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SMALL DATA SCATTERING FOR A SYSTEM

OF NONLINEAR SCHRÖDINGER EQUATIONS

NAKAO HAYASHI, CHUNHUA LI AND TOHRU OZAWA

(Communicated by P. Naumkin)

Abstract. We study the scattering theory for a system of nonlinear Schrödinger equations in
space dimension n � 3. In the case n � 4 , existence of the scattering operator is proved in small
data setting in the Sobolev space Hn/2−2. In the case n = 3 , a similar result is proved in the
weighted L2 space 〈x〉−1/2L2 = F

(
H−1/2

)
under the mass resonance condition.

1. Introduction

We consider the following system of nonlinear Schrödinger equations:{
i∂t u+ 1

2mΔu = λvu,

i∂t v+ 1
2MΔv = μu2,

(1)

where u and v are complex-valued functions of (t,x) ∈ R×R
n, Δ is the Laplacian in

R
n,m and M are positive constants, and λ and μ are complex constants. The interac-

tion terms in the system (1) is quadratic in (u,v) . Regarding quadratic nonlinearity in
space R

n, we have the associated critical space dimensions. By the space-time scaling
argument on (1), the critical function space is Hn/2−2, where Hs = (1−Δ)−s/2L2 . In
particular, L2 and H1 are critical for n = 4 and n = 6, respectively, from the scaling
point of view. As far as the asymptotic profiles of solutions are concerned, quadratic
nonlinearity is regarded as the borderline between short-range and long-range inter-
actions for n = 2. If the argument depends exclusively on the space-time integrability
properties, Strauss exponent [18] γ(n) = (n+2+

√
n2 +12n+4)/(2n) is a natural crit-

ical number and quadratic nonlinearity is critical for n = 3 since γ(3) = 2. In [8], [9],
a detailed asymptotic analysis on the long-time behavior of small amplitude solutions
has been made for n = 2.

The purpose in this paper is to study the scattering theory for (1) in a small data
setting for n � 3. In the case n � 4, existence of the scattering operator is proved in the
neighborhood of the origin in Hn/2−2×Hn/2−2 (Theorem 2.1). The method of proof
depends on the endpoint Strichartz estimate of Keel and Tao [12] (see also [13]) and on
a special bilinear estimate (Proposition 3.1). In the case n = 3, existence of scattering
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operator is proved in a neighborhood of the origin in F
(
H−1/2

)×F
(
H−1/2

)
(Theo-

rem 2.3), where F is the Fourier transform and F
(
H−s

)
= 〈x〉−sL2 is the weighted

L2 space with weight 〈x〉s =
(
1 + |x|2)s/2

of order s � 0, under the mass resonance
condition

M = 2m. (2)

The method of proof depends on the gauge invariance of the interactions in (1) under the
mass resonance condition (2) and the Strichartz estimates based on the Lorentz spaces
in time [16], [17].

The system (1) is regarded as a non relativistic limit of the system of nonlinear
Klein-Gordon equations with (2){

1
2c2m

∂ 2
t u− 1

2mΔu+ mc2

2 u = −λvu,
1

2c2M
∂ 2
t v− 1

2MΔv+ Mc2

2 v = −μu2,
(3)

where c is the speed of light, since the wave functions uc = eitmc2
u , vc = eitMc2

v satisfy{
1

2c2m
∂ 2
t uc − i∂tuc− 1

2mΔuc = −eitc2(2m−M)λvcuc,
1

2c2M
∂ 2
t vc − i∂tvc − 1

2MΔvc = −eitc2(M−2m)μu2
c,

(4)

where the phase oscillations on the right hand sides vanish if and only if (2) holds,
and under the resonance condition (2) the limiting system of (4) formally yields (1) as
c → ∞.

The system (3) is closely related to systems studied in [1], [6], [7] and nonrela-
tivistic limit for the nonlinear Klein-Gordon equations has been studied in [13], [14].

