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SOLVING A SYSTEM OF NONLINEAR INTEGRAL EQUATIONS
AND EXISTENCE OF ASYMPTOTICALLY STABLE SOLUTIONS

LE THI PHUONG NGOC AND NGUYEN THANH LONG

(Communicated by B. C. Dhage)

Abstract. The paper is devoted to the study of a system of nonlinear integral equations. First,
this system is reduced to a fixed point problem of a nonlinear integral operator and hence we
can give suitable assumptions and using a fixed point theorem of Krasnosel’skii type in order to
obtain the existence of solutions. Next, we prove the existence of asymptotically stable solutions
for the above system. In order to illustrate the results, an example is also presented.

1. Introduction

In this paper, we consider the solvability and the existence of asymptotically stable
solutions for the following system of nonlinear integral equations

x1 (1) = p() + f(t,x1(),x2(1)) + Jo V(t,5,x1(5),x2(5))ds, 0
x2(t) = q(t) + g(t.300 (1), x2(1)) + 57 G151 (5), 32 (s))ds, '

where  €R, = [0,0), p, ¢: Ry —E; f, g:Ry xE?> - E; G:Ry xR, xE?> - E;
V :Ax E? — E are supposed to be continuous, A = {(¢,s) € R, xR, :s <t} and E
is a Banach space.

Nonlinear functional integral equations with bounded intervals or unbounded in-
tervals have been studied extensively by many authors using various methods and tech-
niques. There are many important results about the existence, stability and other prop-
erties of solutions, for example, we refer to [1]-[9], [13]-[17] and the references given
therein.

In the case E = R?, some types of (1.1) have been studied by C. Avramescu and C.
Vladimirescu [2], [3]. The authors have proved the existence of asymptotically stable
solutions to the following integral equations

() :q(t)+f(t,x(t))+/(:V(t,s)x(s)ds+/O[G(t,s,x(s))ds, fER,.  (12)
or

x(t) = q(t) +/O[K(t,s,x(s))ds+/OOOG(t,s,x(s))ds, [ER,, (13)

Mathematics subject classification (2010): 45G10, 47H10, 47N20, 65J15.
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under suitable hypotheses. In the proofs, a fixed point theorem of Krasnosel’skii type
is used, (see [2], [3]).

C. Avramescu and C. Vladimirescu [5] also have proved the existence of solutions
to the following integral equations system

x(t) = JoK (t,5,y (1 ()x(va (1)) ds + Jg F (1,5,x(01 (5)), y(81 ()))ds,

()= Jo Glt,s,3(ka(s)))ds + o H(t,,x(02(s)),(62(5)))ds,0 <1 < T,

(1.4)

where K : A x RY — 9ty (R) is a continuous and bounded quadratic matrix function,
F:AXR®™ RN G:[0,T> xRN = RN, H:[0,T]><xR* - RN, uy, vi, o1, 61,
Uz, 02, 6,:[0,T] — [0,T], are continuous and bounded functions. By using the fixed
point theorem of Krasnosel’skii, the authors stated and proved an existence result of
solutions for a system of type

{x :Al(x7y) +Bl(x7y)a
y=42(y) +Ba(x,y)
and (1.4) is the application of this result, (see [5]).

Also applying a fixed point theorem of Krasnosel’skii type and giving the suit-

able assumptions, Dhage and Ntouyas [7], Purnaras [16] obtained some results on the
existence of solutions to the following nonlinear functional integral equation

(t) o)
X0 =)+ [ K9 sxO)ds+ [ vie,s)gls,xn(s)ds, 1 € 01]
(1.5)
where E=R, 0< u(t) <t; 0<o(t)<t; 0<0(t) <t; 0<n(t) <t, forall t €[0,1].
Purnaras also shows that the technique used in [16] can be applied to yield existence
results for the following equation

e

D)
X(0)=g(0)+ [ k(e,5)/(s.x(8()ds

()

0. o(s)
+//3(t) k(t,s)F <s7x(V(s)),/ kos7v,x(n(v)))dv> ds,t€[0,1]. (1.6)

0

In case the Banach space E is arbitrary, recently in [13], [15], we also have proved
the existence of asymptotically stable solutions to the following integral equations

x(t) =q(t)+ f(z,x(2)) + /Ot V(t,s,x(s))ds+ /Ot G(t,s,x(s))ds,t € Ry, (1.7)

or
x(1) :q(t)+f(t,x(t))—l—/OIV(t,s,x(s))ds—F/OMG(t,s,x(s))ds,t ER,, (18)

by using the fixed point theorem of Krasnosel’skii type as follows.



