/ b(t /—)dH—/ btdt/—.
oo ([ )t ) o f 2
Note that if 7 is the function defined by I(x) = x, then ¢, converges uniformly

to I and the functions H and x — [ b(t) < tl %) dt are uniformly continuous on

[0,1]. Hence, H(x) — H(@,(x)) and fx(p”(x)b(t) ( s %) dt converge to 0 uniformly
on [0,1/2]. Moreover, it is clear that

Bn 14
lim [ b(r)dr / &g
n=eJo B a(s)

/o (C"b"(t)/wi(r) % ~b0) /<pi(r> %) s 2/0% (b(t) /tl %) e

It remains to show that

and

D=

2 L ds L ds
Cnbat) /mt) a(s) b(t)/cor,(t) a(s)

lim
n—ee Jo

dt = 0. (2.6)

Forall r € (0,1/2],

L ds L ds
lim cnbnt/ ——bt/ —):0.
,Hm( D Jo e 2O S )
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By straightforward computations,

‘/ bl f a0<ls> bm/im%) dt‘
ol oy 2)
g/oanb(t) (/ )dt+/ (/% czj))dt.

It is clear that lim,—. [ b ( ) ( )

e
all neNand r € (0,1/2], (j,‘/’"
dominated convergence theorem,

3 () ds
li b(t / — | dt =0.
i [0 ([ 5)

Thus, from Corollary 1.1, (2.6) holds, and so

lim ( sup Mn(x)> =0.
" \xef0.4]

Now, for x € [1/2,1], we have ¢,(x) <x and

als)

dt =0, 1m,Hoob(t) <f,‘p”()—‘> =0, and for
‘f—) <b ( s ) Then, by the Lebesgue

My (x) < /Ox Cnbn(f)/;%—b(t)/xl% dt+/0xb(t)dt/):(x);z_j)
+/0Bnb(t)dt/:%
< /OX Cnbn(t)/tl%—b(t)/[1% dit+H(p, (x)) — H(x)

- (pi(X)b(t)dt wi(X)%—F/Oﬁnb(Z)dt/:%
</Ox cnbn(t)/tl%—b(t)/tl%
" wjmb(t) </i<> czS))dtJr ﬁnb( )dt/j%'

As above, {@,} converges uniformly to I and the functions H and

x—>/0xb(t)</tl%>dt

di +H (g (x)) —H ()
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are uniformly continuous on [0, 1]. Then, H(x) — H (@, (x)) and

Faw0 (i)

converge uniformly to 0 on [1/2,1]. Moreover, it is clear that

Bn 14
lim [ b(r)dr / &y,
i, e

Then, it remains to show that

) X L ds L ds
Jim (Xes[ul[?l}/o cnbn(t)/t @_bm/t ) dt) =0. 2.7
For x € [1/2,1], we have
X L ds L ds
‘/0 Cnbn(t)/t m—b(l‘)/t m dt
3 L ds L ds
:/0 cnbn(t)/[ (—_b(t)/z () dt

A

L d L d
Cnby(t /—s —b(t)/ &
(s) ¢ als)
Note that

/0% cnbn(t)/tI%—b(t /1 ds / lenbn )dt/I%.

Then, from Corollary 1.1, limy,_e f07 |cnbn(t) — b(r)|dt =0, and so

’ cnbn(t)/tl%—b(t)/tl a‘éj) di = 0.

lim
n—ee J

We need to show that

X 1 d 1 d
lim | sup / cnbn(t)/ —S—b(t)/ L) =o.
n—oo xe[%,l} % t a(s) t a(s)
To this end, let us prove
1 L ds L ds
li by(t — —b(t dt = 2.8
A, |en "”/, a(s) ()/, a(s) 28)

Forall 1 € [1/2,1), limy—cocabu(t) f;' 225 = b(t) J;! £ and

t a(s) t oa(s

oo ([ 5 ) =0 (s )

2 2
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S/;b(t)(/tl%)dt<oo.

