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Abstract. In this work, we consider the Dirichlet problem for equation
uy = div (a(x,1) \Vu\p(x")JVu) + Ay + b(x,0)u] N 2w fx1).

Under suitable conditions on the functions a, b, f, p, o the local, global and blow up solutions
have been discussed.

1. Introduction

Let Q C R" be a bounded domain with Lipschitz-continuous boundary I" and
Or = Q x (0,T]. We consider the following initial boundary value problem

u,,zLu+f(x,t), ('xat>€QT:QX(OvT)7 (1

Lu = div (a(x,t) \Vu|P) =2 vy + OtVut> +b(x,1) [u|"* 2,
u(x,0) = up(x), u(x,0) = u(x), x € Q, 2)
ulp, =0, Ty = 9Q x (0,T). 3)

Here o > 0 is a constant. The coefficients a(x,t), b(x,t), the exponents p(x,t), o(x,t)
and the source term f(x,z) are given measurable functions of their arguments. We
assume that

up € L2(Q) W0y e 12(Q), f e L*(0r). 4)

We discuss existence and blow up of solutions to problem (1)-(3), concentrating
our attention on difficulties caused by variable exponents p(x,#), o(x,). It should be
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mentioned that questions of existence, uniqueness and regularity of weak solutions for
parabolic and elliptic equations in the forms

u = (a,-(x,t,u)|uxi|p"(x7t)_2uxi—|—bi(x,t,u)> +d(x,t,u), %)

Xi

(a,-(xm)\uxi Pi=2 4 bi(x,u)> +d(x,u)=0, (6)

have been studied by many authors under various conditions on the data and by dif-
ferent methods- (see, e.g., [4, 8, 9, 10, 11, 12, 13, 32, 37], and the further references
therein). These equations are usually referred to as parabolic and elliptic equations with
nonstandard growth conditions. Also the localization (vanishing) and blow up proper-
ties of energy weak solutions for elliptic and parabolic equations of the type (5) and (6)
have been investigated sufficiently completely ( see, e.g., [4, 6, 7, 12]).

Such elliptic, parabolic and hyperbolic equations occur in the mathematical mod-
elling of various physical phenomena, e.g., the flows of electro-rheological fluids or
fluids with temperature-dependent viscosity, nonlinear viscoelasticity, processes of fil-
tration through a porous media and the image processing (see, e.g., [5, 6, 8, 35, 36] )
and the further references therein).

For hyperbolic equations in the form (1) with constant exponents p,c local and
global existence and blow up have been investigated in many papers - see, e.g.,[18, 19,
20, 21, 23, 24, 25, 26, 28, 29, 30, 31, 33, 37, 40, 41, 42, 43, 44, 45, 46, 47] and the
further references therein.

The hyperbolic equations with nonstandard growth conditions, to the best of our
knowledge, were considered only in papers [14, 15, 22, 34].

In [22], the existence result was proved for the problem (1)-(3) with a =1, p =
p(x), b= 0. In the paper [34], the existence and blow of solutions were studied for
the problem (1)-(3) with a =1, p =2, b =0 and the source term either is a power,
f(u) = b(x)uP™, or is nonlocal f(u) = b(x) [qul®) (y,¢)dy. Existence and blow-up
results for complete equation (1) were announced in [1, 2, 3].

The present paper is organized as follows. In Section 2 we introduce the function
spaces of Orlicz-Sobolev type and a brief description of their main properties. Section
3 is devoted to proof the existence of local and global energy weak solutions to problem
(1)-(3). The weak solution is obtained as the limit of the sequence of Galerkin’s ap-
proximations. First we derive estimates for an energy functional. As in last section we
will consider the blow-up for energy weak solutions with nonpositive energy functional.

Next under suitable conditions we obtain estimates for Galerkin’s approximations
in any finite time or only for small time. Further, we pass to the limit, using a standard
monotonicity argument. Finally we prove existence theorems for small and any finite
time. Section 4 is devoted to the investigation of the blow up of energy weak solutions.
We consider separately two cases. First, we take p(x,t) = p(x), o(x,7) = o(x), a > 0.
Second, we take p = p(x,7), 0 = o(x,7) and @ > 0. Also we consider the case ot =
0, p = p(x), 0 = 6(x) and establish conditional results, assuming that the problem (1)-
(3) has at least one local energy solution for suitable initial data.
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2. The function spaces

2.1. Spaces L") (Q) and W()l’p(')(g)

The definitions of the function spaces used throughout the paper and a brief de-
scription of their properties follow [17].

