ifferential
quations
& @applications
Volume 4, Number 1 (2012), 137-157

A NONLINEAR PARABOLIC-HYPERBOLIC SYSTEM
FOR CONTACT INHIBITION OF CELL-GROWTH

MICHIEL BERTSCH, DANIELLE HILHORST, HIROFUMI [ZUHARA
AND MASAYASU MIMURA

Dedicated to Professor Jesiis Ildefonso Diaz
on the occasion of his 60th birthday

(Communicated by S. Cui and M. Pasic)

Abstract. We consider a tumor growth model involving a nonlinear system of partial differential
equations which describes the growth of two types of cell population densities with contact
inhibition. In one space dimension, it is known that global solutions exist and that they satisfy the
so-called segregation property: if the two populations are initially segregated - in mathematical
terms this translates into disjoint supports of their densities - this property remains true at all
later times. We apply recent results on transport equations and regular Lagrangian flows to
obtain similar results in the case of arbitrary space dimension.

1. Introduction

In the natural process of cell growth, one can observe cases where cells closely
approach and come into contact with each other. This phenomenon is referred to as
contact inhibition of growth between cells (cf. [1]). A number of mathematical mod-
els (see for instance [9]) have been proposed for the theoretical understanding of the
mechanism of contact inhibition. In [5], we have studied a simple partial differential
equation model, which describes contact inhibition between normal and abnormal cells
(for example cells which potentially become tumor cells at a later stage). It includes
the effect of pushing cells away from overcrowded regions so that each cell moves in
the direction of lower cell density. The resulting model is given by

uy =div(uV(u+v))+u(l —u—ov) in RY x (0,00),
(P) S v =div(ywV(u+v)) +yv(1 —Bu—v/k) inRY x (0,0),
u(+,0) = up and v(-,0) = vg in RV,

In ecology, the growth terms are regarded as of Lotka-Volterra competition type. For
an introduction to the biological context we refer to [9] and the references therein (see
also [5] for a more detailed biological interpretation of Problem (P)).

Mathematics subject classification (2010): 35R35, 35M20, 35Q80, 92C17, 92C50.
Keywords and phrases: parabolic-hyperbolic system, tumour growth, contact inhibition, transport
equation, Lagrangian flow, characteristics.
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Throughout the paper we assume the following hypotheses on the data:

(Hy) a, B, y and k are positive constants;
(H,) the initial functions are bounded and nonnegative: ug, vy € Lw(RN ) and ug,vp =0
a.e.in RV:

TN N
(H3) 0 < BQ <ug+vo < By ! ae. in R for. some constant By, ug+ vy € C; 10C (RY)
and ug + vo is uniformly Lipschitz continuous in RV .

We shall refer collectively to these assumptions as hypothesis H .

In Section 3, we formulate the main results of this paper: if hypothesis H is sat-
isfied, problem (P) has a solution in the sense of distributions, and solutions which are
initially segregated, remain segregated:

upvo =0a.e.in RY = u(-,t)v(-,t) =0a.e.in RY fors > 0. (1)

This segregation property reflects the contact inhibition mechanism for the growth of
the cells.

In [5] similar results have been obtained in the one-dimensional case, N = 1 (for a
bounded interval with no-flux boundary conditions). The global existence result in [5]
is primarily based on BV -estimates, which seem to be difficult to obtain if N > 1. In
[5] the existence result of segregated solutions also covers the case that the divergence
term in the second equation is multiplied by a constant d # 1, but we are not able to
generalize this to the case that N > 2. Another generalization in [5] concerns the gra-
dient V(u+v), which is replaced by Vy(u+v) for a smooth function ) with positive
derivative. Our results can be easily extended to this case.

The system without reaction terms was considered in a series of papers in the
80’s (see [6, 7, 8]). The absence of reaction terms reduces the problem to a system of
conservation laws, which makes its analysis considerably simpler.

The approach in the present paper is based on recent results for transport equations.
Setting

w=u+v, r=u/(u+v) (and, similarly, wo = ug + vo, ro = uo/(uo+vo)),

the parabolic-hyperbolic nature of the system becomes clear: formally the system can
be rewritten as a parabolic equation for w coupled to a hyperbolic one for r:

wy = div (wVw) +wF (r,w) in RY x (0,00),
=Vw-Vr+r(1—r)G(r,w) inRY x (0,0),
w(-,0) =wpand r(-,0) =ry  ae.in RV,

where

F(rrw)=r(l—rw—a(l—rw)+y(1—r)(1—Brw— (1 —r)w/k),
Grw)=(l—rmw—a(l=rw)—y(l—Brw— (1 —r)w/k).

Initially, at # = 0, w = wq is bounded away from zero (hypothesis H3), and we shall
see that this also holds for later times ¢ > 0. Hence the equation for w is uniformly

2)
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parabolic and its solution is rather smooth. This will imply that the velocity field —Vw
of the transport equation for r is Holder continuous (but not Lipschitz continuous) and
has a certain Sobolev regularity which enables us to use the theory of renormalized
solutions of transport equations, originally developed by Di Perna and Lions ([11]).
More precisely, we shall use the version given by Ambrosio, Bouchut and De Lellis
([4], see also [10]), although these papers are primarily focussed on the more general
(and more difficult) case of velocity fields "with BV regularity” (see [2]). One could
say that the renormalization theory compensates the lack of BV -estimates, the basic
ingredient of the existence theory if N = 1.

Observe that formally the segregation property follows from the equation for r: if
ro(xo) =0, r =0 along the characteristic starting at xo (i.e. u =0 along the characteris-
tic), and if ro(xo) =1, r=1 (v=0) along the characteristic. Again the renormalization
theory will make this rigorous.

