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WELL-POSEDNESS OF A DISSIPATIVE SYSTEM MODELING
ELECTROHYDRODYNAMICS IN LEBESGUE SPACES

JIHONG ZHAO, CHAO DENG AND SHANGBIN CUI

(Communicated by E. Marusic¢-Paloka)

Abstract. In this paper, we study a dissipative system of partial differential equations modeling
the flow of electrohydrodynamics. This system consists of the Navier-Stokes equations with a
source term coupled with the Nernst-Planck-Poisson equations for electronic charges. We estab-
lish local well-posedness of the initial value problem of this system in the critical and subcritical
vector Lebesgue spaces. Moreover, we also prove that if the initial data is sufficiently small in
critical Lebesgue spaces, then the solution is a global.

1. Introduction

In this paper, we study the initial value problem for a system of dissipative nonlin-
ear partial differential equations modeling the motion of an isothermal, incompressible
and viscous Newtonian fluid of uniform and homogeneous composition of a high num-
ber of positively and negatively charged particles. The problem reads as follows (cf.
[26]):

du—Au+ (u-V)u+VP=A¢V¢ in RY xR,, (1.1)
V.u=0 in RVxR,, (1.2)
dv+u-Vv=V.(Vv—yVe) in RV xR,, (1.3)
dw+u-Vw=V-(Vw+wVe) in R¥ xR,, (1.4)
Ap=v—w in RY xR, (1.5)
(w,v,w)|—o = (ug,vo,wp) in RV, (1.6)

Here u = u(x,7) € RV denotes the velocity field of the fluid, P = P(x,t) € R is the
pressure inside the fluid, ¢ = ¢(x,7) € R is the electrostatic potential caused by the
charged particles, v =v(x,7) € R and w = w(x,7) € R respectively represent the charge
densities of the negatively and positively charged particles, and ug, vo and wq are
initial data of u, v and w, respectively. Equations (1.1) and (1.2) are the momentum
conservation and the mass conservation equations of the flow, and the right-hand side
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term in (1.1) is the Lorentz force caused by the charges. Equations (1.3) and (1.4)
model the balance between diffusion and convective transport of the charges by the flow
and the electric fields. The equation (1.5) is the Poisson equation for the electrostatic
potential ¢. We refer the reader to see [5], [8], [9], [28], [30] and the references therein
for more details of the physical background of this problem and some different models
of similar equations. Note that for simplicity we have assumed that the fluid density,
the viscosity coefficient, the charge mobility and the dielectric constant are all equal to
unit.

In the case that the flow is charge-free,i.e., v=w = ¢ = 0, the system (1.1)-(1.6)
reduces into the well-known Navier-Stokes equations:

du—Au+ (u-Viu+VP=0 in R¥Y xR, (1.7)
V.u=0 in RVxR,, (1.8)
ul—o=uy in RV, (1.9)

This problem has drawn great attention of researchers for many years, and a huge num-
ber of works can be found from the literature, cf., e.g., [4], [6], [10], [11], [17]-[21],
[25], [31] and the references therein. If, on the other hand, the velocity field u is iden-
tically vanishing, then (1.1)-(1.6) reduces into the following problem:

dv=V-(Vv—vV¢) in RV xR, (1.10)
dw=V-(Vw+wVe) in RV xR,, (1.11)
Ap=v—w in RY xRy, (1.12)
(v,w)]i—0 = (vo,wp) in RN, (1.13)

This problem is the so-called Nernst-Planck-Poisson system which was formulated by
W. Nernst and M. Planck at the end of the nineteenth century as a basic model for the
diffusion of ions in an electrolytes (cf. [7]). In some literatures it is also called Debye-
Hiickel system (cf. [3]). It has drawn much attention of analysts during the past twenty
years (cf. [1], [2], [3], [12], [15] and [16]). As for the problem (1.1)-(1.6), the results are
much less. In [13], Jerome established the first existence result for this system in Kato’s
semigroup framework. More precisely, he proved that (1.1)-(1.6) has a unique local
smooth solution for smooth initial data where he verified the local existence in Kato’s
semigroup framework. In [29], by using the energy inequalities and the Schauder’s
fixed point theorem, Schmuck obtained existence of global weak solutions to the system
(1.1)-(1.6) in a bounded domain Q with homogeneous Neumann boundary conditions
under the assumption that ug € [Lz(Q)]N and vg, wg € L”(Q) for N =2,3. In[14], the
existence of a global weak solution was proved to hold for the initial/boundary-value
problem of the system (1.1)-(1.6). In [27], Ryham studied existence, uniqueness and
regularity of weak solutions of (1.1)-(1.6) in a bounded domain with no-flux boundary
conditions for general L? initial data in N = 2 and for small initial data in N = 3. For
computational simulations of the problem (1.1)-(1.6), see [22]-[24].