Moreover,

1 ds
1 —dt
! a(S)

Jo-
0 (it )—/ ()3

% ()
</%llm(/n() fﬁ)dﬂr B ( ld—))

It is clear that lim,_e fﬁlnb(t) ( ! ‘(I‘)> dt =0, lim,_..b(t) (qu ‘(1—> =0, and for

all € [1/2,1), b(¢) (f(;n(,) %) < b(r) ( ! %) , 80 by the Lebesgue dominated con-

vergence theorem,
1 t dS
lim [ b(1) ( / ) di =
n—e J1 (1) ()

Hence, by Corollary 1.1, (2.8) holds, which in turn implies (2.7).
Finally, from the above discussion, we conclude that
dt) =0

x 1 ds 1 ds
lim sup/ cﬁbnt/——bt/—
L <xe[o,1] o [P0 ) 2 TP o

}ﬂ( sup / Iba(t —b(1)G, (x,z)|dz> _

This completes the proof of the lemma.

1 L ds
Jy it (/—
1 ,as

2

)

and

LEMMA 2.5. Assume that (1.3)—(1.5) hold. Then, the spectral radius, ry, of L
satisfies r;, > 0, and there exists @ € K* such that Lo(t) = rp¢(t). Consequently,
A1 := 1/rp is the smallest positive eigenvalue of (2.1), i.e., (t) = A L@(2).

Proof. By Lemma 2.3, L is completely continuous and it is clear that L maps K
into K. Since the weight b does not vanish identically on (0, 1), there exists [y, x] C
(0,1) such that >0 on [y, x]. Choose u € E such that u(r) > 0 on [0,1], u(r*) >0
for some #* € [y, x], and u(t) =0 on [0,1]\ [y, %]. Then for ¢ € [y, x|, we have

Lu(t) :/t1 a(l—s) (/Osb(r)u(r)dr) ds>/;$ </ysb(r)u(r)dr> ds > 0.

Thus, there exists ¢ > 0 such that cLu(t) > u(z) for 7 € [0, 1]. Now, from [20, Chapter
5, Theorem 2.1], it follows that r; > 0. Finally, since r;, > 0 and K is a total cone, the
conclusion of the lemma readily follows from the well known Krein—Rutman theorem
(see, for example, [31, Proposition 7.26]). This completes the proof of the lemma.
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We need the following fundamental result of Nussbaum [27] as quoted by Webb
[29].

LEMMA 2.6. Let {L,} be a sequence of compact linear operators on a Banach
space X and suppose that L, — L in operator norm as n — <. Then r(L,) — r(L)
where r(Ly,) and r(L) denote the spectral radii of L, and L, respectively.

REMARK 2.1. For each n € N, let r} be the spectral radius of L,. As in the
proof of Lemma 2.5, we see that #; > 0. Then, by the Krein—Rutman theorem, there
exists a normalized eigenfunction ¢, (i.e., ||¢,|| = 1) such that L,¢,(t) = r}¢,(r) and
Al'=1/r}. Thus, Lemmas 2.4 and 2.6 imply that A; = lim, .. A{'.

3. Nonexistence and existence results

Below, we let A1, A]', ¢, vn, Ly, L, and I, be as defined in Section 2.

THEOREM 3.1. Assume that (1.3)-(1.5) hold. If

t
inf{M 1 1€][0,1) andu>0} > A1,
u
then BVP (1.1) has no positive solution.

Proof. Assume, to the contrary, that BVP (1.1) has a positive solution u(¢). Inte-
grating the equation in (1.1) on [g, {] with €,§ € (0,1), we have

¢
a(e)u'(e) —a(Q)u'(§) = /(g b(s)(f (s, u(s))ds.