In Section 2 we prove a result of independent interest: in bounded domains the
system, with no-flux conditions at the boundary, has smooth solutions if the initial data
are smooth. They will be used to approximate solutions of problem (P). Observe that
we are particularly interested in the existence of discontinuous solutions: segregated
solutions will be discontinuous at the interfaces which separate the disjoint regions
where u >0 and v > 0.

In Section 3 we state the main result and in Section 4 we give its proof.

2. Smooth solutions in bounded domains

In this section, we prove the existence of a global smooth solution in a bounded
domain. This result shows that if initial conditions uy and vy are smooth, then u and
v are smooth for all times. In other words, # and v do not become segregated in finite
time.

THEOREM 2.1. Let Q C RN a bounded domain with smooth boundary 0Q and
a, B, v and k positive constants. Let ug,vo € C3(Q) such that ug,vo >0 and 0 <
By < up+vo < By Lin Q for some constant By and

9 (uo + vo)

= Q
Iy 0 on 0Q,

where v(x) denotes the outward normal at x € 0Q. Then there exists a pair of nonnega-

tive solutions (u,v), such that u,v € C*'(Q x [0,)) and u+v € cr (Q x [0,))
with u € (0,1), of the problem

u =div(@uV(u+v))+u(l—u—av) in Q x (0,00),
v =diviwV(u+v))+yv(l — Bu—v/k) in Q x (0,e0),

() ua(g:—v) :va(”(‘;” —0 on 9Q x (0,09,
M(,O) = Uuo, V(',O) =0 in Q.




140 MICHIEL BERTSCH, DANIELLE HILHORST, HIROFUMI IZUHARA, MASAYASU MIMURA

Proof. The proof is based on Schauder’s fixed point theorem. It is sufficient to
prove existence of smooth solutions on a bounded time interval [0,7] (T > 0 fixed
but arbitrary). Since we are interested in smooth solutions, it is equivalent to solve the
problem for w:=u+v and r:=u/(u+v):

wy = div(wVw) + wF (r,w) in Qr :=Qx(0,7T],
~ rr=Vw-Vr+r(l —r)G(r,w) in Or,
P
(Fa) 0w _g on 99 x (0,T],
v

w(+,0) = wo :=ug+vo, r(-,0) =ro:=up/wo inQ,
where F' and G are defined by (2).

Let M > 0 be a constant and let u € (0,1). Below Cy will denote a generic
constant which for fixed u, wo and ry, depends only on M. Given

T
I"ECH72(QT)7 0<r<li, ||r||CM’%(@T)<M7

. . . 24U —
there exists a unique solution w € C>**~2 (Qy) of the problem

=div(wVw)+wF(r,w) inQr,

(P.o) ‘;v‘f 0 on 9 x (0,7],
w(-,0) = wo in Q.

Here we have used the a priori estimate 0 < B; < w < B;, which implies uniformly
parabolicity. Indeed, 0 < < 1 gives us that

Fflw,(1=r)w) <0 ifw>1/min{l,o},

flrw,(1=r)w) >0 ifw<1/max{l,a},
and

glrw,(1—=rw) <0 ifw>1/min{1/k,B},

glrw,(1—=rw) >0 ifw<1/max{1/k,B},

where f(u,v) = (1 —u—av)u and g(u,v) =y(1 — Bu—v/k)v. Since By < wo < By ',
the maximum principle implies that 0 < B; < w < B, with

1 1
By =min< B
! mln{ O’max{l,a}’max{l/k,ﬁ}}’

1 1
B ~1
B —maX{BO 7min{1,a}’min{1/k’ﬁ}}.

By standard Schauder type estimates ([15], Chapter IV, Theorem 5.3), we have

Il

2+u _ < CM .
T (@) h
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Given the solution w, we consider for each y € Q the ODE for the characteristic
starting at y:

X (y,t) = —Vw(X(y,1),t) forO0<t<T,
X(y,0)=y fory € Q.

Since the normal derivative of w at the lateral boundary dQ vanishes, we have that
X(y,t) €9Q for 0 <t < T if y € JQ. In view of the regularity of w, there exists for
each y € Q a unique solution ¢ +— X (y,¢) and the map X : Oy — Q7 is one-to-one and
onto. The smoothness of w implies that ([14], Theorem 3.3 p.21)

HXiHC“(ar) < CM forall i = 1,---,N.

Next we focus on the equation for . By a change of variables based on the
expression for the characteristics x = X (y,7), the transport equation

N rr=Vw-Vr+r(1—r)G(r,w) inQr,
(Pro) _ .
r(x,0) = ro(x) inQ,

reduces to the smooth ODE

{Rt =R(1—R)G(R,w(X(y,t)) for0<t<T, )

R(y,0) = ro(y) fory € Q,

where R(y,t) := r(X(v,1),t). Solet R € C1'(Qr) be the solution of (3). The regularity
of w and X implies that ||I§||C11 0,) < Cu([14], Theorem 3.3). In addition, since

0<r<1inQ,0<R<in Qf.