We conclude this section by giving some of the notation used in this paper. For
any p with 1 � p � ∞, Lp = Lp (Rn) denotes the Lebesgue space on R

n. For any
s ∈ R and for any p with 1 < p < ∞ , Hs

p = (1−Δ)−s/2 Lp denotes the Sobolev space
defined in terms of Bessel potentials. We shall also use the homogeneous Sobolev

spaces
·
H

s

p = (−Δ)−s/2Lp. For simplicity we put Hs = Hs
2 and

·
H

s
=

·
H

s

2. For any p
with 1 � p � ∞, the exponent dual to p is denoted by p′. For any interval I ⊂ R and
any Banach space X , we denote by C (I;X) the space of strongly continuous functions
from I to X and by Lp (I;X) [resp. Lp,q (I;X)] the space of strongly measurable
functions u from I to X such that ‖u(·) ;X‖ ∈ Lp (I) [resp. ‖u(·) ;X‖ ∈ Lp,q (I) ],
where Lp,q denotes the Lorentz space. We refer to [2], [19] for general information on
function spaces. We define the Fourier transform in R

n by

(Fu) (ξ ) = û(ξ ) = (2π)−n/2
∫

exp(−ix ·ξ )u(x)dx.

We denote a∨b the maximum of a,b ∈ R

2. Main theorems

To state the main theorems, we introduce the following notation. The Cauchy
problem for (1) with data (u(0) ,v(0)) = (φ ,ψ) at t = 0 shall be treated in the form of
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the following integral equations:{
u(t) = Um(t)φ − i

∫ t
0 Um(t− t ′)λvu(t ′)dt ′,

v(t) = UM(t)ψ− i
∫ t
0 UM(t− t ′)μu2 (t ′)dt ′, (5)

where Um(t) = exp
(
i t
2mΔ

)
and UM(t) = exp

(
i t
2MΔ

)
are free propagators with masses

m and M, respectively. For n � 4, we introduce the following Banach space

X = (C∩L∞)
(
R;Hn/2−2)∩L2(

R;Hn/2−2
2∗

)
with norm ∥∥u;X

∥∥ =
∥∥u;L∞

(
Hn/2−2)∥∥∨∥∥u;L2(Hn/2−2

2∗
)∥∥,

where 2∗ = 2n/(n−2) is the critical Sobolev exponent.
For ε > 0, we define

Bε =
{

(φ ,ψ) ∈ Hn/2−2×Hn/2−2;

∥∥∥∥φ ;
·
H

n/2−2
∥∥∥∥∨∥∥∥∥ψ ;

·
H

n/2−2
∥∥∥∥ � ε

}
.

THEOREM 2.1. Let n � 4. Then there exist ε0 and C0 such that 0 < ε0 � 1 �C0

with the following properties.
(1) For any ε with 0 < ε � ε0 and any (φ ,ψ) ∈ Bε the system (5) has a unique

pair of solutions (u,v) ∈ X ×X . Moreover, there exist unique (φ±,ψ±) ∈ BC0ε such
that ∥∥u(t)−Um(t)φ±;Hn/2−2

∥∥ → 0,∥∥v(t)−UM(t)ψ±;Hn/2−2
∥∥ → 0,

as t →±∞.
(2)+ For any ε with 0 < ε � ε0 and any (φ+,ψ+) ∈ Bε the system (5) has a

unique pair of solutions (u,v) ∈ X ×X such that (u(0),v(0)) ∈ BC0ε ,∥∥u(t)−Um(t)φ+;Hn/2−2
∥∥ → 0,∥∥v(t)−UM(t)ψ+;Hn/2−2
∥∥ → 0,

as t → +∞.
(2)− For any ε with 0 < ε � ε0 and any (φ−,ψ−) ∈ Bε the system (5) has a

unique pair of solutions (u,v) ∈ X ×X such that (u(0),v(0)) ∈ BC0ε ,∥∥u(t)−Um(t)φ−;Hn/2−2
∥∥ → 0,∥∥v(t)−UM(t)ψ−;Hn/2−2
∥∥ → 0,

as t →−∞.

COROLLARY 2.2. The wave operators W± : (φ±,ψ±) −→ (u(0),v(0)) are de-
fined as mappings from Bε to BC0ε for any ε with 0 < ε � ε0. The scattering operator
S : (φ−,ψ−) −→ (φ+,ψ+) is defined as a mapping from BC−1

0 ε to BC0ε for any ε with

0 < ε � ε0.
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REMARK 2.1. As in the definition of Bε , smallness of the data is necessary for
the scaling invariant part. The smallness assumption L2 part is necessary only for n = 4,
since n/2−2 = 0. See [3], [4], [11], [15] for the related topics.