In this paper we study well-posedness of the problem (1.1)-(1.6) in the vector
Lebesgue spaces [LY(RV)]N x LP(RN) x LP(RN) for suitable ¢ and p. By a standard
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scaling argument we can easily see that [L¥ (RV)]¥ x L (RV) x LZ (RV) is the critical
vector Lebesgue space for the system (1.1)-(1.5). We can thus expect that the problem
(1.1)-(1.6) is locally well-posed in this space for arbitrarily large initial data, and glob-
ally well-posed for sufficiently small ones. Our first goal of this paper is to prove that
this is indeed the case. The subcritical spaces are [L(RV)]Y x LP(RY) x LP(RY) with
qg> N and %V < p < N. The second goal of this paper is to prove that at least for (p,q)
satisfying the conditions N < g < oo, % <p<N and % < %V + é, the problem (1.1)-
(1.6) is locally well-posed in these subcritical spaces. The restriction % < p <N isdue
to some similar reasons as illustrated in [15] and [16], and the condition 12; < % + é is
caused by the coupling between the components u and (v,w). To state our main results
we first introduce some notations in the following paragraph.

For 1 < p < oo, welet LP(RY) = [LP(RM)]V, and denote by L%, (RV) the subspace
of L”(RM) consisting of all divergence-free vector fields, i.e.,

L5(RY) = {uec LP(R") : divu=0}.

For a given Banach space X, we use the notation |- |[x to denote the norm of X.
However, the norms of the Lebesque space L”(R") and its N-vector counterpart will
be simply written as || - ||z». Given 0 < T' < e and a Banach space X, we denote by
BC([0,T),X) the Banach space of all bounded and continuous mappings from [0,7)
to X, with norm

¢ llc(o,r).x) = sup @@)lx for ¢ € BC([0,T),X).

t€[0,T)

For T, X asbefore and o > 0, we use the notation BC([0,7),X) to denote the Banach
space of all continuous mappings from (0,7) to X such that 1°¢(¢) € BC([0,T),X),
with norm

1911 8co(0,1).x) = sup %o (2)]lx-
t€[0,T)

The notation BC4([0,7),X) denotes the following subspace of BC5([0,T),X):
BCs([0,T),X)={¢: ¢ € BC5([0,T),X), t1i131+10||¢||x =0}.

Finally, we denote P =1+ V(—A)‘ldiv ,i.e., P isthe N x N matrix pseudo-differential

operator in RY with the symbol (&;; — %);’V ;—1> Where [ represents the unit operator

and 9;; is the Kronecker symbol. Note that denoting by R the Riesz transform in RV,
i.e., R=(Ry,Rz, --,Ry) and R; is the pseudo-differential operator in RY with symbol

%, j=12,--- N,then P=1—R®R, where ® denotes the tensor product between

N-vectors. Hence by the well-known theory of Calderon and Zygmund on singular

integral operators, we see that for any 1 < p < e, P is a bounded linear mapping from

L?(RV) to itself. Note also that for any u € [S(RY)]V, div (Pu) = 0 and Pu = u if

divu = 0. Hence, since [S(RY)]V is dense in LP(RY), we see that when restricted on

LP(RM), P is the projection onto the subspace L%, (RV), so that L}, (RY) = PL?(RV).
The main results of this paper are the following Theorems 1.1-1.4:
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THEOREM 1.1. Let N > 2. Assume that uy € LY (RN) and vy, wy € Lt (RV).
Then there exists T > 0 and a unique solution (u,v,w) of (1.1)-(1.6) such that
w e BC([0,7), LY (RY)) 11 BCo ([0,7), LS (RY)),
vw € BC([0,T),L (RV)) N BC,y ([0, T), L7 (RY)),

where N < q<2N, 5 <p<N, 2<gy+i o=5(1-")and n=302-5). In
addition, there exists € > 0 such that if
<
(o, vo, wo)ll /50 <

then the above assertion holds for T = oo, i.e., the solution (u,v,w) of (1.1)-(1.6) is
global.

THEOREM 1.2. Let (u,v,w) be the solution of (1.1)-(1.6) given by Theorem 1. 1
Then there exists 0 < Ty < T such that for any N < g < 2N, N <r < oo, ; =1-

%<p<N, %<s<<><>, %zZ—%and%<%+$,wehave

q

ucL’((0,Ty),LL(RN)) and v,w e L*((0,T;),LP(RY)).

In addition, there is € > 0 such that if H(uo,vo,wo)HLN e < €, then we may take
X
T1 — oo,

THEOREM 1.3. Let N >2, N < go < o0 and % < po <N satisfying % < %—i_q%
Assume that ug € LEY(RY) and vo,wy € LPO(RN). Then there exists T > 0 and a
unique solution (u,v,w) of (1.1)-(1.6) such that

u € BC([0,T), LY (RN)) and v,w € BC([0,T),LP*(R")).

THEOREM 1.4. Let (u,v,w) be the solution of (1.1)-(1.6) given by Theorem 1.3.
Then there exlsts 0< T1 T such thatfor any N < gy < q <o and ¥ 7> <po<p<N

sansfymg 2o <N —|— q_o and % 5 <N + ~, we have

uc L’((O,Tl),LZ,(RN)) and v,w € L*((0,Ty),LP (R)),

where qo < r <o and py < s < oo satisfying + = %(%— Ll]) and 1 = %(% —%).

REMARK 1.1. Note that in the above theorems we did not consider P and ¢ . The

reason is that when u, v and w are determined, then P and ¢ can be easily obtained
from (1.2) and (1.5).