Before returmng to the original (x,)-variables, we analyze the regularity of the
inverse function X ~!'(x,¢). The map X is invertible in Q7 and the elements of the
Jacobian matrix J(y,z) of X, thatis {(X;)y,(y,2)}, are uniformly bounded in Q7. We
claim that

the elements of the inverse matrix J~!(x,z) are uniformly bounded in Q7.  (4)

By Cramer’s Rule, it is sufficient to prove that |detJ| > ar in Qr for some constant
ar > 0. Below we show that, for all fixed y € Q,

%(W(X( 1),1)]det|) = w(X (y,1),)F (r(X (y;2),2), w(X (y;2),2)) | detJ|.  (5)

We multiply the equation for w by a smooth test function ¢ € C*(Q x [0,T]) with
compact support, and integrate over :

d
dt/ w<pdx—/Q(wt<p+W(pt)dx:/QW(QDt—VwV(p—i—Fq))dx. (6)

Changing variables, x = X (y,7), we have that

/w(pdxz/w\det]kpdy
Q Q
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and
[ = 9wV Foydx= [ widets|(o(X (0.0 + Fp)d.

and (6) becomes

d
< / w|detJ|pdy = / w| detJ| (@ + Fo)dy.
dt Jo Q
Hence
/ (w|detJ|); pdy — / w|detJ|Fody
Q Q

for all test function @ € C*(Q x [0,T]) with compact support, and we have found (5).
Now (4) follows easily. Since

we deduce from (5) that

—(I+a+ (B+1/k)y)Bow(X (y,1),t)|detJ|,

4 >
E(w(X(y,l)J”detJD {g (1 _|_)/)W(X(y’t),t)|det.]|-

The initial condition X (y,0) = y implies that detJ(y,0) = 1 for y € Q, which, together
with Gronwall’s inequality and the uniform bounds on w, implies that there exists a
positive constant ar > 0 such that

0 <ar <|detJ| <ar 'in Qr. (7)

Thus we have proved (4). Hence X ~!(x,#) € C1!(Qy), and the Jacobian matrix of
X~!(x,t) is uniformly bounded in Qy . Differentiating X (X (y,),¢) = y with respect
to time yields

x N, =-vx'.x,=vx'.Vw foreachi=1,---,N.
In particular (X 1), is uniformly bounded in Oy, and
1% erag,) <Cu fori=1,---,N.
Next we transform R(y,7) back to the original variables:
F(x,t) := R(X ' (x,2),1) for (x,1) € Q.

We deduce from the regularity of X~ and R that HF”CU(QT) < Cy;since 0K R 1

in @T,also 0<7<1lin @T.
This leads us to define the map r — w+— 7 =: 7 (r) from the convex set

U = {rec71(0r);0<r<1inQr}

into itself. .7 is compact since C!*'(Q7) is compactly imbedded in cHs (Or).
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We check that .7 is continuous. Let {ry}uen C % converge to r € % in
CH5(Qr) as m — oo. Since {ry }men is bounded in C*Z (Qy), it follows that the se-

quence {wy, }men is bounded in crrm (Qr), and that it converges to the correspond-
ing solution w of problem (P.q) as m — oo. The sequence {Fn}tmen = {7 (rm) tmen
is bounded in C1!(Qy). Thus it converges to the solution 7# = .7 (r) of problem (B, o)
in C*5(Qy) foreach u € (0,1).

Since 7 is continuous and compact, by Schauder’s fixed point theorem ([12],
Theorem 3.2 p.57) it has a fixed point which is a solution of problem (Pq). Therefore,
the function pair (u,v) = (wr,w(1 —r)) is a solution of problem (Pg) in [0,7]. This
completes the proof of Theorem 2.1. O

3. Main result

Before stating the main result we specify what we mean by a solution of prob-
lem (P). We assume that all data satisfy hypothesis H .

DEFINITION 3.1. A function pair (u,v) is called a solution of problem (P) if it
satisfies the following properties:

() u,v € L7 ([0,00); L= (RN)) and u,v > 0 a.e. in RY x (0,0);

loc
(i) V(u+v) € L2 (RN x (0,%0));

loc

(iii) for any test function ¢ € C=(RY x [0,0)) with bounded support

/OOO/RN(M(Pz—MV(M-i-V)-V(p—FM(l —u—ow)Q) = _/RN o9 (-,0), )

/()N/RN(vwz—vV(quv)-V(p+v(l—ﬁu—v/k)(p) = —/RN vo@(-,0). 9)

In the rest of the paper we shall prove that problem (P) has a solution (u,v) and that
the segregation property holds.

THEOREM 3.2. Let hypotheses H be satisfied. Then problem (P) has a solution
(u,v) which satisfies the segregation property (1).

REMARK 3.3. Initial segregation (ugvg =0 a.e. in RM) and the hypothesis 0 <
By < up+vo mean that the initial population densities uy and vo have disjoint supports
and that the populations # and v already are in contact at time ¢t = 0.

We shall prove Theorem 3.2 in the next section. The proof is constructive: let
B, C RN be the the ball of radius n € N centered at the origin; we use Theorem 2.1,
with Q = B,, and smooth initial functions (i, vo,) Which approximate (uo,vo) locally
in RV, to define approximating solutions (u,,v,); finally we pass to the limit n — o.

More precisely, let ug,vo € C3(RY) with 0 < By < ug+vg < Bo~! be such that
the Lipschitz constant of ug + vg is uniformly bounded with respect to x € RY. Then
there exist functions u,,vo, € C*(B,) such that
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(i) Uon,von =0 and 0 < By < ug, +von < By~ ! in By;

(ii) uoy — ug and vo, — vg in LL (RV) as n — oo;

(iii) ug, + von — up+vp in CEOC(RN ) and the Lipschitz constant of ug, + v, is uni-
formly bounded with respect to x € RY and n € N;
(iv) a(u()n + Von)

Iy =0 on 0dB,.

4. Proof of Theorem 3.2

By Theorem 2.1 problem (Pg,), with initial functions ug, and vy, (defined in the
previous section), has a solution (u,,v,). Setting

Wpi=up+v, and r,:= tn
Uy +vy
and
Wy = div (w, Vwy,) + wpF (ry,wy,)  in By X (0,00),
0
wn%:0 on dB, x (0,00),
wn(+,0) = wop := U, + von in B,,.