Let Q C R”" be a bounded domain, dQ be Lipschitz-continuous, and let p(x) €
[p~.p"] C (1,0) be log-continuous in Q: Vx,y € Q such that [x—y| < 3,

Ip(x) = p(y)l < o(]x =), @)

where |
ETHOJF(U(T) In ; =C < oo.

By L”()(Q) we denote the space of measurable functions f(x) on Q such that

Ao (N = [ 1P dx <.
Q

The space LP()(Q) equipped with the norm
1l = Il ey = inf {2 > 0: Ay (£/4) <1}

becomes a Banach space. The Banach space Wol’p(')(Q) with p(x) € [p~,pT] C (1,%0)
is defined by

Wy P(@) = {ue Wy (@)« (ul, IVul) € L7},

Hunol.p(->(Q) = [|Vull p(y .+ [lull ) 0

®)

An equivalent norm of WO1 2() is given by

lellyy.r0 gy = V2l 0

e If condition (7) is fulfilled, then Cj(L) is dense in WO1 P (')(Q). The space

WO1 20) (€2) can be defined then as the closure of Cj’(Q) with respect to the norm (8) —
see [17, 38, 48].

e The space W'P()(Q) is separable and reflexive provided that p(x) € C°(Q).
o Let

1 <qlx) < supg(x) <infp.(x),
Q

p(x)n
with  p.(x) = ¢ n—p(x)




506 STANISLAV ANTONTSEV
Then
H”Hm(-)(g) < C”V”HLP(-)(Q)

and the embedding WOl P (')(Q) < L90)(Q) is continuous and compact.
o It follows directly from the definition that

. - + - +
min (11712, 111 ) < Apy () < max (1712 1AL )

e Holder’s inequality. For all f € LP0)(Q), g € LP'()(Q) with

P
1.00 [
p(x) € (l,%), p T

the following inequality holds:

1 1
/\fg\dx < (p—_ + W) 1AW oy N8l < 2 My gl ey -
Q

2.2. Spaces L") (Qr) and W(Qr)

Let us assume that the exponent p(x,t) € [p—,p+] C (1,%0) is continuous in Oy
with logarithmic module of continuity:

Ip(x,1) = p(y. 7)| S ©(lx = y| + |t — 7), ©)

where

_ 1
lim o(s)In— < C < oo,
s—+0 N

Under condition (9) the space C=(0,T,Cy (Q)) is dense in LP)(Qr) and the last one
can be defined then as the closure of C*(0,7,Cy (Q)) (see, [17, 38, 48]).
We introduce the Banach space

V,(Q) = {u L ue LX(Q) WP (Q) WA (Q), [VulPt) e L) (sz)},

ullv,@) = lullzo+ [IVullpin .0

and denote by V;(Q) it’s dual. For every ¢ € [0,T] the inclusion
V,(Q) CX=W," (Q)NL*(Q)NW,*(Q)

holds, which is why V,(Q) is reflexive and separable as a closed subspace of X.
By W(Qr) we denote the Banach space

W(Qr) = {u: [0.7] = Vi(Q)| w,u, [Vul") € 12(Qr),u =0 on Tr |,

lullwior) = IIVullp).or + lull2.0r + lluells g, + Vel g, -
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W/ (Qr) is the dual of W(Q7). Set
V. (Q) = {u\ ue L2(Q)NW(Q), [Vul e Lr” (g)} .

By analogy with [11] we prove the following propositions.

(a) Let us prove first that every function u € C*(0,7;C;(€2)) can be approximated
in the norm of W(Qr) by the functions 37", di(¢)yi(x) with di(t) € C?[0,T]. We
denote the set of such functions by P, .

Let us take for {y;} the orthonormal basis of the Hilbert space Hj(Q) with s > 1
so big that Hj(Q) is dense in V1 (Q). According to ([27], Ch.6), we can take a special
basis W (x) such that

(v Wi (@) = Ac(v, W), Vv € Hy (L), A > 0.