For n = 3, we introduce the following Banach space

Y = (C∩L∞)
(
R;L2)∩L4,2 (

R;L3)
with norm

‖u;Y‖ =
∥∥u;L∞t

(
L2)∥∥∨∥∥∥u;L4,2

t

(
L3)∥∥∥ ,

where L4,2 is the Lorentz space with second exponent 2, so that L4,1 ⊂ L4,2 ⊂ L4,4 =
L4 ⊂ L4,∞ . For the free propagator

Um(t) = exp
(
i

t
2m

Δ
)

= F−1 exp
(
− i

t
2m

|ξ |2
)
F ,

we introduce the standard generator of Galilei transformations as

Jm(t) = Um(t)xUm (−t) = x+ i
t
m
∇,

which are also represented as

Jm(t) = Mm(t)i
t
m
∇Mm(−t),Mm(t) = exp

(
i
m
2t

|x|2
)

for t �= 0. Fractional power of Jm are defined as

|Jm|a(t) = Um(t) |x|aUm(−t),a > 0,

which are also represented as (see [10])

|Jm|a(t) = Mm(t)
(
− t2

m2Δ
)a/2

Mm(−t)

for t �= 0, since Um(t) is represented as

Um(t) = Mm(t)Dm(t)FMm(t)

with
(Dm(t)ψ)(x) = (it/m)−n/2ψ (mx/t) .

We solve (5) in the Banach space

Ym =
{

u ∈Y ; |Jm|1/2u ∈Y
}

with norm
‖u;Ym‖ = ‖u;Y‖∨∥∥|Jm|1/2u;Y

∥∥.

For ε > 0, we define

B̂ε =
{

(φ ,ψ) ∈ F
(
H−1/2)×F

(
H−1/2);∥∥∥∥φ̂ ;

·
H

1/2
∥∥∥∥∨∥∥∥∥ψ̂ ;

·
H

1/2
∥∥∥∥ � ε

}
=

{
(φ ,ψ) ∈ L2 ×L2; |x|1/2φ , |x|1/2ψ ∈ L2,

∥∥|x|1/2φ ;L2
∥∥∨∥∥|x|1/2ψ ;L2

∥∥ � ε
}
.
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THEOREM 2.3. Let n = 3. Let m and M satisfy M = 2m. Then there exist ε0
and C0 such that 0 < ε0 � 1 � C0 with the following properties.

(1) For any ε with 0 < ε � ε0 and any (φ ,ψ) ∈ B̂ε the system (5) has a unique
pair of solutions (u,v) ∈ Ym ×Y2m. Moreover, there exist unique (φ±,ψ±) ∈ B̂C0ε such
that ∥∥∥Um(−t)u(t)−φ±;F

(
H1/2)∥∥∥ → 0,∥∥∥U2m(−t)v(t)−ψ±;F

(
H1/2)∥∥∥ → 0,

as t →±∞.

(2)+ For any ε with 0 < ε � ε0 and any (φ+,ψ+) ∈ B̂ε the system (5) has a
unique pair of solutions (u,v) ∈ Ym ×Y2m such that (u(0),v(0)) ∈ B̂C0ε ,∥∥∥Um(−t)u(t)−φ+;F

(
H1/2)∥∥∥ → 0,∥∥∥U2m(−t)v(t)−ψ+;F

(
H1/2)∥∥∥ → 0,

as t → +∞.

(2)− For any ε with 0 < ε � ε0 and any (φ−,ψ−) ∈ B̂ε the system (5) has a
unique pair of solutions (u,v) ∈ Ym ×Y2m such that (u(0),v(0)) ∈ B̂C0ε ,∥∥∥Um(−t)u(t)−φ−;F

(
H1/2)∥∥∥ → 0,∥∥∥U2m(−t)v(t)−ψ−;F

(
H1/2)∥∥∥ → 0,

as t →−∞.

COROLLARY 2.4. The wave operators W± : (φ±,ψ±) −→ (u(0),v(0)) are de-
fined as mappings from B̂ε to B̂C0ε for any ε with 0 < ε � ε0. The scattering operator
S : (φ−,ψ−) −→ (φ+,ψ+) is defined as a mapping from B̂C−1

0 ε to B̂C0ε for any ε with

0 < ε � ε0.

3. Proof of Theorem 2.1

In this section we prove Theorem 2.1. For that purpose we use the following
bilinear estimates.