Let 7,2 >0and n> %+ 1.
Then w,, is a smooth solution of the equation for w in B, 1 X (0,T) and satisfies
the gradient estimate ([15], Theorem 3.1, p. 417)

max _|[Vw,| <C (10)
By x[0,T]

for some constant C which does not depend on n. Let p > 2. By Agmon-Douglis-
Nirenberg type interior L” estimates ([16], p. 175)

ID*WallLo (8% (0.1)) + Wat | Lo (8% (0.7)) < C (11

for some constant C = C(£,T,p) which does not depend on n. By (10), (11) and the
uniform bound on w, in Qr,

Wally21p, w0y SC i >Z+1 (12)

for some constant C = C(Z%,T,p) which does not depend on n. If p > N+ 2, then
ng (B4 x (0,T)) is compactly imbedded into clru (B# x [0,T])
with u € (0,1 —(N+2)/p) ([15], Chapter I, Lemma 3.3). Hence

n e 13
|lw HC1+M~HTH(E%.X[O7T]) "
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By a standard diagonal procedure, there exist a subsequence {wjy } and a function

weWw, 21 (RN % [0,00)) ML, ([0,00); W= (RN)) such that

Wn, — win G HFR2(RN 5 0, c0)) as k — oo (14)

(we have used (10) to conclude that w € L2 ([0,00); WL=(RN))).
The next step is the construction of r(x,#). We shall use the characteristics induced
by the velocity fields b, and b defined by

bu(x,t) := —=Vwy(x,t) in By, x [0,00),
b(x,t) := —Vw(x,1) a.e. in RY x [0,00),
respectively. Since b = —Vw(x,7) is not Lipschitz continuous with respect to x, the

ODE’s for its characteristics

{xxy,t) = —Vw(X(y),r) fort >0, as)

X(»0)=y fory € RV,

are not well defined in the classical sense. Di Perna and Lions ([11]) have generalized
the concept of characteristics if the velocity field possesses only Sobolev regularity:

be L7(RY x [0,00)) N Li ([0,50): W, (RY)).

Below we construct r(x,t) according to their theory.

4.1. Regular Lagrangian flow

Regular Lagrangian flows generalize the concept of characteristics.

DEFINITION 4.1. (Definition 3.1 in [10]) Let b € L=(RY x [0,);RY). A map
@ : RN x [0,00) — RY is a regular Lagrangian flow induced by b if

(i) for a.e. t > 0 we have that [{y € RY;®(y,t) € A}| = 0 for any Borel set A C RY
with |A| = 0;

(ii) the ODE’s for the characteristics,

D, (y,1) =b(P(y,2),t) forr >0,
D(y,0) =y fory € RV,

hold in the sense of distributions: for any ¢ € C*(RY x [0,0); RY) with bounded sup-
port,

Lo @00)- 000 +b(@0u0).0) - o)y = = [ -0
RN xR+
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REMARK 4.2. Condition (i) implies that, given f € L7 (RY x [0,0)), the func-

loc

tion f(®(y,1),t) is well-defined for a.e. (y,#) € RN x [0,0). By time invertibility of
the flow (replace b by —b), the inverse map W(x,t) = ®~!(x,¢) and f(W¥(x,t),t) (with
feL? (RN x [0,))) are also defined for a.e. (x,t).

loc

The organization of the proof is as follows: let x = X,,(y,¢) denote the smooth
characteristics induced by b, (x,7) = —Vw,(x,7). After introducing some more basic
concepts of transport equations, in section 4.4 we show the convergence of {X,}, up to
subsequences, to a regular Lagrangian flow X induced by b = —Vw:

Xy, — X in Lo (RY x [0,00);RY) as k — oo. (16)

We set R, (1) := ry(Xu(y,2),t) for y € RN and ¢ > 0. In section 4.5 we use the ODE
for R,(,-) for each y € RV to construct a limiting function R € L} .(RY x [0,c0)):

Ry, — Rin Li, (R x [0,00)) as k — oo, (17)

Hence we can use the inverse maps ¥, =X, ' and ¥ = X! (see Remark 4.2) to define
the corresponding function in the original variables:

rn(x,1) := Ry (Yu(x,1),2) for (x,7) € B, x [0,00),
r(x,t) := R(Y (x,2),t) forae. (x,r) € RV x [0,00).

In section 4.6 we prove our key result, the strong convergence of 7, :

Fup — 1in L (RN x [0,00)) as k — oo. (18)
This implies the strong convergence of the sequences

Up, = TuWp, and vy, = (1 =1y )Wy,

to their limits and allows us to pass to the limit in the equations for u,, and v,. Hence
the limit function (u,v) is a solution of problem (P) and in section 4.7 we show that it
satisfies the segregation property (1).

4.2. Nearly incompressible velocity field

We need some more concepts from the theory of transport equations. Details can
be found in the review paper [10] by De Lellis.

DEFINITION 4.3. (Definition 3.6 in [10]) We say that a bounded velocity field b
is nearly incompressible if there exists a function n € L(RY x [0,0)) and a positive
constant C such that C <1 < C~! and

n +div(nb) =0

in the sense of distributions.
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Let w, be defined as above, let X, (y,#) be the smooth characteristics induced by
the velocity field b, = —Vw,, and let J,(y,?) be the Jacobian matrix {(Xy)y,}. Let
T > 0 be arbitrary. We set

pn(x,1) = |det(J; 1 (x,2))| for (x,1) € B, x [0,T].
Arguing as in (7),
0 <ar < |detJ,(v,t)| <ar~! in B, x (0,T)
for some constant ar which does not depend on n. Since
I ) = (u(,1))™" and  detJ,(y,7) - det((Ju(y,2)) 1) =1,
it follows that for all n € N

0<ar <p,<ar ' inB,x(0,T). (19)

It is well-known that p,(x,7) satisfies the continuity equation:

{(pn), = div(p,Vw,) in B, x [0,e0), @0)

Pa(x,0) =1 in By,

(see for example [3], Proposition 2.1; it is enough to use the weak formulation of the
continuity equation and to change variables, y = X, !, in the integrals).