This implies that lim;_a(€)u’(€) exists; denote this value by £. We will consider two
cases.
If /<0 and ¢, is the solution of (2.4) corresponding to A", we have

a(Bn)u(Bn) 9, (Ba) +a(0n)u' () dn (tn)
/ (060) + (adl) (0]

=/ b( )0 (2) (S (2,0) — Afu(z))dt
This equality is impossible since a(B,) u(B,) ¢ (Bn) +a (o) v’ (at) ¢ (04) < 0, but
f(t,u)
u

from Remark 2.1,

> Aj' for large n implying that

Bn
b(t)9n(t)(f (2, u(t)) = Afu(r))ds > 0.

Olp
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Now suppose £ > 0. Since (au')(r) = —b(t) f(r,u(t)) < 0, there exists a unique
t1 € (0,1) such that «'(r;) = 0 and wu(t;) = |Ju|| = max,cjo j u(t). Moreover, there
exists an interval I = (t2,13) C (71,1) on which b(z) does not vanish identically. For
sufficiently large n, we then have

0> alts)ules)04() = [ [~ () 0)0n(0) + (a0}) ()]s

51
3

= [ b6 0) (£l0u(e)) — Afu(e))dr >0,

|
which is a contradiction. This completes the proof of the theorem.

REMARK 3.1. Notice that £ # 0 holds only if fol a‘f—;) < oo and limy_e # =0.

x)
THEOREM 3.2. Assume that (1.3)-(1.5) hold. If
sup{@ :1€[0,1) andu >0} <A,

then BVP (1.1) has no positive solution.

Proof. Assume, to the contrary, that BVP (1.1) has a positive solution u(z). Then,

{ —(a)'(t) = b(t)m(t)u(r), 1€ (0,1),

t t
where m(t) = W From Property 3 of [2, Theorem 9], it follows that
u
1 = Ay (a,bm,[0,1]) = lim A, (a,bm, 1)
In b ) 71
2 lim A1((17b7 ) _ ),1((1 b [0 ]) :ﬂ> 1,
n—oo o o (04

t

where o0 = sup { M :t€l0,1)and u > 0} . This is impossible and thus completes
u

the proof of the theorem.

REMARK 3.2. In the above proof, A (a,bm,[0,1]) is well defined because m is
bounded and the weights a and bm satisfy conditions (1.3)-(1.5).

In the following, we will give some existence results for positive solutions of BVP
(1.1). To this end, we introduce the following notations:

fO:limsup<maX M) ) waIimsup<maX f_(t’u)) )

u—0 [E[O,l] u U—r—oo [E[O,l] u

fo= “mi“f< min M) , fe= liminf< min f—(t’”>> .

u—0 \r€f0,1] U u—+e \rel0,1] U
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Let F : E — E be the Nemyckii operator defined by Fu(z) = f(¢,u(t)). It is well
known that F is continuous and maps bounded sets into bounded sets. For any n € N,
we write T, =L,oF and T =LoF'.

As was the case for L (see the proof of Lemma 2.3), L, is compact. Then, T and
T, are completely continuous operators. Moreover, if Q is an open bounded set in E,
and Tg and T, ¢ are the restrictions of T and T, to Q, respectively, then it follows
from Lemma 2.4 that lim, .. T, 0 = Tq. Furthermore, for any retract X of E and
retraction r : E — X, we have lim,_c./ — T, x, or =1 — Tx, or, where Xo = X NQ.
Thus, 1im,—e i (T x,,X0,X) =i (Txy, X, X) . Itis clear that u is a fixed point of T in
E if and only if u is a solution of BVP (1.1).

LEMMA 3.1. Assume that (1.3)-(1.5) hold. If f° < Ay, then there exists ¢° > 0
such that i(T,KNB(0,q),K) =1 forall q € (0,4°].

Proof. In view of Remark 2.1, there exist ¢° >0 and N € N such that f(¢,u) <
Afu forall u € [0,6°] and n>N.