REMARK 1.2. Theorem 1.1 implies that for small initial data, the solution is not
only global but also decays to zero as ¢ — o. In fact, this theorem shows that as  — oo,

(1-

llu(?) || ~ Ct~ 3 ) (N<gq<2N)

and
(W, w(@)|2) ~ 7235 (5 <p<N).
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The rest of this paper is organized as follows. In Section 2, we reformulate the
system (1.1)-(1.6) into an equivalent mild integral equations and state some preliminary
results. Section 3 is devoted to giving the proofs of Theorems 1.1 and 1.2. The proofs
are based on the analytic Cp-semigroup theory and the LP-L9 estimates for the heat
semigroup. In Section 4 we give the proofs of Theorems 1.3 and 1.4.

2. Preliminaries

As a standard practice, we can reformulate the problem (1.1)-(1.6) into an equiva-
lent system of integral equations. For this purpose, we first solve the equation (1.5) to
get ¢ as a functional of v —w:

¢ =(—A)""w—v)=Kx(w—v), 2.1)
where K = K(x) is defined for all x € RV\{0} by:
— L log|x ifN=2,
Inar(§ - 1)~ ™=2 ifN > 3.

Next, we use the standard argument in the theory of Navier-Stokes equations to elim-
inate the pressure P, namely, we apply the operator P to both sides of (1.1). Then
(1.1)-(1.2) reduce into the following equation:

du—Au+P(u-V)u=PApVo. (2.2)

Hence, the problem (1.1)-(1.6) can be reduced into the following system of integral
equations by the well-known Duhamel formula

u=c"uy+ /0 IS (u(7),v(1),w(1))dT, (2.3)
b= Byt /0 =8 G, (u(1), v(1), w(T))d, 2.4)
W= ey + /0 " e=D8G, (u(1), v(1), (), 2.5)

where
Gi(u,v,w) = —PV-(u@u) + P —w)V((-A) " 1(w—v)),
Gr(w,v,w) = -V - (av) = V- (W(=A) "1 (w—v)),
G3(a,v,w) = =V - (uw) + V- (wV(=A)"H(w—v)).

Later on we shall work on this system of integral equations.

Now we collect some basic results concerning the operator ¢/*, which are the main
tools for the proofs of Theorems 1.1-1.4.

LEMMA 2.1. ([18]) For any 1 < p < o, {€"®},>0 is a contractive and analytic
Co-semigroups in both LP(RY) and Lk, (RV).
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LEMMA 2.2. ([15], [17) Let k€ Z. ={n€Z:n >0}, o € ZJX and 1 < p <
q < 0. Then for any ¢ € LP(RY) we have
1979 (¢*@)ls < Cr =@z, W2 >0, (2.6)

where 0 =k+ % + %(11—7 - é) Moreover; if either k + % #0 or k+ % =0 and
1 < p<g< oo, then
lim 1°)|0%0% (e @) e = 0. (2.7)
t—0

LEMMA 2.3. ([17]) Let G(¢,y) = [3e""P2pydt. Then for any o,B,y >0
such that y < oo+ B < min{N,2 + v}, we have the following estimate:

IGo.w)]| y <C / (1 =2y P ]y ] ya. (2.8)

Furthermore, if y < a+ f < min{N, 14y}, then we also have the following estimate:
V6ol y <C [ =y eI gl y wl yar.  @9)

LEMMA 2.4. ([11]) Let 1 < p < q < r < oo. Then for any ¢ € LP(RV) we have

t
/0 e @||LqdT < C|\@]5p for t >0, (2.10)

1

where % = %(p — é) and the constant C depends only on p, q and N.

LEMMA 2.5. Let p, s and o be positive constants such that % < p <N and
s> % Then for any 0 < T < oo we have the following assertion: if

BC([0,T),LP(RY))  or
v,w € ¢ BC4([0,T),LP(RY)) or
L((0,T),LP(RN))  respectively,
then o
BC([0,T),L¥7(RY))  or
V(=8) " (w=v)) € { BE,(0,T), L5 (RY))  or
L°((0,T),L w5 (RY))  respectively,

and the following estimates respectively hold:

sup [[V((=A) " (w=w)[l xp <C sup [[(v,w)]er, 2.11)
1€(0,T) LN=P t€[0,T)

sup 17 V((=8) " w=v)ll e <C sup 1%[|(v,w)[ler, (2.12)
1€(0,T) LN=P 1€(0,T)

IV((=A) "t w=w))Il o < CI0wW)lzs(07).00)- (2.13)
LS((0,T),LN=P)
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Proof. By (2.1) we have
V((=A)"Hw—v)) = VK x (w—).

Since |VK (x)| < Clx|~™=1 forall x € R¥\ {0}, by using the Hardy-Littlewood-Sobolev
inequality we see that for any # € [0,T), v(-,#) and w(-,¢) belong to L”(R") implies

that
Np

V((=8)" (w(1) =v(-,1))) €LF7 (RY)

and
IV((=A) " (w(-,1) - V(-»t)))IILN% SCIC1),w0) e

This yields the desired assertions easily. O

3. Proofs of Theorems 1.1 and 1.2

In this section we give the proofs of Theorems 1.1-1.2. Thus, throughout this
section we assume that

u € LY(@RY) and vo,wo € LT (RY).