Let w be the limit of w,, defined by (14). Along a subsequence p,, converges
weakly* to some p € L*(RY x (0,T)), and, by (14),

pr =div(pVw) in RN x (0,e0),
p(x,0)=1 inx e RV

in the sense of distributions. We will see below that p is uniquely defined so that the
whole sequence p,, converges. Since also

ar <p<ar ' ae inRYx[0,7], (2D

p satisfies Definition 4.3 with b = —Vw, whence b is a nearly incompressible velocity
field. The function p is called the density induced by b.

4.3. Renormalization property

The r, is a smooth solution of the transport equation

Fne = Vi -Vwy 4+ ry (1 —r)G(rp,wy)  in B, x (0,T),
n(x,0) = rop in By,
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or, equivalently (by (20)),

(ruPn)r = div (rn0,Vwy) + purn (1 = 1)) G(ry,wy)  in B, x (0,T),
[Vnpn}()ﬁ()) = 1on in B,,.

By the chain rule, the solution r, also satisfies

B(rn), =VB(rn) - Vwn+ B’ (ra)ra(1 — r,)G(rn,wn) in B, x (0,T),
rn(x,0) = ron in B,

or, equivalently,

(ﬁ(rn)pn)t =div (B(rn)pnvwn) +B/(rn)pnrn(1 - rn)G(rnawn) in B, X (OaT)a
[n] (x,0) = ro, in B,,.

If the transport equation is satisfied in the sense of distributions, we cannot use the chain
rule and we need the concept of renormalization property.

DEFINITION 4.4. (Extended version of Definition 3.9 in [10]) We say that the
bounded nearly incompressible velocity field b with density 1 has the renormalization
property if for all ¢ € L (RN x [0,%0)) and g € L7 (R x [0,0)) such that

(gn): +div(bng) =cn

in the sense of distributions, 3(q) satisfies

(B(g)n): +div(bnB(q)) = cnp'(q)
in the sense of distributions for all 8 € C'(R).

It follows essentially from the results by Di Perna and Lions ([11]) that the
Sobolev regularity” of b, implies that b has the renormalization property. A more
precise reference can be found in [4]: Remark 4.5 on page 1646 explains how to use
the absolute continuity of divb with respect to the Lebesgue measure to obtain the ver-
sion of the renormalization property which we use in this paper (Remark 4.5 treats the
case ¢ = 0, but it can be easily extended to the case ¢ # 0).

4.4. Strong convergence of regular Lagrangian flows

The fact that b(x,r) = —Vw(x,) is a nearly imcompressible velocity field with
the renormalization property makes it possible to apply several results proved in [10].

PROPOSITION 4.5. (Theorem 3.22 in [10]) Let b a bounded nearly incompress-
ible velocity field with the renormalization property. Then there exists a unique regular
Lagrangian flow ® for b. Moreover, let b, be a sequence of bounded nearly incom-
pressible velocity fields with renormalization property such that
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() {b,} is uniformly boundedin L™(RN x (0,);RN) and b, — b strongly in L}
(0,%0):RY);
(i) the densities M, generated by b, satisfy limsup, (|| N |le + |1, ]|-) < oo.

(RN x

loc

Then the regular Lagrangian flows ®,, generated by b, converge to ® in LllOC (RN x
(0,%0);RY).

COROLLARY 4.6. (Corollary 3.15 in [10]) Let { € L™(RN). If b is a bounded
nearly incompressible velocity field with the renormalization property, then there exists
a unique bounded distributional solution § of

& +div(Ch) =0

Moreover, if E is bounded away from zero, so is .

By Proposition 4.5 b = —Vw induces a unique regular Lagrangian flow X (y,7)
and
Xy, — X in L (RN x [0,00)) as k — oo (22)

(due to the local character of the convergence it is not a problem that b, is not defined
in all of RY).

By Corollary 4.6 the density p induced by b is uniquely determined. Therefore,
the convergence of p,, does not depend on subsequences, as was announced before.

4.5. Strong convergence in (y,7)-variables: proof of (17)
In this subsection, we prove (17), that is,

R, —Rin L] (RN x [0,%0)) as k — oo,

loc

The key ingredient is (22), the convergence of the regular Lagrangian flow.
We set .
Wnk(yat) = Wnk(Xnk (y7t),t) for (y»t) € Bnk X R+,

W(y,t) :==w(X(y,1),1) forae (y,r) € RNV x RT.

First we prove that
Wy, — W in Li, (RN x [0,00)) as ny — oo. (23)
Let T,% > 0 and let k be so large that ny > % > 0. Then

JL W)~ WOy < By B
By (0,T)

where

Iy = // Wi, (X, (0,0)5) — (X (7,1),1)|dydlt
B}X OT

I2k —ﬂ "k )’7 )a ) W(X(yat>7t)|dydt'
B}X OT
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Since, by (19), the densities p,, are uniformly bounded in B,, % (0,7) and wj,, and w
are uniformly bounded in Q7 , we have that

Iy < // Wi (6,2) — w(x, 1) |0, (x, )
By i1y %(0.T)

<ar~ // g (6, ) — w0, ) el
Bgpyrep % (0.T)

Hence, by (14), I}y — 0 as k — oo. Since w is Lipschitz continuous in x on By, it
follows from (22) that I,; — 0 as k — . So we have proved (23).
We recall (see (3)) that R,(y,7) := r, (X, (y,2),1) satisfies

Ruy = Ru(1 — R)G(Rw,W,)  in By x R,
Ry (3,0) = ron(y) fory € B,.