Forany n > N, assume that for ¢ € (0,4°] , there exist u € KNJB(0,q) and A > 1
such that 7,u = Au. Then, we have

{ _(anu/)/(t) =271 (ﬁn - an)zbn(t)f(t’u(t))7 re (0’ l)a

W'(0) =u(1)=0. G-

Multiplying the differential equation in (3.1) by a solution v, of (2.5) and integrating
over [0,1], we reach the contradiction

0= /01[— () v+ (anvh) ) = By — 05,1)2/01 buvn(A~F(t,u) — Allu) < 0.
Thus, from Lemma 1.2, i(7,,KNB(0,q),K) =1 for any n > N. Hence,
i(T,KNB(0,q).K) = lim i(T,,KNB(0,9) K) = 1.
This completes the proof of the lemma.

LEMMA 3.2. Assume that (1.3)-(1.5) hold. If fo > A1, then there exists gy > 0
such that i (T,KNB(0,q),K) =0 forall q € (0,q0).

Proof. Let € > 0 be such that fy > A; + €. Then there exists nyg € N such that
n = ng implies fo > A1 +¢& > A{. Thus, there exists go > 0 such that f(r,u) > AJ'u for
all u € [0,q0] and n > ngy. Let

Ky, ={ueKk : u(x) > p,(x)|u| forall x € [0,1]},
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We claim that 7, (K) C K,. In fact, from the definition of G,(z,s), we see that
Gn(x,1) < Gy(t,t) for x,z € [0,1] and

fl ds
G”(x’t) flandv) if0<t<x<1,
Gu(t,t)
L if0<x<r <1,
fxl ds
> “d(f) = pul).
0 ay(s)

Thus, G, (x,t) = pn(x)Gn(t,t) for x,z € [0,1]. Hence, for x € [0,1], we have

1
> pu(x) || Galt.0)bu(0(0(0))dr > pule) [T,
ie., Ty(K) C K.
For any n > ng, assume that, for g € (0,qo|, there exist u € K, NdB(0,q) and

0 < A <1 such that T,u = Au. Multiplying the differential equation in (3.1) by v,
and integrating over [0, 1], we obtain the contradiction

0= / antd) v+ (V)" 1] :(ﬁn—an)z/olbnvn(wf(z,u)—xfu) >0

Moreover, for u € K,NJdB(0,q),

Tt = T (0) = (B — 05,1)2/01 Ils) (/()Sb(t)f(t,u(t))dt> ds
> A7 By — o)’ /0 1 anl(s) ( /0 by (t)u(t)dt) ds

>3- || s ([ nopnar) s>

1
an(s)

Hence,
inf{||T,u|| : u€ K,NdB(0,q9)}

> Alq (B — o)’ 1 nl( ] (/Osbn(t)pn(t)dt> ds > 0.

0 apl\s

Then, by Lemma 1.3, i(T,,K,NB(0,q),K,) = 0 for all n > ny. This, together with
the permanence property of the fixed point index, implies that i (7,,KNB(0,q),K) =0
for all n > ng. Thus, i(T,KNB(0,q),K) = lim,_i(T,,KNB(0,q),K) = 0. This
completes the proof of the lemma.

LEMMA 3.3. Assume that (1.3)-(1.5) hold. If = < Ay, then there exists ¢~ >0
such that i(T,KNB(0,4°),K) = 1.
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Proof. Let a@ > 0 be such that o¢ < A; and let us compute i (L, KN B(0,q),K)
for any g > 0. Arguing as in the proof of Lemma 3.1, we obtain

i(aLy,KNB(0,q),K) =1,

SO
i(aL,KNB(0,q),K) = limi(aL,,KNB(0,9),K) =1.