Let us represent
u= Y ui(O)yi(x), wui(t) = (u(x,z), Vi(X))mg(@)- (10)
i=1
For every ¢ € [0,T],

(1)

(1)) (14 A0) + 147 (1)) < oo (11)

||“tH%Jg(Q) (1) + HVurH%{g(g) (t)+ HUH%Jg(Q

=

T

Il
—_

Let us consider the sequence {u™}, u™ = 3" wu;(t)yi(x). Forevery t € [0,T],
e = ™ B ) (1) + [Vt =Vt B 0 () [l = ™ B ) 2)
= Y (W0 (1+4) +uf (1)) — 0
i=m+1

as m — oo, because of (11). Since for every ¢ € [0,T] the sequence

O (1) = [lu— “(m)H%{g(Q) () + e — 1™ H%—IS(Q) () + 1|V — Vw)“r\ﬁig(g) (r)

is monotone decreasing, nonnegative, and tends to zero as m — oo, by the Beppo Levi
theorem

T
/ On(T)dT — 0 as m— oo,
0

Thus,
ot =iy < € (1 (1 =™+ — ™)

+ |V (u — u,(m))|) ||i2(o,T;H5(Q))> -0



508 STANISLAV ANTONTSEV

as m — oo,

(b) Let now u € W(Q) and {us} be the sequence of mollifiers such that us €
C~(0,T;C5(R)). Given &, we take § such that [|u — us||w(g) < € and approximate
ug using (a):

(m)
<|lu—u + ||lus —u < 2e,
W(o) | sllwio) +llus —us llwo)

with
" = ;di(t)llfi(x)7 di(t) = (us, Yi)my() € C[0,T].

PROPOSITION 2.1. For every u € W(Qr) there is a sequence {di(t)}, di(t) €
C?[0,T], such that

e = zdk(t)Wk(x)HW(QT) —0 asm— oo,
k=1

We introduce also a subset of functions u € W(Qr) such that

W, = {u cu € W(Qr), (s, [Vl u|°/?) € L°°(O,T;L2(Q))}.

3. Local and global existence

3.1. Definition. Main results

DEFINITION 3.1. A function u: Qr — R is called a energy weak solution to (1)-
(3)if:

u e W(Or)NWu(0r1); (12)

u(-,1) — up in Wy (Q) W PE(Q), (1) — uy in L2(Q); (13)

/ <—ut(p; + <a\Vu\p(')_2Vu+ OcVut> Vo —b\u|6(')_2u(p> dxdt
or
= [ woC.00dx+ [ fodr, (4)
Q Oor

forall ¢ € C*(0,T;Cy (), ¢(x,T) =0,x € Q.
Let us assume that the coefficients of the problem (1)-(3), in addition to (9), satisfy

0<a_<a(xt)<ay <o, |@| <Cy 0< (15)
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l<p—<p(xvt)<p+<°°7 |pt‘:_pt<Cp7 (16)
l<o_-<0o(xt)<0op<e, 0<0 <Cg, a7

and that one of the following conditions be true: either

0<b_ < —b(x,t) <by <o, 0< by, (18)
or
0<b_<bx,t)<by <o, 0<b and 04 <2 or 04 < p_. (19)
Also it is assumed that
up € L2(Q) Wy 2 () nWwPt0(Q), uy € L2(Q), f € L*(Qr). (20)

In this section we prove global and local in time existence theorems.

THEOREM 3.1. (Global existence in time) Under conditions (9), (15)-(20), the
problem (1)-(3) has at least one energy weak solution in the sense of Definition 3.1
which is global in time (for any t € [0,T], T < oo).

Let us assume that

0<a_<a(xt) <ay <oo, |a| <Cy (21)
0<b_ <b(x,t) =b(x,t) < by < oo |by]| < Cp, (22)
P <0,|p| <Cp, 0< 0, < Co, (23)
and
r<o <oy <2, nz_:2<p,. 4)

THEOREM 3.2. (Local existence in a small time) Under conditions (9), (21)-(24),
the problem (1)-(3) has at least one weak solution in the sense of Definition 3.1 for a
small time t € [0,Ty), (Ty > 0 is small).

3.2. Step 1. Galerkin’s approximations

The Galerkin’s approximations of solutions to problem (1)-(3) are sought in the
form

m
W™ =N ue( ) p(x), welt) = (ux), V(X)) 13 () - (25)
k=1
We assume also
u5m> — uy strongly in L?(Q), uém) — ug strongly in W, % (Q). (26)

The coefficients u(7) are defined from the relations

/Q(u,(,m)—Lu(m)—f)u/kzo, k=1,..,m. 27)
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Last equalities and the initial conditions lead us to the Cauchy problem for the system
of m ordinary differential equations of the second order for the coefficients u(r)

uy = Fie(t,u1 (1), ... (1)), (28)
uk(()):/guoufka M;{(O):/Qulufk, k:17"'ama (29)

where
F = /Q [_ ((a’vu(m)(,,t)’P(':f)—z)vu(m) + avut(m)>vwk} dx
—|—/Q [b|u(m)’U("t)_zu(m)u/k—kfllfk dx.