THE PROOF OF THEOREM 1.1 Under the assumptions of Theorem 1.1, we intro-
duce two spaces X7 and Y7 as follows:
X7 = BCs([0,T),LL(RY)) x BCy([0,T),LP (RY)) x BCy ([0,T), L7 (RY)),
Yr = {(u,v,w): uweBC([0,T),LY(RY))NBCs([0,T),LE(RY)) and
v,w € BC([0,T),L (RY)) NBCy(0,T),L7(RV))},

where 0 = 3(1—%) and n=3(2- %) The norms in X7 and Y7 are respectively
defined by

[(w,v,w)l[x, = sup £°[ju(®)llza+ sup "|(v(t),w(t))]|zr,
1€[0,T) t€[0,T)

1w,y w)lly; = sup [[u@)llpy+ sup 27ju()]|Ls

1€[0,T) t€[0,T)
+ sup [|(v(0),wD)I y + sup 17| (v(),w(r))|er-
t€[0,T) t€[0,T)

It can be easily checked that (X7, || - ||x,) and (¥7,] - |ly;) are both Banach spaces,
and (Y7,]-||v;) is an embedded Banach subspace of (X7, || - ||x,). We now introduce a
mapping § defined in the space X7 as follows: Given (u,v,w) € X7, we let F(u,v,w) =
(@, 9, W), where

(1) = ¢®ug + /0 t e"IAG (u(1),v(T), w(T))dT, (3.1)
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5(1) = g+ /0 e =O8G, (u(1), v(1), w(7))d, (3.2)
Ww(t) =e®wo+ /O t " IAG3(u(1),v(T), w(T))dT. (3.3)

In what follows we prove that § is well-defined and maps X7 into Y7, and if T is
sufficiently small then it is a contraction mapping from a closed ball of X7 into itself.
Besides, there exists € > 0 such that if ||(ug,vo,wo)|| < g, then we can take

T =oo.

N
INX[L2]?

LEMMA 3.1. Forany 0 < T < oo, § is well-defined and maps Xt into Yr.

Proof. We first consider @. By (3.1) we have &t = 0 + @1, + {13, where

ﬁ1 (t) = e’Auo,
t

(1) = /O APV . (u@w))(1)dT, 3.4)
t

=

1) = [P —w) V(=) (=)l
For 1, since up € LY (R"), by Lemmas 2.1 and 2.2 we immediately see that
@ € BC([0,7), LG (RY)) NBCo([0,T),LE (RY)) (3.5)

and
(|81 (2)[| v + 2710 ][2e < Clluo |- (3.6)

For @, , by applying (2.9) with . = = % and y =1, we get

a2l = | [ e PPy @awl@ar]

1 NN
< [ = H T e

2 i 2
<C< sup t°||u||Lq> /(t—r)fgr*20d1<C< sup t"||u||Lq> )
t€[0,T) 0 t€[0,T)

Here we used the assumption N < g < 2N which ensures that y < ot + 3 and % <
1. By a standard argument (cf. [17] and [11]), the above estimate implies that @i, €
BC([0,T),LY(RY)). Besides, by applying (2.9) with a = =y = %,

La

13
[82(2)|2e = H/O APV (u@u))(1)dT
!
< a0 D e
0

2t
QC( sup tGHuHLq> /(t—r)_%(“r%)r_z“dr
te[0,T) 0
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2
<Ct“’< sup t"HuHLq> .
t€[0,T)

This estimate yields that &, € BC4([0,T),L% (RY)). Hence,

o, € BC([0,T), LY (RY))NBCo([0,T),LE (RY)) (3.7)
and
[ (1) v + 29|02 (1) ]| 20 < C( sup 2°|[ul|za)?. (3.8)
t€[0,T)

For @3, by applying (2.8) with o = &, f = % y=1 and (2.12),

Jas(Olloy = | [ e PPl —wv((-a) v l(e)ae

<c [a=0 EE -l V(a) =)l o dt

IN

2 ot
<c( sup Maw)lp) [a—o) HE e
1€[0,T) 0

2
<c( sup M)l )
t€[0,T)

This estimate yields that i; € BC([0,T),LY(R")). Furthermore, by applying (2.8)
with o =&, = % y="%and 2.12),

Jas(Ollr = | [ 2Bl - wT(-) " v — )] (et

<c [t-0 Dl IV(-8)" )] w dr

La

Here we used the assumptions <p<N and 2 > <N + L to ensure that the above
integral

is convergent and independent of ¢, thus the above estimate implies that
ii; € BCo([0,T), L% (RY)).
Hence, we have proved that

i3 € BC([0,T), LY (RY)) NBCo (0,7), LG (RV)) (3.9)
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and

2
83 (6) v+ £ i3 (6) oo < € sup o) o) (3.10)
t€[0,T)

Combining (3.5)-(3.10), we obtain
i € BC([0,T), Ly (RY)) NBCo([0,T),LE (RY)) (3.11)

and

sup [|(r)[|py + sup 17]@()]|o
t€[0,T) t€[0,T)

- 2 2
<C[Hu0HLN+< sup ¢ HuHLq) +< sup t"||(v,w)||uz> } (3.12)
te[0,T) t€[0,T)