PROPOSITION 3.1. Let n � 4 . Then there exists a constant C depending only on
n such that the following estimates hold:

∥∥uv;L2
∥∥ � C

∥∥∥∥u;
·
H

n/2−2

2∗

∥∥∥∥∥∥v;L2∗∥∥
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for any u ∈ ·
H

n/2−2

2∗ , v ∈ L2∗ and∥∥∥∥uv;
·
H

n/2−2
∥∥∥∥ � C

∥∥∥∥u;
·
H

n/2−2

2∗

∥∥∥∥∥∥∥∥v;
·
H

n/2−2

2∗

∥∥∥∥
for any u,v ∈ ·

H
n/2−2

2∗ .

Proof. The first inequality follows from the Hölder inequality with 1/2 = 1/2∗ +

1/n and the Sobolev embedding
·
H

n/2−2

2∗ ⊂ Ln. When n is even, the second inequality
follows from∥∥∥∥uv;

·
H

n/2−2
∥∥∥∥ � C ∑

|α |=n/2−2

∥∥∂α (uv) ;L2
∥∥

� C ∑
|α |=n/2−2

∑
β+γ=α

∥∥∥∂βu∂ γv;L2
∥∥∥

� C ∑
|α |=n/2−2

∑
β+γ=α

∥∥∥∂βu;Ln/(|β |+1)
∥∥∥∥∥∥∂ γv;Ln/(|γ|+1)

∥∥∥
� C

∥∥∥∥u;
·
H

n/2−2

2∗

∥∥∥∥∥∥∥∥v;
·
H

n/2−2

2∗

∥∥∥∥ ,

where the last inequality follows from the Sobolev embedding

·
H

n/2−2

2∗ ⊂ ·
H

s

n/(s+1)

for any s ∈ R with 0 � s � n/2−2. When n is odd, we estimate∥∥∥∥uv;
·
H

n/2−2
∥∥∥∥ � C ∑

|α |=(n−5)/2

∥∥∥∥∂α (uv) ;
·
H

1/2
∥∥∥∥

� C ∑
|α |=(n−5)/2

∑
β+γ=α

∥∥∥∥∂βu∂ γv;
·
H

1/2
∥∥∥∥

� C ∑
|α |=(n−5)/2

∑
β+γ=α

∥∥∥∥∂βu;
·
H

1/2

n/(|β |+3/2)

∥∥∥∥∥∥∥∂ γv;Ln/(|γ|+1)
∥∥∥

+C ∑
|α |=(n−5)/2

∑
β+γ=α

∥∥∥∂βu;Ln/(|β |+1)
∥∥∥∥∥∥∥∂ γv; ·

H
1/2

n/(|γ|+3/2)

∥∥∥∥
� C

∥∥∥∥u;
·
H

n/2−2

2∗

∥∥∥∥∥∥∥∥v;
·
H

n/2−2

2∗

∥∥∥∥ ,

where we have used fractional Leibniz estimate of Kato and Ponce [11] and the Sobolev
embedding of the same type as above. �
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3.1. Proof of Theorem 2.1

We introduce two auxiliary function spaces:

X0 = (C∩L∞)
(
R;L2)∩L2(

R;L2∗),
·
X = (C∩L∞)

(
R;

·
H

n/2−2)
∩L2

(
R;

·
H

n/2−2

2∗
)

with norms ∥∥u;X0
∥∥ =

∥∥u;L∞t
(
L2)∥∥∨∥∥∥u;L2

t

(
L2∗

)∥∥∥,∥∥∥u;
·
X

∥∥∥ =
∥∥∥∥u;L∞t

( ·
H

n/2−2
)∥∥∥∥∨∥∥∥∥u;L2

t

( ·
H

n/2−2

2∗

)∥∥∥∥ .

For ρ ,δ > 0 we define

X (ρ ,δ ) =
{

(u,v) ∈ X ×X ;‖u;X0‖∨‖v;X0‖ � ρ ,
∥∥∥u;

·
X

∥∥∥∨∥∥∥v;
·
X

∥∥∥ � δ
}

with metric

d
(
(u,v),(u′,v′)

)
=

∥∥u−u′;X0
∥∥∨∥∥∥u−u′;

·
X

∥∥∥∨∥∥v− v′;X0
∥∥∨∥∥∥v− v′;

·
X

∥∥∥
which is equivalent to the metric induced by the norm in X . Let ε > 0. For any (φ ,ψ)∈
Bε and any (u,v) ∈ X (ρ ,δ ) we define

(Φ(u,v)) (t) = Um(t)φ − i
∫ t

0
Um

(
t− t ′

)
λvu

(
t ′
)
dt ′,

(Ψ(u,v))(t) = UM(t)ψ− i
∫ t

0
UM

(
t− t ′

)
μu2 (

t ′
)
dt ′.