Now consider the BVP

{ —(au')' (s) = b(s) (tau(s) + (L = 1) f(s,u(s))), s€(0,1),

(3.2)
u'(0) =u(1) =0,

where ¢ € [0,1]. We claim that there exists g™ > 0 such that (3.2) has no solution in

KNdB(0,4) forall t € [0,1]. Assume, to the contrary, that for all g > 0 there exist

ty €10,1] and u, € KNIB(0,q) such that t,aLu+ (1 —14)Tuy = ug. Now, if {g,} is

a sequence such that

lim g, =+ and limsup (max M) =f>,

n—soo noe \s€[0.1]  Gn

then there exist {u,} C K and {#,} such that ||u,| = ¢n, #, € [0,1], and t,0cLu, +
(1 —t,)Tuy, = uy,. Clearly, the sequence {w,} given by wy, = u,/ ||u,|| is bounded
(|lwn|l = 1) and satisfies

wy (x) = /x1 % (/Osb(c) (t,,ocwn (o)+(1 —t,,)%:w-))) dO') ds. (3.3)

For n € N, let 0, (0) = t,0w, () + (1 —1,) 15249 The condition f* < A1 implies
that there exists C > 0 such that f(o,u) < Aju+C for all (o,u) € [0,1] x [0,4<0).
Thus,

C
6, (0) < <7Llwn(0') + m) <A +C.
n
Since w, = L(6,) and L is compact, there exists a subsequence of {wj}, also denoted
by {wy}, that converges to w in E with ||w| = 1. Without loss generality, we may
assume that f.. = lim,_,f,. Then, taking the limit as n — oo in (3.3), we see that w
satisfies

wx) < /x1 T; (/Osb(o) (toer+ (1 —too)f"")w(o)da) ds
(oot (1~ 1) f7) Lw ().

Let & = (oot + (1 — 1) f~) " and L= — . Then, we have
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H
ence, "
et
¢

Passing to the limit, we obtain that & < r (L), where r(L) is the spectral radius of L.

L= ol < [[Zw]| " < ||E"

. 1 . .
Since — = r(L), we obtain the contradiction

M
1 1 1
— =7 L 2 = > P
M (L)>¢ (tot + (1 —10) f°) = A4
Finally, by the homotopy property of the fixed point index,

i(T,KNB(0,q7),K) =i(taL+(1—1)T,KNB(0,4”),K)
—i(aL,KNB(0,47),K) = 1.

This complete the proof of the lemma.

LEMMA 3.4. Assume that (1.3)—(1.5) hold. If A1 < foo < f7 < oo, then there
exists goo > 0 such that i(T,KNB(0,g.),K) =0.

Proof. Let a > 0 be such that o > Ay and let us compute i (L, KNB(0,q),K)
for any g > 0. Using the cone K, and arguing as in the proof of Lemma 3.2, we obtain

i(aL,,K,NB(0,q9),K,) =0.
Then, by the permanence property of the fixed point index, we have
i(aL,KNB(0,q9),K) = }}iiigoi(aLn7KﬂB(07q) ,K)
= lim i(«L,,K,NB(0,q),K,) =0.

n—o0

Consider the BVP

—(au')' (s) = b(s) (tau(s)+ (1 —1) f(s,u(s))), se€(0,1), (3.4)
W' (0) =u(1) =0, '
where ¢ € [0,1]. We claim that there exists g > 0 such that (3.4) has no solution in
KNJdB(0,g) forall 7 € [0,1]. Assume, to the contrary, that for all ¢ > 0 there exist
1ty €[0,1] and uy € KNdB(0,q) such that t,aLu+ (1 —14)Tug = ugy. Then, if {g,} is

the sequence such that
lim g, =< and liminf ( min M) = fu,
e e \s€01]  Gn

there exist {u,} and {#,} such that ||u,|| = g, t, € [0,1], and tyaLuy, + (1 —1,,)Tuy, =
uy. Clearly, the sequence {wy} given by w, = u,/ ||un|| is bounded (||w,|| =1) and
satisfies

W () = /X1 ai) (/Osb(a) (tnocwn (0)+ (1 —zn)w) da> ds.