Next we consider ¥. By (3.2) we have ¥ = 9| + ¥, + V3, where

P1(t) = e,

Bale) = [T (w2, a1
1) = [ PV V(=) =) (e,

. N o L :
Since vy € L2 (RY), similarly as for @i; it can be easily seen that

1l
2

1 € BC([0,T),L7 (RN)) N BCy([0,T),L7 (RY)) (3.14)

and
19Oy + 7910l < Cllvoll - (3.15)

2
For 7, , by using (2.9) with o = %, B = % and ¥ =2, we get

N

L2

192(0)1l = H/Ote(tir)A[_V'(uV)](T)dT
<C/Ot(t—r)— (3+1-3

7 |ul|pa V]| rdT
<C< sup t“||u||Lq

ol )
),

=
[P

4 1 _N¢1,1
sup f"HVHLﬂ) [ a0t e drengr
0

<c( sup 1 ulus sup p 1"lvlr).
1€[0.T)
Thus, we obtain ¥, € BC([0,T),L LY (RY)), and

19201,y <( sup «lfuller) ( sup Mv]or ).

1€0,T) t€[0,T)
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Besides, by applying (2.9) with o = % and B =y = %,

920 = | [ e @nl(e)ae

4 _l4N
<C [e=o) D fulus v]rd

Lr

3
<C< sup t"||u||Lq>< sup t"||vHLp)/(t—r)f%(”%)r*"*"dr
1€[0,T) 1€[0,T) 0

<Cz—"( sup t"||u||Lq>( sup t”HvHLp).
t€[0,T) t€[0,T)

Thus ¥, € BCy([0,T),LP(RY)), and

521) 1 <C( sup 1wl ) (sup Mv]or ).

1€[0,T) 1€[0,T)
Hence, we see that
9, € BC([0,T),LT (RN)) N BC,y([0,T),LP (RV)) (3.16)
and
1520001 + 2" 1920) 0 < C( sup el ) (sup o vur ). (3.17)
1€[0,7) 1€[0,7)
For 73, by applying (2.9) with o = %, B= ]%, Y =2 and (2.12), we obtain

150l = | /(: [e=AY - (W ((—8) " (w = v)) (x|

_(N_ _
<C [ =) P IV(=A) T w =) xp dT
0 LN-p

N
L2

2t
<c(sup Mvw)or) /(t—r)—<%—1>r—2"dr
1€[0,T) 0

2
<c( sup M wller)
t€[0,T)

N
2

Thus ¥3 € BC([0,T),L2 (RY)), and

. 2
193}y <C( sup M wller)

Iy
t€[0,T)

Besides, by applying (2.9) with ot =y = %, B = % and (2.12),

930 = | [ 0929 09 (=) =) @las

Ly
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<C< sup " —n e
< p "vw)lw) | (t—7) 7T TdT
t€[0,T) 0

2
<c((sup (v ur)
t€[0,T)

Thus, 93 € BC, ([0,T),LP(RY)), and

2
o) e < € s;g)r"n(v,w)nu) :
e,

Hence, we obtain that

N
L2

93 € BC([0,T),LZ (RV))NBC, ([0,T), L7 (RY))

and

2
1530) 1y +e"930)llr < C(sup (v o)
L2 t€[0,T)

Combining (3.14)-(3.19), we have proved that

§ € BC((0,T),L% (RY)) NBCy([0.T), L7 (RY)),
and
sup 9]y + sup ¢]}9]r
t€[0,T) t€[0,T)

C|lvoll 5 + sup #°ljullzs sup #7]v[zr
t€[0,T) t€[0,T)

+(sup Mol ) .

t€[0,T)
Similarly we can prove that
A Y N - N
we BC([OvT)vLT (R )) OBCVI([OvT)7Lp(R ))
and

sup [[W]| y + sup #7[|zr
t€[0,T) t€[0,T)

<Clwoll y + sup #%lluflza sup #"jwllzr
t€[0,T) t€[0,T)

+(sup o) ]

t€[0,T)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

Putting the estimates (3.11), (3.12), (3.20), (3.21), (3.22) and (3.23) together, we com-

plete the proof of Lemma 3.1. O
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By Lemma 3.1, there exists a constant Cyp > 0 independent of T such that for
(u,v,w) € Xr and (4,9,w) = §(u,v,w), we have the following estimate

H(ﬁ7ﬁ7W)HXT < Hem(u07V07w0)”XT +C0||(U7V,W)||)2(T. (3.24)

Since ug € LY (RV) and v, wo € L¥ (RV), by Lemma 2.2 we get

. A
TE%LHe’ (ug,vo, wo)l|x7

= lim < sup 1%

lim. wolus + sup 71" (.w0) 1r) =0,

te[0,T) t€[0,T)

Thus, for any 0 < § < (4Cy)~! there exists corresponding T > 0 (depending on the
initial data (wg,vo,wp)) such that

|| €™ (ug, vo, wo) || x; < 8. (3.25)

For such a T, (3.24) implies that

(8, 9,%)[[x; < 8+ Coll(w,v,w)|, - (3.26)
Let X7 be a closed ball in X7 with radius 26, i.e.,

Xr={(uy,w) €Xr: [[(wv,w)|x, <28}
For any (u,v,w) € X7, from (3.26) we have
| (0, 9,%)||x, <8 +Co(28)% = (1+4Cp5)5 < 26.