We prove that there exist δ ,ε0 such that for any ε with 0 < ε � ε0 and any (φ ,ψ) ∈ Bε
the mapping (u,v) −→ (Φ(u,v),Ψ(u,v)) is a contraction on X (ρ ,δ ) for some ρ > 0.
By the Strichartz estimate [12] and Proposition 3.1, we estimate∥∥Φ(u,v);X0

∥∥ � C
∥∥φ ;L2

∥∥+C
∥∥vu;L1

t

(
L2)∥∥

� C
∥∥φ ;L2

∥∥+C

∥∥∥∥v;L2
t

( ·
H

n/2−2

2∗

)∥∥∥∥∥∥∥u;L2
t

(
L2∗

)∥∥∥ ,

∥∥Ψ(u,v);X0
∥∥ � C

∥∥ψ ;L2
∥∥+C

∥∥u2;L1
t

(
L2)∥∥

� C
∥∥ψ ;L2

∥∥+C

∥∥∥∥u;L2
t

( ·
H

n/2−2

2∗

)∥∥∥∥∥∥∥u;L2
t

(
L2∗

)∥∥∥ ,

∥∥∥Φ(u,v);
·
X

∥∥∥ � C

∥∥∥∥φ ;
·
H

n/2−2
∥∥∥∥+C

∥∥∥∥vu;L1
t

( ·
H

n/2−2
)∥∥∥∥
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� C

∥∥∥∥φ ;
·
H

n/2−2
∥∥∥∥+C

∥∥∥∥v;L2
( ·

H
n/2−2

2∗

)∥∥∥∥∥∥∥∥u;L2
( ·

H
n/2−2

2∗

)∥∥∥∥ ,

∥∥∥Ψ(u,v);
·
X

∥∥∥ � C

∥∥∥∥ψ ;
·
H

n/2−2
∥∥∥∥+C

∥∥∥∥u2;L1
t

( ·
H

n/2−2
)∥∥∥∥

� C

∥∥∥∥ψ ;
·
H

n/2−2
∥∥∥∥+C

∥∥∥∥u;L2
( ·

H
n/2−2

2∗

)∥∥∥∥2

.

Therefore, we have for (u,v) ∈ X (ρ ,δ ) ,

‖Φ(u,v);X0‖∨‖Ψ(u,v) ;X0‖ � C
(∥∥φ ;L2

∥∥∨∥∥ψ ;L2
∥∥)

+Cρδ ,∥∥∥Φ(u,v);
·
X

∥∥∥∨∥∥∥Ψ(u,v);
·
X

∥∥∥ � Cε +Cδ 2,

and similarly, for (u,v),(u′,v′) ∈ X (ρ ,δ ) ,∥∥Φ(u,v)−Φ
(
u′,v′

)
;X0

∥∥∨∥∥Ψ(u,v)−Ψ
(
u′,v′

)
;X0

∥∥
� Cδ

(∥∥u−u′;X0
∥∥∨∥∥v− v′;X0

∥∥)
,

∥∥∥Φ(u,v)−Φ
(
u′,v′

)
;
·
X

∥∥∥∨∥∥∥Ψ(u,v)−Ψ
(
u′,v′

)
;
·
X

∥∥∥
� Cδ

(∥∥∥u−u′;
·
X

∥∥∥∨∥∥∥v− v′;
·
X

∥∥∥)
,

we choose ρ ,δ , and ε0 as

C
(∥∥φ ;L2

∥∥∨∥∥ψ ;L2
∥∥)

� ρ/2,Cδ � 1/2,Cε0 = δ/2.

Then (u,v) −→ (Φ(u,v),Ψ(u,v)) is a contraction on X (ρ ,δ ) so that the corresponding
fixed point provides the required pair of solutions (u,v) of (5). The uniqueness of
solutions in X ×X follows by the standard argument by taking into account that∥∥∥∥u;L2

(
I;

·
H

n/2−2

2∗

)∥∥∥∥∨∥∥∥∥v;L2
(

I;
·
H

n/2−2

2∗

)∥∥∥∥
can be arbitrarily small by making the length |I| of the interval I ⊂R sufficiently small.
The existence of scattering states (φ±,ψ±) follows for instance by estimating∥∥∥Um(−t)u(t)−Um(−s)u(s);Hn/2−2