We must prove that R,, convergesin L] (RY x [0,)) to the solution R of

{Rt —=R(1—R)G(R,W) inRNxR*,
R(y,0) = ro(y) fory € RN,
Setting
h(s,y;t) = s(1=95)G(s,W(y,1)),  Tu(s,3,1) = s(1—9)G(s, W (1)),
we have that
(Rn, — R): = hi(Ru,y,t) — h(Rny, 1) + h(Ry,,y,1) — (R, y,1).
Observe that

|hnk(Rnk7y7t)_ ( ngr Vs )|_ ( "k)|Wnk(y7t)_W(y7t)|
\Cl‘Wnk(y’t)_W(yJ)':

where i(R) = |(yf — 1)R+ (y/k—a)(1—R)|, and
\h(Ruy,y,1) — (R, ¥,1)| < C2|Ry, —R|.

Therefore
(67C2[‘Rnk _R‘)t < C167C2[| W| C ‘Wnk W|

and

1
Ry, (,1) — R(y,1)| < € |ron, (v) — ro(y)| + CleCZ’/O (W, (30,7) = W (3, 7)|dT.

Since ry, — ro in LIOC( Ny, (23) implies the convergence of R, to R in Ll (RN x

loc
[0,00)) and we have proved (17).
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4.6. Strong convergence in (x,7)-variables: proof of (18)

In this subsection we use the strong convergence of R, (y,f) to prove the strong
convergence of ry, (x,7).

Let Y,(x,t) be the inverse of X, (y,7), that is Y,(X,(y,7),¢) =y in B, x [0,T].
Since Y, is constant along the characteristics X;,, each of its components satisfies the
transport equation

((Y)i)=V(Yy)i-Vw, inB,x (0,T),
(¥)i(x,0) = x; inx € By,

or, equivalently,

{(pn(m,-)t — div ((¥,)ipaVwa) in By x (0,T),
[(¥n)ipn] (x,0) = xi inx € B,

where p, are the densities induced by b,, .
Similarly, we define Y (x,¢) as the inverse of X (y,#) in RY x (0,T). We will show
that it satisfies the problem

{(pYi)t =div(YipVw) inRY x (0,7), 24)

[Yip](x,0) = x; inxe RV,

where p is the density of the regular Lagrangian flow X (y,7) induced by —Vw. The
existence of a solution of (24) follows from the following result.

PROPOSITION 4.7. (Proposition 3.13 in [10]) Assume that b is a bounded nearly
incompressible velocity field and n > 0 be the density induced by b. Then for every
bounded u and M there exists a unique solution of

(nu); +div(unb) =0,
[un](0,) =um.
It follows from Proposition 4.7 that the limit equation has a solution Y, i.e. for

all i=1,...,N there exists a solution Y; satisfying the transport equation (24). The
following result gives us the convergence of ¥, to Y.

PROPOSITION 4.8. (Corollary 3.20 in [10]) Let {b,}, b C L™(RN x [0,00); RV),
{8}, €, {un}y, uc L2(RN x [0,0)) and {@,}, @ C L™ (RY) be such that

(@) £.6>0, 767" € L7 and || Gylleo+ 1160~ o+ [Tl |o» is uniformly bounded;

1

(ii) {b,} and b have the renormalization property and b, — b in L ;

(iil) & +div(Eh) = &, +div (b)) =05
(iv) u, and u are the unique solutions of

{(Cnun)t +div(Gyitnby) =0, {(Cu); +div (Cub) =0,
[Cnun](ao) = Cn('?o)ﬁna [Cu](70> = C(?O)ﬁ
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If &(-,0) —=* £(-,0) in L and @, — T in L, then u, — u in L}

loc”’ loc*

By this stability result for transport equations, ¥, converges strongly to Y in
L (RN x [0,00)) as n — oo.

As we observed in Remark 4.2, Y can be regarded as a backward Lagrangian
flow: starting from (x,7) we follow the flow back to arrive at y at time 1 = 0. Also
the backward Lagrangian flow is regular, in particular the function (x,z) — f(¥ (x,7),t)
belongs to Li> (RN x [0,0)) forall f € Ly (RN x [0,0)).

We set

loc loc

r(x,t) :=R(Y (x,1),t) forae. (x,r) € RY x [0,T),
Fn(x,1) := Ry (Y (x,2),2) for (x,t) € B, x [0,T).

PROPOSITION 4.9. (Extended version of Proposition 3.5 in [10]) Let ® be a reg-
ular Lagrangian flow for the velocity field b with density 1 € LL (RN x [0,e0)) : for all
v € L7 (RY x R*) with bounded support

,1),1)dydt = // t t)dxdt.
//]RNXJRJr y y RNXR+ x )T)(X ) ~

(i) Let § € L*(RN) and ¢ € L”(RY x [0,00)), and let the measure u on RN x R* be
such that for all @ € L(RN x R") with bounded support

/ <p(x,t)du(x,t)=//RNxR+<p(d> +/ d'r)dydt

Then there exists § € L (RN x [0,0)) such that u = £ and § satisfies the
following equation in the sense of distributions:

& +div(Ch) =nc inRN xRt
£(,0)=¢ in RN

(i) If u € L*(RN xRT), w € L*(RN) and ¢ € L™(RN x [0,)) satisfy

u(®(y,z),t —|—/ T)dT  fora.e. (y,t),

then the following equation holds in the sense of distributions:

(nu), +div(unb) =nc in R¥ xR,
[un](-,0)=u inRN.
This result generalizes Proposition 3.5 in [10] to the case ¢ # 0. For the sake of
completeness we give the proof in the appendix.
Applying Proposition 4.9 to
u(x,t) :=r(x,t), b:=—-Vw, n:=p and
C(.X t) = (x7t)(1 - r(x,t))G(r(x,t),w(x,t)),
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we deduce that r is a distributional solution of the transport equation

{(pr)t = div(rpVw) + pr(1 = r)G(r,w) in RN x (0,0), 03)

[rp](+,0) = ro in RV,

Finally, we prove the strong convergence (18) of r,, to r. Recalling that

(pnrn)t =div (”n.OnVWn) +pnrn(1 - rn)G(rnawn) in B, x (ano)a
[rnPn](-,0) = ron in By,

we first prove that
T'n, P, converges weakly to rp as k — oo

and
On, Cn, converges weakly to pc as k — oo,

where ¢, := r,(1 —r,)G(rn,wy) and ¢ :=r(1 —r)G(r,w).
Let ¢(x,7) be a smooth test function with bounded support. Then, by the strong
convergence of R,, and X, as k — oo,

Lo R0 Gty dvar = [[ R0 0dvr
RN xR+ RN xR+

_ / /R o DO dd.

On the other hand, let £ be the weak limit of Tn, P, (up to subsequences). Then
Lo R0, Gy )dydr = [y en)o(n)pn (ea)dxds

_>//RN><R+ E(x,1)(x,t)dxdt

and hence & =rp.
Next, let x be the weak limit of p,, ¢;,, . Taking the limit in

(P )t = div (P P, VWi, ) + Py, (in the sense of distributions),
we find that
(pr); =div(rpVw)+ x (in the sense of distributions).
But we already know that
(pr); =div(rpVw) + pc (in the sense of distributions),

so that y = pc.
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We repeat this procedure, replacing r,, by rﬁk. Since the strong convergence of
2

Ry, implies the strong convergence of R;, ,

L Rne G ndvdr — [[ R0e(X )0y
RN xR+ RN xR+
_ / / PN p(xdxdr,
RN xR+

On the other hand, let E be the weak limit of r,%kp,,k. Then,
2 _ 2
L, Bbne@ ondsar = [[ R g0 rddr

o / /]R o () dxr

Therefore, &€ = r2p and
r,%k Pn, converges weakly to r2p as ny — oo.
Finally we consider
Pug (1o =102 = P, + P — 20,7,

We deduce from the weak convergences above that, for any test function ¢ € C*(RN x
R™) with bounded support,

2 > )
//RNxR+ pnk(rnk —r)e ://RNXR+ ('O"krnk + Pt — ankrnkr)(/’
H// (pr* +pr*=2pr")p =0
RN xR+

as k — oo. Since p,, > ar > 0, this implies that r,, strongly converges to r in
L (RY x (0,0)).

4.7. Solution of problem ( P); segregation property

In the previous subsection we have proved that r,, — r in L2 _(RY x (0,0)). Since

loc
also wy, — w in L2 (RN x (0,%0)), we have that

Uy 7= Py Wy — 1:=1w  in Liy (RN x (0,00)) ask — oo
and
Vg 1= (L= rg )Wy, — = (1—r)w in L (R x (0,00)) as k — oo,

Since (i, , vy, ) is a solution of problem (Pgnk ), we may pass to the limit in the equa-

tions for u,, and v,, to conclude that (u,v) is a solution of problem (P) in the sense
of Definition 3.1.
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The proof of the segregation property (1) follows at once for the ODE for R(y,?).
Initial segregation, ugvo = 0 a.e. in R is equivalent to ro(1 —r9) =0 a.e. in RV. By
the equation for R (see (3)), R(1 — R) satisfies

(R(1—R)), =R(1—R)(1-2R)G(R,W) inRN x (0,c0),
(R(1—R))(»,0)=0 in RV,

Since R and W are uniformly bounded, it follows from Gronwall’s inequality that
R(y,t)(1 —R(y,t)) =0 forall t >0 and a.e. y € RV, whence u(x,t)v(x,t) = 0 for all
t>0andae. x € RV,

5. Appendix: Proof of Proposition 4.9

We proceed as in [10]. For any Borel set A C Q x (0,T), with characteristic
function x4,

= [, .. (0)+ [ c@tnm.a) @i v
< (I +llell=7) ] nx.0ydr

and, since 1 € L', u is absolutely continuous with respect to the Lebesgue measure
and there exists { such that u = (L.

Let y € C°(RY x [0,%)) be a test function with bounded support. We must show
that

(W (x,1) +b(x,1) - Vy(x,1))C(x,1)dxdt

RN xR+
. d dt—/ 7 0)dx.
L. envasdi= [ Teowx.0)dx

By hypothesis, the left hand side is equal to

)+ tC(CD(y,T)J)dT (Wi +b-Vy ] (D(y,1),1)dydt.
o €02+ )

For any y for which Lemma 3.2 in [10] holds

U (O01).0) 4 b(@(0).1)- Ty (@(0).1) = 5 (w(@(3,1),0)

and integrating by parts we obtain that
/ /R N (E(y) + /O t (@, 1), r)dr) (Wi +b-Vy|(D(y,1),1)dydt
-] .. (E(y>+ /O’c@(y,r),r)dr)%(w(op(y,t),z))dydz
= —/Nz(y)ll/(q’(y»o)»o)dy —//N c(D(y,1), 1)y (D(y,1),1)dydt
R RN xR+

_/RNZ(x)ll/()c,O)dx—//]RNXR+ c(x, )y (x, )N (x,t)dxdt.
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This completes the proof (7).