By Peano’s Theorem, for every finite m the problem (28), (29) has a solution
ui(t), k=1,...,m on an interval (0,T,,) for each m. The estimates below allow one to
take T,,, = T for all m.

3.3. Step 2. A priori estimates

Here we derive estimates for an energy functional and for approximated solutions
which do not depend on m.
3.3.1. Energy relation

Multiplying each of equations (28) by ¢} (¢) and summing over k = 1,...,m, we
arrive at the relation

(m))2 (m)|P (m)
d/ [|ut ’ +a’Vu | _ blu Io}dera/ |Vut(m)|2dx
Q (o2 Q

dt 2 p
|vu(m)|p a|Vu(’")|p (m)
:/ a + 5 (l—pln’Vu |>’pt| dx
Q p p
b,|u(m) ‘c b|u(m) ‘c " (m)
—/Q< — (1-olnfu™ |)o, dx—l—/gfu, dx. (30)
Omitting the index m for simplicity and introducing the energy functional
(1) V" )
E(t) = —_— . —b(: d 31
0= |G et B ot las o

we can rewrite (30) in the form
E’(t)—l—oc/ Wity (1) Pdx = A, (32)
Q

where
A1) = A1+ A+ As, (33)
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Vu |l alVu|P
A1:/ [at | +—2(1—pln|Vu|)|pt]dx,
Q p p

bilu|® | blul
Ay = _/ (A—Fu—z(l —olnju )ot)d)@
Q (e

(o

A3:/fu,dx.
Q

3.3.2. Estimates of the energy functional

511

(34)

(35)

(36)

In this Section we analyze different conservation laws for energy functional and

solution estimates which do not depend on m .

In particular, we derive some estimates for energy functional which will be impor-

tant to prove the blow-up.
Let us assume that

I<p_<plt)<psr <o, 1<o-<oxt) <o <o,

0<a-<a(xt) <ay <o, |a| < Cyy
0<b_ <b(x,t) =b(x,t) < by <oo, |by| < Cp,
a;<0,0<b, pr <0, 0< oy, ‘Pt‘ <Cp7|0't| < GCs.

LEMMA 3.1. Let (37)-(39) be fulfilled and in addition
Pt = Oy = f =0.

Then .
E() +a/ / Viur(x,5)[2 dxds < E(0), ¥t > 0.
0 JQ

The inequality (42) transforms to the equality if a; = b; = 0.

Proof. To prove this Lemma it is enough to apply the formulas (32)-(35).

LEMMA 3.2. Let (37)-(40) be fulfilled and f = 0. Then
r
E(1) +/ / o [Vuy (x,5)|* dxds < E(0) + Ct,
0 JQ

with the constant C = e(a+Cp +bCs)|Q|.

Proof. We evaluate Ay, A, in the following way:

VulP  a|lVul|P

Ay :/ [a,| | +|—2|(1—pln|Vu |)|p,\}dx
Q P P

alVu |P

< 2

<J
QN(pln|Vu|<1) )%

(1= pIn|Vu |)|p|dx

(37)

(38)
(39)
(40)

(41)

(42)

(43)
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< ea+CP|Q‘ = C17

(44)
and
Ay = —/ {M LTSN o] ax
el o c
c
S /Qﬁ(crln\uKl) b|Z_2| (1—olnju])ondx
< eb ColQ| = Co. (45)
Integrating the energy relation (32) with respect to ¢, we obtain that
E(t)—l—/OI/QaWu,\zdxdsgE(O)—l—tC,C:CH—Cg. (46)
O

3.3.3. A priori estimates of solutions

LEMMA 3.3. (Global estimates of solutions (b(x,#) < 0)). Let the conditions (9),
(15)-(20) be fulfilled. Then for any finite T < oo,

W(T) = sup g<scr /Q {|Mt|2 + \Vu\l’(') + \u|‘7(')}dx

T
i / / Vi, Pdxds < C 47)
0 Q

with a constant C which depends on:

2
||f||2,QT’ HMIHLZ(Q)’ HMOHLU('>0)(Q)’ HMOHWU(Q)’ Q[ T

and does not depend on m.