(s an|
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Taking into consideration the additional hypothesis in Lemma 3.4 and arguing as in the
proof of Lemma 3.3, we see that the sequence {w,} has a subsequence, also denoted
by {wy,}, which convergesto w in E with |w|| =1 and

w(x) / (/b (Foat (1-7) fu) w(o )dc)ds.

Then, w = Lw satisfies

—(aw')(s) 2 b(s) (fa+ (1 -17) f) 0(s), s€(0,1), 55)

®'(0) = w(1) =0. '

Multiplying (3.5) by a solution ¢, of (2.4) and integrating over I, yields
B)l

a(Bn) o (Bn) (pr/l (Bn) +a(om) o' (O) On (04) = / [~ (aw/)/ On+ (a(]),g)/ ]

Oy

B)l
>(Foa+(1-1) fu—Al) [ bo@,.

Oy

But this inequality is impossible since

a(B) @ (Bn) &, (Bn) +a(04) ' (0t) u (0t) <O

and 7o+ (1 —7) foo > A{ for n large enough.
Finally, by the homotopy property of the fixed point index, we have

i(T,KNB(0,4.),K) =i(taL+ (1—1)T,KNB(0,4..),K)
= i(aL,KNB(0,q.),K) = 0.
This completes the proof of the lemma.
LEMMA 3.5. Assume that (1.3) and (1.4) hold. If feo = o0 and fl ds j < e, then
there exist qe > 0 such that i(T,KNB(0,q),K) =0 forall ¢ > qe.
Proof. Define

K={u€eK : u(x) > p(x)|u| forallxe[0,1]},

p(x):i/;% and E:/Ol%.

Then, using an argument similar to the one in the proof of Lemma 3.2 to show T, (K) C
K, , we can prove that T (K) C K. By the permanence property of the fixed point index,

where

i(T,KNB(0,q),K)=i(T,KNB(0,q),K) forallg>0.

We will compute i (T,KNB(0,q),K) for g large enough.
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Let o be such that

/ /b s)dsdt > 1.

Since f. = oo, there exists C > 0 such that

f(s,u) > ou—C forall (s,u)€[0,1] % [0,+o0).

A= C/ /b )dsdt.

Let

Then, for any g > g.. with

-1

Goo = ( / /b dsdt—l) CA and ueKndB(0,q),

we have

HTu||=Tu(0)>a/li/Ot (s)u(s)dsd — CA

> o || / o / s)dsdi —
/ / $)dsdt —

/q=||uH~

Hence, by Lemma 1.4, i(T,KNB(0,q),K) =i (T,KNB(0,q),K) = 0. This complete
the proof of the lemma.

THEOREM 3.3. Assume that (1.3)-(1.5) hold. If f~ < A1 < fo, then BVP (1.1)
has at least one positive solution.

Proof. From Lemmas 3.2 and 3.3, we have that for 0 < g < qo,

i(T,KN(B(0,47)\ B(0,q)),K)
—i(T,KNB(0,47),K) —i(T,KNB(0,9),K) = 1.

Then, from the solution property of the fixed point index, it follows that T has a fixed
point # with g < |ju|| < ¢ and which is a positive solution to BVP (1.1).

THEOREM 3.4. Assume that (1.3)-(1.5) hold. If f* < A; < fu < f* < oo, then
BVP (1.1) has at least one positive solution.
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Proof. From Lemmas 3.1 and 3.4, we have that for 0 < ¢ < ¢°,

i(T,KN(B(0,9-) \ B(0,9)),K)
—i(T,KNB(0,9),K)—i(T,KNB(0,q),K) = —1.

Then, from the solution property of the fixed point index, it follows that 7 has a fixed
point # with g < |Ju|| < g and which is a positive solution to BVP (1.1).

THEOREM 3.5. Assume that (1.3)-(1.5) hold. If f* < Ay, f.. = o0 and fol % <

oo, then BVP (1.1) has at least one positive solution.

Proof. From Lemmas 3.1 and 3.5, we have that for 0 < ¢; < ¢° < ge < g2,

i(T,KN(B(0,92) \ B(0,q1)),K)
—i(T,KNB(0,q2),K)—i(T,KNB(0,q1),K) = —1.