A SYSTEM OF NONLINEAR INTEGRAL EQUATIONS 235

THEOREM A. [13,L. T. P. Ngoc and N. T. Long]

Let (X,|-|,) be a Fréchet space and let U, C: X — X be two operators. Assume
that

(i) U is a ky— contraction operator, k, € [0,1) (depending on n), with respect to
a family of seminorms ||-||,,

(i) C is completely continuous;

(iii) lim Sk =0 vaeN.

|x|n_>°° ‘ ‘

Then U + C has a fixed point.

By choosing suitable spaces and establishing corresponding operators in the Fréchet
space, also applying Theorem A, we improve the existence results of (1.7) and (1.8) for
(1.1), in which the given functions satisfy conditions specified later. The results are
obtained by combination of the arguments in [13], some techniques in [2], [3] with
appropriate modifications and the arguments of density as in [15].

It is known that the space of continuous functions on a noncompact interval cannot
be organized always as a Banach space, but it can be organized as a Fréchet space if we
use suitable seminorms and define the corresponding metric [see [1] - [6], ([18], p.32,
p-52)1.

The paper consists of four sections. First, in section 2, the system (1.1) is re-
duced to a fixed point problem of a nonlinear integral operator and then we prove
the existence of solutions. Next, in section 3, we prove the existence of asymptoti-
cally stable solutions. Remark that in order to obtain this result, here we need not the
condition V(¢,s,0,0) =0, for all (¢,s) € A as in [13], [15]. Finally, section 4 presents
an illustrated example.

2. Existence of solutions

Let (E,|-|z) be a Banach space. Then E? = E x E is also a Banach space with
the norm || defined as follows

lu| = Jut|p + 2|, w= (ur,u) € E2.

Let X = C(R;E?) be the space of all continuous functions on R, to E? equipped
with the numerable family of seminorms

[l = sup |x(1)], n=> 15 x(0)] = () |g + P2 (0) g5 x = (x1,%2) € X.
+€[0,n]

Then (X, |-|,) is complete in the metric
Z —n |x y|
T+ x—yl,

and X is the Fréchet space (it will be proved in the appendix).
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Consider in X the other family of seminorms ||-||,, is defined as follows
|lxll,, = lxly, + x|, , n €N,

where
|xl,, = sup [x(#)], |x],, = sup e (1)),
1€[0,7] 1E€[Yn,n]

¥, € (0,n) and h, > 0 are arbitrary numbers, which is equivalent to |x|, , since
e MmO x| < |x||, < 2|x|,,Vx € X,VneN.

We make the following assumptions.

(A1) p, g€ C(Ry:E);

(Ay) There exists a constant L € [0,1) such that Vx = (x1,x2),y = (y1,y2) € E?,
forall r € Ry,

L L
‘f(t7x17x2)_f(tayl7y2)|E < 5 ‘X_Y‘a\g(t,xl’x2)—g(fa}’1,}’2)|E < §|X—y|;

(A3) There exists a continuous function @; : A — Ry such that for all (z,s) € A,
for all x = (x1,x2),y = (y1,y2) € E2,

‘V(I,S,Xbxz) _V(tﬂsaylay2)|E < wl(t,S) |x_y|7

(A4) G is completely continuous such that for all bounded subsets 11, I of R
and for any bounded subset J of E2, for all &€ > 0, there exists & > 0, such that
Vi1, h €1,

t1 —1a] < & = |G(t1,5,x1,x2) — G(t2,8,X1,X2)|p < &, Vs € I, Vx = (x1,x2) € J;
(As) There exists a continuous function @, : Ry x Ry — R such that for each
bounded subset I of R,
/ sup @ (z,5)ds < oo,
0

tel

and
G(t,5,x1,%2) | < 0a(t,s), V(t,5) €I xRy, Vx = (x1,x2) € E%.

THEOREM 1. Let (A1)-(As) hold. Then the system (1.1) has a solution on R .

Proof. The proof consists of four steps.
Step 1. In X, we consider the system

xi (1) = p(t) + f(t,x1(6),x2(6)) + oV (2,5,x1(s),x2(5))ds,
2.1

x2(t) = q(t) +g(t,x1(2),x2(2)), t € Ry

We have the following lemma.
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LEMMA 1. Let (A1)-(A3) holds. Then the system (2.1) has a unique solution

£=(61.6), § €C(Ry,E?).
Proof. We rewrite (2.1) as follows
x(t) =®x(t), t e Ry,
where
Ox(t) = (Pyx(t), Pyx(r)), x = (x1,%2) € X = C(R4;E?),
@x(1) = p(t) + f(t,x1(1),%2(1)) —|—/OtV(t,s,x1 (s),x2(s))ds,
Oox(1) = q(t) +g(t,x1(1),x2(1)), 1 € Ry
By hypothesis (A3),(A3), forall x = (x1,x2),y = (y1,y2) € X, we have
DOux(t) = Pry(r) = f(t,x1(2),%2(2)) = f(2,y1(2),y2(2))
+ [ V501 0)22060) = V(53103261 s,
|P1x(t) = Pry(t)|p < [f(1,21 (), x2(2)) = f(£,31(2),32(1)) |

+ [ 1V Es09)020) = Vit (5)32(6) | ds

<SR =01+ [ 01(05) () 305l as.