Let u and u be as in (ii). Set Z :=1u and § :=un. For every L™ function ¢ with

bounded support we have that

//RNXRﬂ(XJ)n(x,t)w(x,t)dxdt
B //RNxR+ u(@(y,1),1)p(P(y,2),t)dydt
://RNXW (ﬁ(Y)+/(:c(q’(Y:’)aT)dT><P(d>(y,t),t)dydt,

and the proof follows immediately from (i).

Acknowledgements. M. B. expresses his gratitude to Roberto Natalini for indicat-

ing the review papers [3] and [10] and to Camillo De Lellis for clarifying some issues
related to transport equations. He is very indebted to the European Project FIRST which
has permitted his one-month invitation to the University Paris-Sud 11. H.I. is grateful
to the University Paris-Sud 11 and to the CNRS LIA ReaDiLab for giving him a great
opportunity to stay in France. M. M. is grateful to the Grant-in-Aid for Scientific Re-
search (S) 1814002 and to the Meiji University Global COE Program on Mathematical
Sciences based on Modeling and Analysis for their support.

[1]
[2]

[3]

[4]
[5]
[6]

[7]
[8]

[9]

[10]

[11]

REFERENCES

M. ABERCROMBIE, Contact inhibition in tissue culture, In Vitro, 6 (1970), 128-142.

L. AMBROSIO, Transport equations and Cauchy problem for BV vector fields, Invent. Math., 158
(2004), 227-260.

L. AMBROSIO, Transport equation and Cauchy problem for non-smooth vector fieds, in: Calculus
of Variations and Non-Linear Partial Differential Equations, eds. B. Dacorogna, P. Marcellini, Lect.
Notes Math., 1927 (2008), Springer, Berlin-Heidelberg.

L. AMBROSIO, F. BOUCHUT AND C. DE LELLIS, Well-posedness for a class of hyperbolic systems
of conservation laws in several space dimensions, Comm. Partial Diff. Equ., 29 (2004), 1635-1651.
M. BERTSCH, R. DAL PASSO AND M. MIMURA, A free boundary problem arising in a simplifies
tumour growth model of contact inhibition, Interfaces Free Boundaries, 12 (2010), 235-250.

M. BERTSCH, M. E. GURTIN AND D. HILHORST, On a degenerate diffusion equation of the form
¢(2); = @(zx)x with application to population dynamics, Journal Differential Equations, 30 (1987),
56-89.

M. BERTSCH, M. E. GURTIN AND D. HILHORST, On interacting populatioins that disperse to avoid
crowding: the case of equal dispersal velocities, Nonlinear Analysis TMA, 11 (1987), 493-499.

M. BERTSCH, M. E. GURTIN, D. HILHORST AND L. A. PELETIER, On interacting populations that
disperse to avoid crowding: preservation of segregation, Journal Mathematical Biology, 23 (1985),
1-13.

M. CHAPLAIN, L. GRAZIANO AND L. PREZI0SI, Mathematical modelling of the loss of tissue com-
pression responsiveness and its role in solid tumour development, Math. Med. Biol., 23 (2006), 197—
229.

C. DE LELLIS, Notes on hyperbolic systems of conservation laws and transport equations, Handbook
of Differential Equations: Evolutionary Differential Equations, (2006), 277-383.

R. DI PERNA AND P.-L. LIONS, Ordinary differential equations, transport theory and Sobolev spaces,
Invent. Math., 98 (1989), 511-517.



PARABOLIC-HYPERBOLIC SYSTEM FOR CONTACT INHIBITION OF CELL-GROWTH 157

[12] J. DUGUNDJI AND A. GRANAS, Fixed Point Theory Volume I, PWN-Polish scientific publishers,

1982.

[13] M. E. GURTIN, R. C. MACCAMY AND E. A. SOCOLOVSKY, A coordinate transformation for the
porous media equation that renders the free-boundary stationary, Quart. Appl. Math., 42 (1984), 345—

357.

[14] J. HALE, Ordinary Differential Equations, Krieger publishing company, 1980.

[15] O. A. LADYZHENSKAYA, V. A. SOLONNIKOV AND N. N. URAL’CEVA, Linear and quasilinear
equations of parabolic type, Transl. Math. Monographs, 23, Amer. Math. Soc., Providence, R.I., 1968.

[16] G. M. LIEBERMAN, Second order parabolic differential equations, World Scientific Publishing Co.,

1996.

(Received August 15, 2011)

Differential Equations & Applications
www.ele-math.com
dea@ele-math.com

Michiel Bertsch

Istituto per le Applicazioni del Calcolo Mauro Picone, CNR
Via dei Taurini 19, 00185 Rome

Dipartimento di Matematica University of Rome Tor Vergata
Italy

e-mail: m.bertsch@iac.cnr.it

Danielle Hilhorst

CNRS, Laboratoire de Mathématique, Analyse Numérique et EDP
Université de Paris-Sud

F-91405 Orsay Cedex

France

e-mail: danielle.hilhorst@math.u-psud. fr

Hirofumi Izuhara

Meiji Institute for Advanced Study of Mathematical Sciences
Meiji University

1-1-1, Higashimita, Tamaku, Kawasaki, 214-8571

Japan

e-mail: te08014@isc.meiji.ac.jp

Masayasu Mimura

Meiji Institute for Advanced Study of Mathematical Sciences
Meiji University

1-1-1, Higashimita, Tamaku, Kawasaki, 214-8571

Japan

e-mail: mimura@math.meiji.ac.jp