Hence, § maps X7 into itself.

LEMMA 3.2. Let §, T and Xt be as above. Then when restricted in Xr, § is a
contraction mapping. Moreover, there exists € >0 such that if || (u07v07w0)||LN e <
X
€, then we may take T = oo.

PrOOf. Let (ul,vl,wl), (UQ,VQ,WQ) S xr, and let (ﬁj,\’)\j,v’f/j) = S(u./,Vj,Wj), j=

1,2. Then by a similar argument as in the proof of Lemma 3.1 we have the following
estimate:

(| (8 —tiz, Dy — D2, 01 —W2) [|xy
< Co([l(ur, v, wi)llxy + [ (a2, v, w2) [l ) [ (ur = wz, vi = vo, w1 —w2)|[x,
< 4GS ||(ug —ug,vi —vo,wi —wa)||x; -

Since 4Cyd < 1, we see that § is a contraction mapping.
Next, from the proof of Lemma 3.1 we see that there exists constant C, > 0 such
that

" (w0, vo,w0) 1y < Co (w0l + [[(vo,wo) |y )
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Let § be as before (i.e. 0 < 8 < (4Cy)~") and choose &€ > 0 sufficiently small such
that 2Cje < 8. Then if

(| (w0, vo, wo) |l

N K E
INx[L22

we see that (3.25) holds for all # > 0. Hence, the above argument shows that in this
case we can take T = oo. This completes the proof of Lemma 3.2. O

Theorem 1.1 follows from Lemmas 3.1-3.2 and the Banach fixed point theorem.

THE PROOF OF THEOREM 1.2 Under the assumptions of Theorem 1.2, we denote
by

Rr = 17((0,T), L (RY)) x L3((0, T), L2 (RY)) x (0, T), P (B)),
YT =Yr OXT,

where Yr is as before. It is clear that X7 and ¥7 are both Banach spaces.

LEMMA 3.3. Forany 0 <T < oo, § maps Yr into itself.
Proof. Due to Lemma 3.1, we only need to prove that
e’ ((0,T),LLHRY)) and o, € L((0,T),LP (RY)).

Recall that &t = @) 4 i + @3, where 10y, G and i3 are defined by (3.4). For 1, since
up € LY(RY), by Lemma 2.4,

1811 ((0,7),29) < Cllwol[ - (3.27)
For @i, by using (2.9) with o = =y = %’,
t
a0l <€ [ =040 ue) ua.

Applying the Hardy-Littlewood-Sobolev inequality to the above estimate yields that

182 ]| ((0.7).29) < CH“H%’((O,T},M) < CH(“»V7W)H§T~ (3.28)
For 13, by using (2.8) with o = %, B= ]% and y = %V,

IV((=8)" =)Dl wp dt.

LN-p

Applying the Hardy-Littlewood-Sobolev inequality, the Holder inequality and (2.13)
yield that

1831l (0.7).29) < CII (v, W)H%S((OJ),LP) <[ (u, V,W)”;zzT- (3.29)
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From (3.27)-(3.29) we see that

1802079,y < Cl[woll v + Il (w, v, w) 13, )- (3.30)

Next we consider 7. Recall that ¥ = V| 4V, 4 V3, where ¥, ¥» and ¥3 are defined by
(3.13). For v, by Lemma 2.4, it is easy to see that

191l (0.1) ) < Cllvoll g (3.31)

dueto vg € L%(RN). For ¥,, by using (2.9) with o = % and B=y= %,

1

! —La+
1920llr <€ [ (=72 fulsl vl
Applying the Hardy-Littlewood inequality and the Holder inequality, we get

p < Cllul|.- v <Cll(u,v,w)|% . 3.32
| zIIU((OT o [allzr(0,7),L9) ”y((o,T),LNNqu) I( Iz, (3.32)

B

For 73, by using (2.9) with a =y = % and 8 = %,

930l <€ [ =0 B I8 =) o dr.

L

Again, by using the Hardy-Littlewood-Sobolev inequality, the Holder inequality and
(2.13), we obtain

193115 (0,7).10) < C||(V»W)||%-r((o,r),u’) < CH(“»"7W)H§2T~ (3.33)
Combining (3.31)-(3.33), we see that
191l (0,7),19) < C(||V0HLg + (v w)ll3, )- (3.34)
Similarly for w, we have
9 02r(0,7),20) < CIIwoll y + (v wIIR, ). (3.35)

From (3.30), (3.34) and (3.35), we see that the desired assertion follows. O

LEMMA 3.4. For any ug € LY(RY) and vy,wy € L%(RN) there exists corre-
sponding T > 0, such that § maps a closed ball in Yr into itself and is a contrac-
tion mapping when restricted to this ball. Moreover, there exists € > 0 such that if

H(HO’VO’WO)”LNx[L%]Z < €, then we may take T = .