Let n € N be fixed. For all ¢ € [0,7,], with ¥, € (0,n) chosen later, we have
L 1
[@1x(t) = Pry(t)]p < 5 |x(t) = ()] +/O o1 (7,5) [x(s) — y(s)| ds

L N L ~
<§|x_y|yn+anln|x_y|yn: E""anln |x_y|yn7
where
@1y = sup{w(t,s): (t,5) € An}, An={(t,s): 0< s <t,0<t <n}.

On the other hand, we also have

[ax(r) = @2y(0)] = [g(e,1 (1), 2(0) ~ g(e.31(1).32(0)
L L
< Sk -0 <5

) |x_y|y,,

for all # € [0,7,]. Hence
|Dx(1) — @y(t)| = |P1x(1) — Py (1) | + [P2x(t) — Doy (1)
L N L
< 5"’}/"(01" |x_y|yn+§|x_y|yn

= (L—F’)/nd)ln) |x_y|'yn7 re [O’YH]
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So
|‘I)x (I)y|y (L+ yﬂmln”x y|yn

For all 7 € [y,n], similarly, we also have

@1x(r) = @1y(0)lp < 5 )~ 3(0)] + B, /0 " lx(s) ~5(o)lds

+a)1n/ |x(s) —y(s)|ds
L » - 1
< 5 () =y(O)[+ 1 Bua lx = yly, + Br ; [x(s) = y(s)|ds.
Hence
|@x(2) = Dy (1) = [P1x(1) = D1y (1) + [ P2x(t) — Py (1)l
L » - 1
< 5 () =) [+ 1 Bua v = yly, + Br ; [x(s) = y(s)|ds
L
+ 210~ y(0)
1
S LIx(t) = ()| + 1a@in [x =y, + @1a [ [x(s) = y(s)|ds.
"
By the inequality

0< e~ hn(t=m) <1, Vre [Yn,"]a

with &, > 0 is also chosen later, we get
| @x(r) — Dy(r) e M) < L|x(r) = y(e) | e ) 4oy -,

t
+ (‘blne—hn(t—)/n) |x(s) —y(s)|ds
Y
< L|x_y|hn + yn(bln |x—y|’y"
t
+ @1, |X(S) — y(s) | e~ m(s=1) ghn(s=1) g6
Tn

< LIx =y, + @i [x =1, + @1 lx — y|h/ nls—1) g
Ta

=L|x =y, + %O |x =y,

n (1 _ehn('yn*t))

~ o
< Llx=yly, + 1 ®1n |x_y|'yn + o - b=yl
n

:'Yn(bln|x_y|yn+< h )'x y|h,1'

Hence

0= sl < bl + (L4 5 ) vl



A SYSTEM OF NONLINEAR INTEGRAL EQUATIONS 239
Consequently,

| @x— ]|, = |x— Dy, +|dx— Dy,

~ ~ (bln
<(L+’ynw1n)‘x_y‘yn—’_’ynwln‘x_y‘y,,—’_ L+ h |x_y|hn

d)ln
hn

< (L4 208) ], + (L+ ) =yl < Lo =l

where L, = max {L+ 2y, L+ G}
Choose ¥, and h,, such that

201,

(bln
d h —
JZ} an n > A

O<yn<min{

then we have L, < 1, so @ is an L,-contraction operator on X with respect to the
family of seminorms ||-||,. Based on the Banach contraction principle in an arbitrary
Fréchet space, [see ([1], p.8), ([4], p-475), ([5], p-185)], we have the following lemma
and the proof will be presented in the appendix.

LEMMA 2. Let (X,|],) be a Fréchet space and let @ : X — X be an L, -contraction
on X with respect to a family of seminorms ||-||, equivalent with |-|,. Then ® has a
unique fixed point in X.