∥∥∥
=

∥∥∥∫ t

s
Um(−t ′)λvu(t ′)dt ′;Hn/2−2

∥∥∥
� C

∥∥∥v;L2(s,t;Hn/2−2)∥∥∥∥∥∥u;L2(s,t;Hn/2−2)∥∥∥ → 0
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as t > s → +∞. Moreover, (φ±,ψ±) belong to BC0ε since∥∥∥∥φ+;
·
H

n/2−2
∥∥∥∥ =

∥∥∥∥Um(t)φ+;
·
H

n/2−2
∥∥∥∥

�
∥∥∥∥u(t);

·
H

n/2−2
∥∥∥∥+

∥∥∥∥u(t)−Um(t)φ+;
·
H

n/2−2
∥∥∥∥

�
∥∥∥∥u(t);L∞t

( ·
H

n/2−2
)∥∥∥∥+

∥∥∥∥u(t)−Um(t)φ+;
·
H

n/2−2
∥∥∥∥

� Cε0 +
∥∥∥∥u(t)−Um(t)φ+;

·
H

n/2−2
∥∥∥∥

for instance. This proves part (1). Finally we consider part (2)±. For any (φ±,ψ±)∈Bε
and any (u,v) ∈ X (ρ ,δ ) we define

(Φ±(u,v))(t) = Um (t)φ±− i
∫ t

±∞
Um

(
t − t ′

)
λvu

(
t ′
)
dt ′,

(Ψ±(u,v))(t) =UM (t)ψ±− i
∫ t

±∞
UM

(
t− t ′

)
μu2 (

t ′
)
dt ′.

Then the contraction argument proceeds in almost the same way.

4. Proof of Theorem 2.3

In this section we prove Theorem 2.3. For that purpose we use the following
bilinear estimates.

PROPOSITION 4.1. Let n = 3 . Then there exists a constant C depending only on
n such that the following estimates hold:∥∥∥uv;L3/2

∥∥∥ � C |t|−1/2
∥∥∥|Jm|1/2 u;L2

∥∥∥∥∥v;L3
∥∥ ,

∥∥∥|Jm|1/2 (vu) ;L3/2
∥∥∥ � C |t|−1/2

(∥∥∥|Jm|1/2 u;L2
∥∥∥∥∥∥|J2m|1/2v;L3

∥∥∥
+

∥∥∥|Jm|1/2u;L3
∥∥∥∥∥∥|J2m|1/2 v;L2

∥∥∥)
,

∥∥∥|J2m|1/2 (vu) ;L3/2
∥∥∥ � C |t|−1/2

(∥∥∥|Jm|1/2u;L2
∥∥∥∥∥∥|Jm|1/2v;L3

∥∥∥
+

∥∥∥|Jm|1/2u;L3
∥∥∥∥∥∥|Jm|1/2 v;L2

∥∥∥)
,

for any t �= 0 and any m > 0 .
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Proof. The first inequality follows from the Hölder inequality and the Sobolev

embedding
·
H

1/2
⊂ L3. The second inequality follows from fractional Leibniz estimate

of Kato and Ponce [11] and the Sobolev embedding
·
H

1/2
⊂ L3, since

∥∥|Jm|1/2(vu);L3/2
∥∥ =

∥∥∥(
− t2

m2Δ
)1/4(

M−1
2m v ·M−1

m u
)
;L3/2

∥∥∥
� C

∥∥∥(− t2

m2Δ
)1/4

M−1
2m v;L3

∥∥∥∥∥∥M−1
m u;L3

∥∥∥
+C

∥∥M−1
2m v;L3

∥∥∥∥∥(
− t2

m2Δ
)1/4

M−1
m u;L3

∥∥∥
� C

∥∥|J2m|1/2v;L3
∥∥∥∥M−1

m u;L3
∥∥

+C
∥∥M−1

2m v;L3
∥∥∥∥|Jm|1/2u;L3

∥∥.

The third inequality follows in the same way, since

∥∥∥|J2m|1/2 (vu) ;L3/2
∥∥∥ =

∥∥∥∥∥
(
− t2

4m2Δ
)1/4 (

M−1
m v ·M−1

m u
)
;L3/2

∥∥∥∥∥ .