Proof. From the proofs of Lemmas 3.1 and 3.3 we see that for any ug € LY (RY)
and vo,wp € LY (RM) the following inequality holds:

AA A A 2
18, 9,) 7, < [l€"* (w0, v0,w0)llx,x, +ClI (v, w5,
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Note that for any ug € LY (RY) and vo,wo € L% (RY) we have
lim le"* (wo,v0,wo) |, g, = O

and
‘A _
[ a0, v0,0) oty < o, vo,0) o
Hence, by using a similar argument as in the proof of Lemma 3.2 we obtain the desired
assertion. O

By Lemmas 3.3 and 3.4, Theorem 1.2 follows the Banach fixed point theorem.

4. Proofs of Theorems 1.3 and 1.4

In this section we prove Theorems 1.3-1.4. Throughout this section we let gg
and pg be two fixed numbers satisfying the conditions N < gg < oo, % < po < N and

2 3,1
0 <N + W and assume that
up € LY(RY) and vy, wp € LP(RY).

PROOF OF THEOREM 1.3. For a constant 7 > 0 to be specified later, without loss
of generality, we assume that 7 < 1. We define Zr by

Zr = BC([0,T), L% (RY)) x BC([0,T),L7(RY)) x BC([0,T), L (RY)).
The norm in Zr is defined by

H(qu7W)HZT: sup ||ll||qu-|— sup H(V7W)HL”0'
t€[0,T) t€[0,T)

It is obvious that (Zr, || - ||z,) is a Banach space.

LEMMA 4.1. Forany 0 < T < oo, § is well-defined and maps Zr into itself.

Proof. We first consider @i. Recall that G = @iy + @ip + @i3, where @, G and 13
are defined by (3.4). For iy, since up € LZ (RV), from Lemma 2.1 we see that

i, € BC([0,T),LL(RY)) and sup [|]z90 < Cl[ug]|ze0- (4.1)

t€[0,T)

For @, by applying (2.9) with a =B =y = 3’—0

N g “la+ X L1_N 2
ozl <C [ (=17 @ e < sup ulun)

Hence

LN
6, € BC((0,7),LY(RY)) and sup [ <T@ [[(ww)3,.  (4.2)
t€[0,T)
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For @3, by applying (2.8) with o = 2, § — % y =2 and 2.11) with p = po,

§ ' Sl ) -1
||u3Hmo<C/O (t=7) 200 o [ =w)lLrol[VI(=A)"(w=v)Il wm d7

LN=ro

2t _lEn Ny
<c( sup [awlim)” [ -7 20 ae
t€[0,T) 0

3, NN 2
<5 (Csup | w)llm )
t€[0,T)
Here we used the assumption % < %V + % which ensures that %(— - L)<l
Hence

3, N _N
i3 € BC((0,7), LY (RY)) and sup [dal0 <CT 50 m|(uvw)|3,.  (43)
t€[0,T)

Let

N>3 N N}
"2 290 pol’

1
= 1 — 1 _—
60, = min { 5 ( p”
From (4.1)-(4.3) we get
€ BC([0,T),LY (RY))

and
sup [|@[z0 < C(|[uollza0 + T (w,v,w)]1Z,)- (4.4)
t€[0,T)

Next we consider 7. Recall that ¥ = V| 4V, 4 V3, where ¥, ¥» and ¥3 are defined by
(3.13). For ¥y, since vo € LP°(R"), Lemma 2.1 implies immediately that

€ BC([0,T),LP(RY)) and  sup ||[9]|zr0 < C||vollzro- (4.5)
t€[0,T)
For v,, by applying (2.9) with o = ;v—o and f =y = % ,

1 N
200 || o V] rode

t
[l <€ [ (1 =7)

51-30)
<Gt 0o’ sup [[ullza ) ( sup [[v][zro ).
1€[0,T) t€[0,T)

Hence

Lq_N
5, € BC([0,7),L7 (RY)) and sup [0l <CT2" 0w vw)|3,.  (4.6)
t€[0,T)

For V3, by applying (2.9) with oo =y = pﬁo ,B= ]% and (2.11) with p = pog,

93l <€ [ 0= ) vl 9((-8) 0w =)

| Npg dT
LN=Po
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1- N 2
<70 (sup [|(vaw)lano )
t€[0,T)

Hence

_N
93€BC([OaT)7LPO(RN)) and sup H‘%HLPO gCTl 2p0H(“7va>H%T' 4.7)
t€[0,T)

Let 6, =min{5(1 — X),1 - J&}. Combining (4.5)-(4.7), we get
7€ BC([0,T), L7 (RY))

and
sup [[9lz00 < C([Ivollzeo + T (w,v,w)|1Z, ). (4.8)

t€[0,T)

Similarly we can prove that w € BC([0,T),LP°(R")) and

sup [0 < C(|Iwollero + T%] (w,v,w)13,.).- (4.9)
t€[0,T)

Combining (4.4), (4.8) and (4.9), we see that the desired assertion follows. O

From the proof of Lemma 4.1 we see that there exists a constant C; > 0 inde-
pendent of T and 6 = min{6,,6,}, such that for any (u,v,w) € Zy and (&,9,w) =
(u,v,w) we have

18,99 127 < €1 (luollzso + | (v0,w0)llro + 701 (w,vw) 2, (4.10)

Let R = C;(JJug|z90 + ||(vo,wo)||lzr0) and By be a closed ball in Zr with radius 2R,
ie.,
Br = {(u,v,w) € Zr: ||(u,v,w)||z; <2R}.