Then, from the solution property of the fixed point index, it follows that 7 has a fixed
point u with ¢g; < ||u|| < g2 and which is a positive solution to BVP (1.1).

4. Existence of positive radial solutions to an elliptic equation

Consider the BVP

4.1)

—Au(x) =qx)f(u(x)), x€Q,
u=0 ondQ,

where Q is an open set in R” and f:R" — R" is continuous. The corresponding
linear eigenvalue problem to BVP (4.1) is

—Au(x) = Ag(x)u(x), x€Q,
u=0 ondQ.

In this section, we will provide existence and nonexistence results for positive
radial solutions to BVP (4.1) in both the cases Q = B(0,1) (the unit ball) or Q = R”"
with n > 3. Below, we assume that ¢ : Q\ {0} — R™ is continuous, and for all x €
Q\{0}, g(x) = g (|x]).

We will use the following notations.

fOZliHlSupM7 fwzlimsupM7
u—0 u U——4oo U
f(u) f(u)

, [ =liminf——=.

fo = liminf——
u—0 u U—-+oo Y



368 ABDELHAMID BENMEZAI, JOHN R. GRAEF AND LINGJU KONG

4.1. Q=B(0,1), the unit ball in R”

In this case, a radial solution to BVP (4.1) is a solution of the BVP

{ (") =" q(0) f(u(r), 1€(0,1), (4.2)
W (0) = u(1) = 0.
The corresponding linear problem to BVP (4.2) is
{ —(" ) = A g (u(r), 1€ (0,1), 4.3)
W (0) = u(1) = 0.

COROLLARY 4.1. Assume that 0 < fol (1—1)q(¢)dt < eo. Then BVP (4.3) has a
smallest positive eigenvalue Ay such that

if either inf{@ DX > O} > A or sup{@ Dx > 0} <A,
then BVP (4.2) has no positive solution. Moreover,
ifeither <A < fo or fO <A < fu <[~ < oo,

then BVP (4.2) has a positive solution.

Proof. This corollary follows from Lemma 2.5 and Theorems 3.1, 3.2, 3.3, and
3.4 once conditions (1.3), (1.4), and (1.5) are shown to hold. Let a(t) ="' and
b(t) =1""'4q(t). Then, for t € (0,1/2), we have

a—lt)/otb(s)ds:/ot(;yilq(s)ds

Thus,

1
lim— / b(s ds_hm2 (l—s)q(s)ds:O,
t—>OCZ

so (1.3) holds. For all x € (0,1), we have

L ([ e[ ([ o)
< /Ox (/(:q(s)ds> dt
_ /O (=) q(t)dt
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1
< / (x—1)q(t)dt
0
1
< [ a=nqar <=,
0
which shows that (1.4) holds. Finally, it is clear that

/oltn_lq(t) (/,1 snd—sl ) dt = /Ol q(1) (/tl tn;ﬂ”) dt

< /01(1 —1)q(t)dr.

This shows that (1.5) holds and completes the proof of the corollary.

42. Q=R" n>3

In this case, a radial solution to BVP (4.1) is a solution of the BVP

{ =t =1 g(0) f(u(r), 1€ (0,00), 44)
' (0) = u(e0) = 0.
The corresponding linear eigenvalue problem to BVP (4.4) is
{ ="t = A g(nu(r), 1€ (0,00), 45)
' (0) = u(e0) = 0.