Proof. Recall that in this case all terms of the energy functional £ are nonnegative
Then we obtain

VulP  a|Vul|P
Al :/ [at—| | +—| 2|
Q p p

a|Vu |P
< —E@ +/ | 2| (1= pIn|Vu |)|p|dx
a— QN(pn|Vul<l) P

C
< UE()+ Z—;e Q| < C(E(r)+1),

(1= pln|Vu |)|py||dx

and

_ biul®  blul|®
Ag_—/g< —— (1—aln\u|)a,>dx
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C blu |°
< _bE(t)—i-/ 4% (1 otnju ) ordx
O. QN(olnful<l) O

b
<ZE@)+ G—;e Q| <C(E(r)+1),

and ,
A <E@) +flhq-

Finally,
ASCE®D+Ifl30+1).

Hence we arrive at the inequality
E'0)+a [ [Vl dv < CEW) + /[0 +1):

Applying Gronwall’s lemma, we conclude the proof of the Lemma. a

LEMMA 3.4. (Global estimates of solutions (0 < b(x,7), 0+ <2o0r2 < 0oy <
p—.)) The estimate (47) remains valid if the condition b(x,t) < 0 is replaced by the
following

0<b(x,t),0,<2 or 2<04<p-_.

Proof. In this case, we rewrite the energy relation (32) in the form

+a/ e (/b'” )

E()= /Q {%2 +a(-7t)%]dx.

Integrating last one with respect to ¢, we obtain

° t
—i—a/ / Vi (-, s)|* dxds = (/ bu—>dx +

o © 0
‘( il d)

Now it is enough to evaluate the term [, [u|® dx. If o4 <2 we use the chain of

inequalities
‘ / b(- <C / 1u[® dx

<C 1—|—/|u\ dx)
Q

where

/0 "Ads+E(0),  (48)

with

/\u| dx—|—1> |A] < —|—C/ |u|®dx.
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!
<2c<1+z/ / \ut\zdxds—i—/ u0|2dx>
0 JQ Q
~ t~
gC(l—H/ E(s)ds).
0

If 2 < 0+ < p_— we use the embedding inequality

0.

or
/ lu |%tdx < C(/ [Vu |pdx> "
Q Q

ot

gc(/ Vu |de> " ic
Q

< EE(I) +C(8)7 €c (07 1)7 o0y <p-< np*/(n_p*)'
For suitable € > 0 we come to the inequality
- 1 : r
E()+ a/ / Vit (-,5) P dxds < C (/ E(s)ds+ 1)
0 JQ 0
and Gronwall’s lemma and (48) lead us to the desired estimate.
n+2

LEMMA 3.5. (Local estimates 2 < 0— < 04 < “=p_, % < p_) Let the condi-

tions (21)-(24) be fulfilled. Then there exists a small Ty > 0 such that
(o) = S0pocaey [ [ lus) P+ 97+ a0 ]
Q
t
+a/ / Vi [Pdxds <C,0<1 < Ty (49)
0JQ

with a constant C which depends on:

2
To, [1f 2.0, > llmllz2(@) s luollzoc0r @y » luollyrpt0/q)
but does’nt depend on m.

Proof. We will use the energy relation (48) and inequalities

t
/A
0
/|u\6("’)dx</ [+ dx + |9, /\Vu\p’dxé/ VulPdx+|Q|, (1)
Q Q Q Q

T+ 9
/|u0+dx<C</ Vupdx>p (/ u|2dx>
Q Q Q

Y
gs/ |Vu|1’('=’)dx+cg</ u|2dx> 4C, o ec(0,1), (52
Q Q

<c/0[ (E(s)+/g|u\°dx)ds, (50)

S-(1-0)
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where 5 5
Otp_ _(o+=2)n <1, ifo, < ip_,
p-  np-—2(n—p-) n
Oo+p—
Y= >1
2(p-—00y)

On the other hand we have that

t 1
/|u2dx<C</ / utzdxds)—i-/ |u02dx<C</ E(s)ds—f—l).
Q 0Ja Q 0

Combining (48), (50)-(52) with a suitable € , we come to the inequality

E() <C<</()tﬁ(s)ds>y+l), y> 1,

which gives the estimate

1

E(0)+1< (E0)+1) (1 —1C(E(0)+ 1) (y - 1)) T < oo,
~ ~1
t<Ty= (C(E(O) + )y - 1)) .
The Lemma is proved. |
REMARK 3.1. The estimates of the Lemmas 3.3 and 3.4 imply that

A(T) = sup <\u|2+\u\"% —Hu|q>dx<C, (53)
1€[0,7]/Q

where g <np_/(n—p_) if p_- <nand g<eoif p_>n.