For any (u,v,w) € Br, from (4.10) we have
|| (8,9, %)||z, <R+4R>T?.

Hence, by choosing T sufficiently small such that 4RT? < 1, we see that § maps By
into itself. Furthermore, by using the similar argument as in the proof of Lemma 3.2
we can prove § is a contraction mapping in Br.

LEMMA 4.2. Let R, T and Bt be as above. Then when restricted in By, § is a
contraction mapping.

By using Lemmas 4.1, 4.2 and the Banach fixed point theorem, we obtain Theorem
1.3.

THE PROOF OF THEOREM 1.4. Under the assumptions of Theorem 1.4, we define
Zr to be the space

Zr =L'((0,7), L4, (RY)) x L*((0,7), L7 (RY)) x L*((0,T), L* (R"))
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with norm

1w, v w)llz, = () lr0,7).29) + 1@ wEO) | s((0,7).0) -

Itis clear that (Zr, || -||z,) is Banach space.

LEMMA 4.3. Forany 0 < T < o, § maps Zr into itself.
Proof. Due to Lemma 4.1, we only need to prove that
GcL'((0,7),LL(RY)) and 9% € L°((0,T),LP(RY)).

We first consider @i. Again, recall that @ = | + i, + @iz with @, @i; and @iz given by
(3.4). For 1, since ug € L (RY), from Lemmas 2.4 we see that

;€ L7((0,7),LE(RY)) and [[d ]|z ((0,7),.29) < Clluo]| 2o - (4.11)

For i, by using (2.9) with a = =y = %,

t ] N
s <€ [ (= 2) D fu(x) .

Note that 3(1+ %) < 1 (since g > N), applying the Hardy-Littlewood-Sobolev in-
equality yields that
1 N
. L-2)
182l 2r(0,7),09) SCT? % ||“||ir((o,T),Lq)~

Hence

l_N
i € L7((0,7), L4 (RY)) and ([l o700 < CTT 70w} . (4.12)

For 3, by using (2.8) with @ = %, B= 1% and y =

<=

) ' STE Y -1
HU3||m<C/O (=0 2 =W V()T = w)l e dr.

From the assumption % < ]% + 1 we see that %(— — = —1) < 1. Hence, by applying
the Hardy-Littlewood-Sobolev inequality and (2.13) we get

G 350 h 2
183l ((0,7).0) < CT? 20 20 || (v, W)l 75(0.7).10)-

ion 2 « 34 L 3, N _N i
Note that the assumption % <yt 7o ensures that 5 + 20 " 7o > (0. Hence, we obtain

3, N _N
ii; € L((0,T),LE(RY)) and ||fs]|r(0.7).20) < CT2 20 10 |(w, v, w) (4.13)

13,
Since 61 = min{3(1—2),3 + 7L — 2L} from (4.11)-(4.13) we get

aeL’((0,T),LE(RY)),
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and
182 (0.7).29) < C(|[vo]| g0 + T (a,v,w)|3,)- (4.14)

Next we consider v. Recall that Vv = 9| 4V, + 73, where V1, ¥, and 73 are defined by
(3.13). For ¥y, since vy € LP0 (RN ), similarly as for @, we get

o1 € L°((0,T),L7(R)) and |[91]|1:((0.7),10) < Cllvol|zo- (4.15)

For v, , by applying (2.9) with o = % and B =y=

b}

N ! L+
HVzHLP<C/O (t—7) 2" |ulv]|rdz.

Using the Hardy-Littlewood-Sobolev inequality again yields that

1
z(1

_N
192l zs(0.1).20) < CT 270l 0.1y IVl 2507 0

Hence
b el P(RV)) and |62 <cr?(d) 2 4.16
v, € L°((0,T),LP(RY)) an HV2||L3((O,T),LI’) <CT 0 H(ll,v7W)HZT. (4.16)

For 73, by applying (2.9) with ot =y = % and § = %,

I9sllr < [ (¢ 1) F s V(-2) - w)|

Np dT.
LN=-p

Note that 2ﬂ < 1 (because p > %) By applying the Hardy-Littlewood-Sobolev in-
equality an(f (2.13) we obtain

N 1-
193l ((0.7).L0) S CT 2P0 [|(v, W)H%S((QT)’LP)'

Hence

N
93 € L°((0,T), L7 (RY)) and {|93][1s((0.7).20) <cr' 1w, v, )3, - (4.17)

Since 6, =min{5(1—),1— 5}, from (4.15)-(4.17) we get 9 € L*((0,T), L7 (R")),
and

191l s(0.7.0) < C(IIvollro + T (wv, )], )- (4.18)
Similarly we have w € L*((0,T),LP(R")), and

IW1lzs 0,7),0) < C(Ilwollzro + 7% (u, V7W)||2ZT)~ 4.19)
From (4.14), (4.18) and (4.19), we see that the desired assertion follows. O

From Lemma 4.3, we see that § is well-defined. Now we can use a similar argu-
ment as in the proof of Lemma 4.2, which shows that if T is sufficiently small then §
is a contraction mapping from some closed ball in Z7 into itself. Hence, by using the
Banach fixed point theorem, we obtain Theorem 1.4.
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