COROLLARY 4.2. Assume that q € C' ((0,),(0,)),

O</ q(t)dt, /tqz(t)dt<°<>,
0 0

and
lim — / " (s)ds = 0
— s)ds =0.
t—>0q(t) 0 a
Then BVP (4.5) has a smallest positive eigenvalue Ay such that

if either inf{@ :x>0}>)tl or sup{@ :x>0}<)tl,

then BVP (4.4) has no positive solution. Moreover,
ifeither [~ <A1 < fo or fO <A < fu< [~ <oo,

then BVP (4.4) has a positive solution.
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Proof. Let @ : Rt — [0,1) be given by

o) = [ als)as

|‘1‘1 0

and y = @~ !, where |g|; = [;"|q(s)|ds. Consider the singular BVP
—(@)'(x) =a(x)lql; f(v(x)), x€(0,1),
v(0) =v(1) =0,
where )
y"(x
a(x) = for x € (0,1).
=¥ 0.1

The corresponding linear eigenvalue problem to BVP (4.6) is

{ —(av')'(x) = Aa(x)|q|;v(x), x€(0,1),
V' (0) =v(1) =0.

It is easy to see that v is a positive solution to BVP (4.6) if and only if u(¢) =

(4.6)

4.7)

v(e(1))

is a positive solution to BVP (4.4) and A is the positive eigenvalue of (4.5) if and only
if A is the positive eigenvalue of (4.7). Therefore, the desired conclusion is obtained

from Lemma 2.5 and Theorems 3.1, 3.2, 3.3, and 3.4 once conditions (1.3), (1.4

(1.5) are verified.
Using the change of variables x = ¢ (y), we obtain

Loy el
it b 0= [

gl /“’(»") w""(t)dt
— n—1 / .
v 1q(y) Jo V(1)

Substituting # = ¢(s) into the last integral, we have

L xa :71 ys"’1 2(s)ds
w0y A= s 9

71 ' 2(s)ds
S \qllq(y)/o 75

Therefore,
lim —. / ()t = tim—— " P(s)ds =0
— | a = —— | ¢°(s)ds =0,
v—0a(x) Jo »=0lql;q(y) Jo
so (1.3) holds. Moreover, we have
1 1 X n—1
/—(/a(t)dt)dx: lx) (/ v (t )x
0 a(x) \Jo 0 IV" (x) (1)

/ - ( O‘P lVu/’(t()t )dy

), and



A TWO POINT SINGULAR BOUNDARY VALUE PROBLEM 371

oo v
:Lz/ %(/s"lz()ds>d.
lqly Jo Y 0

For H large and € small, an integration by parts gives

[ ([ >ds) dy

=—— [ (5) 0y
2gnz/y"” dy+—/ yq* (y)dy
—n_2 qz(y)dy

/ ya*( dy+ — / Al
n 2
Letting € — 0, we obtain

/oH y”I*1 (/)ysn_lqz(s)ds) dy < ni /OH (1 - (%)n_z) yq*(y)dy

2
L[ e
ST, Yy

© ] y o 1 ~
/ = (/ s" lcf(S)dS) dyé—/ yq* (y)dy < oo,
0y 0 n—2Jo

and so (1.4) holds. Finally, we have
! R uf v (1) )
/Oa(x) (/X a(t)dt>dx_ (/ u/”—l(t)dt dx
oo 1 /
n—1_2 v'(1) )
= dt |d
\qﬁ/o ey </¢<y> y i) ®
_ L - n—1_2 ! 1 )
“gph e ([ )

1 5
= — d <oo7
(n—2)|q|%/o yq~(y)dy

so (1.5) holds, and this completes the proof of the corollary.

Thus,

In conclusion, we wish to point out that in Corollaries 4.1 and 4.2 we state that
A1 is the smallest positive eigenvalue, and this is true because in each case 0 is not an
eigenvalue. In the case where Q is the unit ball in R",

L d
a()c):)c"_1 SO / —S:ooifn 2,and lim—— #0 ifn=1.
o als) HOa(s)
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In the case Q is R"” with n > 3,

v (v lds
a(x) = ——— and /0

< dt
= = +oo since n > 3.
v (x) a(s) /

0 tnfl

1 1
Moreover, if Ay > 0 is a positive eigenvalue, then /1_0 <r(L)=—,thatis 41 < Ap.
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