Also we have that

T
/|vu(x,t)|2dx<z</ \Vuo(x)\zdx—i-t/ /Vu,|2dxds>,
Q Q 0 JQ

2
. ;
/ (/ u,‘fdx)thgc/ Vi, | doxdi,
0 Q or

2
1<g< - n>2,1<qg<oo, n=2.
n—2

Finally we arrive at the estimate

A(T)+ sup [|ut(x,s)|2—|—\Vu\2+|Vu|p+|u\U]dx

0<s<T
2
T T A
—|—/ /\Vu,\zdxds—i-/ (/ |u,|’1dx) dit <K (54)
0 JQ 0 Q

with a constant K independent on m. Last estimate is valid for any finite interval
[0,T] (under conditions of Lemmas 3.3 and 3.4) or only for a small interval of the time
[0,T) (under conditions of Lemma 3.5).
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3.3.4. Compactness of 1"

LEMMA 3.6. Assume that the estimate (54) is valid. Then

[, i pasar| < Cliolliey. 7 < (55)

with a constant C independent of m.

Proof. Let dy(t) € C*(0,T) be arbitrary functions. Multiplying (27) by d(t),
integrating over [0, 7] and summing with respect to k, we arrive at the identity

/ (u,(,m)(p + (a\Vu(m) |PLet) =27, (m) 4 OtVu,(m)> V(p) dxdt
or
— / (Blu™|=2u™ + f)pdxdt =0 (56)
Or
which is valid for any function
N
@ =Y di(1)yi(x), N <m. (57)

We introduce
G = (a’Vu(m)’p(')_2Vu(m) + OcVu,(m)).
Then (56) takes the form

/QTu,(,m)(pdxdt:/QT(—6mV(p+<b\u N2l 1 f ) g )dvdr = 7

Using results of Section 2 it’s easy to verify that

< al VP g, 19000000
+ |94 g, 901 0, + 04161 | s o, 10llo0)
+ /1201
C(K)|ollwor)-
The Lemma is proved. |

REMARK 3.2. Applying the known inequality

h) —
/‘WH wx) 2 dx < CI[Vw|[2aq) Vv € Wi (Q)
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to the function w = u,(m) , we derive from (54),

T
/O /Q ™ (1) — ™ (x,) e < C(K) 2. (58)

According to results of [39], Lemma 3.6 and estimate (58) we can conclude the com-
pactness of the sequence u,,, in the following sense

u™ —u, strongly in L*(Qr) NL3(Q). (59)
(m)

In certain papers (see, for example [43, 44]) to prove the compactness u, ’, they
used the following

LEMMA 3.7. ([16]) Let Q be any bounded domain in R", {wy}y_, be an orthog-
onal basis in L>(Q). Then for every € > 0, there exists a positive number Ny¢ such
that

Ne 3
o=l < (S wmd) el

k=1

I

forall u e WOI"q(Q), (2<g<eo).

By this Lemma and estimates (54), for every € > 0, there exist positive constants
Nie and N, independent of m such that, as m — oo,

Nie J\ 12
16 () — (o)) < (z () — u7wk)g)

k=1
+el[u" (@) —u(t)|l12 < C(T)e, 1 €[0,T], (60)

and
T Noe T
L=l <235 [ -l )
0 i—1/0
)
—|—282/ ™ — |2, < Ce?. 61)
o ,
Since ¢ is arbitrary, we obtain
u™ — u strongly in L”(0,T;L*(Q) and a.e. in Or, (62)

ut(m) —u; strongly in L?(Qr) and a.e. in Q7. (63)
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3.4. Step 3. Passage to the limit as m — o

A weak solution of problem (1)-(3) will be obtained as the limit of the sequence of
Galerkin’s approximations u™) as m — oo. Let us establish the passage to the limit as
m — oo on the intervals of the time when the estimate (54) is valid. Last estimate allows
us conclude that there exist u and a subsequence of { u(m)} , still denoted by { u(m>},
such that (see also, e.g., [39, 42, 43]).

u™ — u strongly in L (0,T;L*(Q)), a.e. on O

u™ — u, strongly in L2(Qr), a.e. on O

u™ — u, weakly in L(0,T;L3(Q)), a.e. 1 € [0, ]

Vu™ — Vu weakly in L0 (07 )NL=(0, T; L*(Q)), (64
Vu,( " _ Vu, weakly in L2(Qr),

u"™ —u, weakly in W'(Qr),

a|Vu™ |P=2v," < weakly in ¢ )(0r).
Integrating by parts in the first term in (56), we can rewrite last one in the form
/ ( - u,(m)(p, + (a\ |V |POot) =27, (m) OcVu,(m)) V(p)dxdr
O
t
- / (b]|u™ | 2u") + £) pdxdr — (1™, <p)9‘0 =0,1€[0,T]. (65)
O