4.1. Proof of Theorem 2.3

For ρ ,δ > 0 we define

Y (ρ ,δ ) =
{
(u,v) ∈ Ym ×Y2m;‖u;Y‖∨‖v;Y‖ � ρ ,∥∥|Jm|1/2u;Y

∥∥∨∥∥|J2m|1/2v;Y
∥∥ � δ

}
with metric

d
(
(u,v),(u′,v′)

)
=

∥∥u−u′;Ym
∥∥∨∥∥v− v′;Y2m

∥∥ .

Let ε > 0. For any (φ ,ψ) ∈ B̂ε and any (u,v) ∈ Y (ρ ,δ ) we define(
Φ(u,v)

)
(t) = Um(t)φ − i

∫ t

0
Um(t− t ′)λvu(t ′)dt ′,

(
Ψ(u,v)

)
(t) = U2m(t)ψ− i

∫ t

0
U2m(t− t ′)μu2(t ′)dt ′.

By the Strichartz estimate in Lorentz spaces [16], [17], Proposition 4.1, and the Hölder
inequality in Lorentz spaces, we obtain∥∥Φ(u,v);Y

∥∥ � C
∥∥φ ;L2

∥∥+C
∥∥vu;L4/3,2

t

(
L3/2)∥∥

� C
∥∥φ ;L2

∥∥+C
∥∥|t|−1/2

∥∥|J2m|1/2v;L2
∥∥∥∥u;L3

∥∥;L4/3,2
t

∥∥
� C

∥∥φ ;L2
∥∥+C

∥∥|t|−1/2;L2,∞
t

∥∥∥∥|J2m|1/2v;L∞t
(
L2)∥∥∥∥u;L4,2

t

(
L3)∥∥
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� C
∥∥φ ;L2

∥∥+C
∥∥|J2m|1/2v;L∞t

(
L2)∥∥∥∥u;L4,2

t

(
L3)∥∥,

∥∥Ψ(u,v);Y
∥∥ � C

∥∥ψ ;L2
∥∥+C

∥∥u2;L4/3,2
t

(
L3/2)∥∥

� C
∥∥ψ ;L2

∥∥+C
∥∥|Jm|1/2u;L∞t

(
L2)∥∥∥∥u;L4,2

t

(
L3)∥∥,

∥∥|Jm|1/2Φ(u,v);Y
∥∥

� C
∥∥|x|1/2φ ;L2

∥∥+C
∥∥|Jm|1/2(vu);L4/3,2

t

(
L3/2)∥∥

� C

∥∥∥∥φ ;F

( ·
H

1/2
)∥∥∥∥+C

∥∥|Jm|1/2u;L∞t
(
L2)∥∥∥∥|J2m|1/2v;L4,2

t

(
L3)∥∥

+C
∥∥|Jm|1/2u;L4,2

t

(
L3)∥∥∥∥|J2m|1/2v;L∞t

(
L2)∥∥,

∥∥|J2m|1/2Ψ(u,v);Y
∥∥ � C

∥∥|x|1/2ψ ;L2
∥∥+C

∥∥|J2m|1/2u2;L4/3,2
t

(
L3/2)∥∥

� C

∥∥∥∥ψ ;F

( ·
H

1/2
)∥∥∥∥

+C
∥∥|Jm|1/2u;L∞t

(
L2)∥∥∥∥|Jm|1/2u;L4,2

t

(
L3)∥∥.

Therefore, we have for (u,v) ∈ Y (ρ ,δ ) ,

‖Φ(u,v);Y‖∨‖Ψ(u,v);Y‖ � C
(∥∥φ ;L2

∥∥∨∥∥ψ ;L2
∥∥)

+Cρδ ,∥∥|Jm|1/2Φ(u,v);Y
∥∥∨∥∥|J2m|1/2Ψ(u,v);Y

∥∥ � Cε +Cδ 2.

Similarly, for (u,v),(u′,v′) ∈Y (ρ ,δ ) ,∥∥Φ(u,v)−Φ(u′,v′);Ym
∥∥∨∥∥Ψ(u,v)−Ψ(u′,v′);Y2m

∥∥
� Cδ

(‖u−u′;Ym‖∨‖v− v′;Y2m‖
)
.

We choose ρ ,δ , and ε0 as

C
(‖φ ;L2‖∨‖ψ ;L2‖) � ρ/2, Cδ � 1/2, Cε0 = δ/2.

Then (u,v) −→ (
Φ(u,v),Ψ(u,v)

)
is a contraction on Y (ρ ,δ ) and the proof proceeds

in almost the same way as in the proof of Theorem 2.1.
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