Taking into account (64) and passing to the limit in (65) as m — oo, we obtain for
any ¢ € P,

/Q (—w o+ (n+avVu,)Ve)dxdt

t

—/ (blJul|°2u+ f) pdxds — (w, @)a| =0, ae.t€[0.T]. (66)
O

Now we prove that

t t
/(qu))ng:/ <a|Vu|P<'>‘2w,Vv) dr.
0 0 Q

Substituting ¢ in (65) by u™ and by u in (66) and integrating by parts in the terms
with o we obtain

/ (— (u,(m))z +4| \Vu(m)\|p(x”)72Vu(m)Vu(m)>dxdT

+a(Vu ‘—/ (Bl |72 4 f)ul) gxde
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=0, (67)

and

t

/ (— u? + nVu)dxdt+ o (Vu,Vu)g .
O

—/Q (bl|u||°*u+ f)udxdr — (uhu)g‘; =0, ae.1€[0,T]. (68)

:

According to the monotonicity of the operator A(u) = a|Vul? ()=2Vy, we have that
0< /0 [ (Al — (), vulr - W)er. (69)

Taking into account (64), (67) and (68), (69), we derive that

Og/ot(n—A(v),Vu—Vv)er, Vv € W(Or). (70)

Choosing v =u— Aw, where A > 0 is a real number and w € W(Qr), and substituting
it into (70), we have

t
0< / (0 — Au—Aw), Vw)g dr.
0

Letting A — 0 in last inequality and using (70), we come at the inequality

0< /Ot (0 — A(u), V) dT.

Taking into account the density of the functions w, we conclude the proof of the Theo-
rems 3.1 and 3.2. O

4. Blow up of solutions

First we consider equation (1) with ¢ > 0, assuming that conditions of Lemma
3.1 are fulfilled. Assume that

E(0) <0, 0<(u07u1)Lz(Q), 2<p-<py<o-_. (71)
THEOREM 4.1. Let u be an energy weak solution to problem (1)-(3). Let the

conditions of the Lemma 3.1 be fulfilled and (71) hold. Then there exists a finite time
tmax < o such that

t
) = ) Ba-+ar [ [ [VuPdrds oo if 1 b 72
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Proof. 1t’s easy to verify that
' =2(u,u )0 + Ot/Q ||Vul|?dx,
O =2l o+2 | (~allul+blJul|)dx.
Using the inequality (42) of the Lemma 3.1, we calculate

> 2u0)|30+2 [ (~alVul +blul”) dx

1
+2/1<E(t)+06/ / |Vut2dxds)
0JQ

= 2+ lur (1)

A A
_ P _ (e}
+z/9<(p 1)al|[Vull? +b(1 G)Huu )dx
t
+2/loc/ / [ Vae | Pdxds > 0 (73)
0 JQ

forsome A >2 and py <A < o-.
It follows that

(1) >0, if D' (0) > 2(ug,u1)y2i0y >0 .
12(Q)

Thus we can conclude that 0 < ®(z) 0 < @'(¢), 0 < @”(¢) and D(z) — o0 as t — fmax-
Assume in contrast that f,ax = e°. Using properties the Orlicz-Sobolev spaces (see
Section 2), we derive the following inequalities (for any fixed 7)

u(-s0)] 2.0 < ClluC-0)] ot

€1 L
< cmax | ([l )" (o™ ax) 7). aw

[Vu(- )| 2.0
< CHVu(':t)HLP(-)(Q)

1 1
<Cmax[</g|w<-7z)|ﬂ<vf>dx> ”7</Q|W(.,z)|ﬂ<vf>dx)”]. (75)

Notice that, according to (73),

/\ut|2dx<C(I)”, /|Vu(-,t)|p("t)dx<C(I)”7 /|u(-,t)|"(
Q Q Q

) dx <CP'.
Then we can rewrite (74), (75) in the forms

H”(HZ)HLQ < Cmax [(q)// )i7 ((I)” )ék
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e 1
[|Vu(-,1)||2,0 < Cmax [((I)”) P (@ )P } .
Hence we arrive at the inequality
0<d = 2/ u udx + g/ |Vu|? dx
Q 2 Jo
o 2
<2fu1)lbq ) ba++5 [ 1VuPdx
"o +1 "N+ " = " 5=

<C( max [(@)7 1%, (@) 72 max [ (@) 7 (@) 7 | ).
Taking into account that 0 < ®” (t), we assume, without loss of generality, that P >1
and come at the ordinary differential inequality

c () <o, (76)

where

1 1 1 2
—:max(—+—,—> <lifo_>2 p_>2.
u o- 2 p_

The last inequality leads us to estimate

@) > /() (1- LD (@) ) T e, )

as
C _
L e (@'(0)) " < oo,

The theorem is proved. g

REMARK 4.1. Let us notice that constants yu and C (and respectively fqx) in
(77) depend only on |Q|, n, ax, by, p+, 0.

Now we assume that the exponents p, o weakly dependent on ¢, that is, the con-
stants Cp,Cy are small. The proof the blow up is the same as in the previous Theorem
if we guarantee that

t
) +a [ [ Vi dxds 0.0 <1 <ty (78)
0JQ

with . already defined in Theorem 4.1. According to the Lemma 3.2 (see inequality
(43)), we have that

t
E(t) + a/o /Q Va2 dxds < E(0) + tmaxe(aCp+ b1Co )|
Assuming that

8 = max (C,Cs) < |E(0)| (tmaxe(as +b4)|Q[) !, E(0) <0, (79)

we arrive at (78). Then we come to



522 STANISLAV ANTONTSEV

THEOREM 4.2. Let u be an energy weak solution to problem (1)-(3). Let the
conditions of Lemma 3.2 and (79) (with tmax defined in Theorem 4.1) be fulfilled. Let
the conditions

E(O) <0,0< (u07ul)L2(Q)v 2 < p- <P+ <A<o-

hold. Then the solution u blows up (in the sense that ®(t) becomes unbounded) on the
Sinite interval (0,tax).

Now we consider equation (1) with oo = 0, assuming that the problem (1)-(3) has
at least one local energy solution. Here we follow the paper [19], where the authors
proved the blow up for an abstract hyperbolic equation in a Banach space which in-
cludes, as an example, the equation of the type (1) with the a =b =1, p = const.,
O = const.

We assume that

E(0) <0, 0< (uo,u1)2(qy), 0 >max{2,py}. (80)
Repeating the arguments of the paper [19], we prove the following theorems.

THEOREM 4.3. Let u be an energy weak solution to problem (1)-(3) with oo = 0.
Let conditions of the Lemma 3.1 be satisfied and assume that (80) holds. Then u blows
up (in the sense that ||u(t) H%g becomes unbounded) on the finite interval (0,ty,y) With

Tmax = 2 H’/’Oug,g/(/l —2)(uo,u1)q-
Proof. Let us introduce the function
2 2
G(t) = [[u@)[I” = lu@®)30-

It is very easy to verify that
G'(t)=2uu)g, G"(t) =2 lu (1) —|—2/ (—a|Vu|’ +b|u|”) dx. (81)
Q
Taking into account (80), we evaluate G”(¢) in the following way

G"(1) =2 u(1)|)? +2/Q (—a|Vul” +bu|) dx+2AE()

—(2+2) ||u,(t)H2+z/Q ((% - 1) a|Vul’ +b (1 - %) |u“> dx

> 2+ 24) [lu ()] (82)

for some A, py <A < o_. Then we literally repeat the arguments of the paper [19].
From the first identity (81) we conclude that

2

G
G2 (1) < 4| lul* = 4G [l |* = Nl |* > (83)



WAVE EQUATION WITH p(x,t) -LAPLACIAN AND DAMPING TERM 523

Combining (82) and (83), we come to the following ordinary differential inequality

G? G _(2+4)
() > — e — > >0
G (t) > (2+A)4G =4 G2 = 4G /O (84)

Then (80), (84) imply that G'(z) > 0 for all ¢ > 0. Integrating (84) twice as above,
we come to the inequality

4
A =2 (ug,uy) =
2 0,U41)Q 2
luoll2.q |1 —17—5—=——7= < Ju@)lz0-
[[uoll3

O

Now we assume that the exponents p, o weakly dependent on ¢, that is, the con-
stants Cp,Cy are small.
Repeating the above mentioned arguments (see (78), (79)), we prove

THEOREM 4.4. Let u be an energy weak solution to problem (1)-(3) with oo = 0.
Let conditions of the Lemma 3.2 be fulfilled and (79) (with tya. defined in previous
Theorem) and (80) hold. Then the solution u blows up on the finite interval (0,tmax)-
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