Remark 1. The existence of a fixed point in Lemma 2 can be also obtained from
Theorem A especially when Cx = 0 for all x € X (C is null-operator).
Applying Lemma 2, there is only a function £ € X such that

E(1) = BE(r), 1 € R,
Hence, Lemma 1 follows. [

By the transformation x; = y; + &, xo» = y, + &, we can write the system (1.1)
in the form

N0+ 610 = ple) + £ (0) + E1(0)32(0) + E2(0)

+ [ VEsn )+ 662206+ &)
alt) + Eale) = a(0)+ 61 (0) + E1(0)32(0) + £2(0)

+ [ 65316+ E(9).32(9)+ &),

or
y(t) =Uy(t) +Cy(t), t € Ry, (22)
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where

y=1,32), Uy(t) = (Uiy(1), Uay(t)), Cy(t) = (0,Coy(1)),

Uy(t) = p@t) + f(t,31(1) + &1(2),y2(2) + & (1)) — &1 (2)
+ oV (t,5,y1(5) + &1 (s),y2(5) + & (s) ds,

2.3)
Uay(t) = q(t) +g(t,y1(t) + &1 (1), y2(1) + Ea(1)) — &a(2),

Coy(t)) = Jo G(t,8,y1(5) +81(5),y2(s) + &a(s))ds,t € Ry

Step 2. The operator U is a k,-contraction, k, € [0,1) (depending on n), with re

spect to a family of seminorms ||-||, in which ¥,, h, are chosen suitably, ¥, = %, by =
h,, as below.

Indeed, fixed an arbitrary positive integer n € N.

For all 7 € [0,%,], with %, € (0,n) chosen later, we have

Uiy(e) = Ui3(6) = (631 (6) + E1(0), 72 (6) + Ealt)) — £ (1,51 (6) + E0(0),5(0) + Ex(0))
# [ Vi) +E1(9).3206) + &a5))ds
— [ Vl5516) + 800).5200) + &)

= (1) + E@) — £E.50) + E@D))

+ [ 05206) + E0)s—V(ns.365) + )] ds

SO

- L
U0 = 01310 < 500 =501+ [ 01(0.5)v(5) —5(6)| s

5+ (bwn) v =35, o4

N

For short, we can write

FEy1(0) +81(0),y2(0) + Ga(1)) = f(2,3(1) + 8 (1)),
gt y1 () +81(1),32(1) +&2(1)) = g(1,3(1) + £ (1)),

and it is similar to the other functions. On the other hand, we also have
[Uay(t) — Ua§(1) | = [g(t,y(1) + & (1)) —g(#,5(1) + &(1)) |
< Z ) -5 < Sy -3l 2
) y y ) Y=Y
for all 7 € [0,%,]. This implies that
[Uy(#) = U3(1)| = [Ury(t) — Ur3(t) | g + [U2y(t) — UaF(2) |

L . o L,
< <§+w1nYn> =35, +5 =3l
:(L+(Dln§/\n)|y_.)~)|%'
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Hence
Uy = US$lg, < (L4 @1a¥n) [y — S, - (2.6)

For all ¢ € [,n], similarly, we also have

U0 = Uis0)]g < 5 bl0) =500)|+ @, /0 " o) - 5(5)l s

+ @1 / ly(s) —3(s)| ds (2.7)
L 5 . o 3
5 () =3O+ %aorn |y =35, + i A [y(s) —9(s)|ds.

On the other hand, we also have

y(1) = 5(1)] -

STl

Uny() — Uni(0)] <
We deduce that
UY(E) — US(0)| = [Ury(e) — Ur5(0)| -+ [Uy(r) — Ui ()
< 2 ()~ 50| + Ty |y—)7|7

+ Bun ?’|y<s> ()] ds-+ 5 y(0) - 50)

SLIy() =50+ Yura |y —ily,,

13
+(Dln N |y(S) _.)N)(S)|ds7VI S [i/\n,l’l] (28)
T

By the inequality i
0< o (=) <LVre [)A/n»nL

in which ﬁn > 0 is also chosen later, we get
Uy(t) — UF(t)] e ")
< LIy(e) =50 e ) 4 @y |y — 515,

: S
+ @1 [ |y(s) = 3(s)[e MM ds
o

t /\
<Lly=3l; + @t |y—y”|%+d>1n/A 1 (s) — §(s)| & (=) als=1) g
a
r o~
<Ly =3l + @ |y_y|7n+(bl”|y_)~]|ﬁn/; nls—1) g
a
~ ~ o~ N N 5 1 ~
=Lly—3l; + ®uhly =5l + ®uly -5l g_(l — i)
n

< ndoly =3l + (L Z2) b3, 2.9)

n
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We get

Uy~ Usty, < Gl + (L+ 22 ) =31, 2.10
Combining (2.6), (2.10), we deduce that
Uy - Ujl|, = |Uy—Usl,, + Uy - Ujl;
< (@t Dl =3l + Bl 3l + (L 2 b5l

~ ~ ~ d)ln ~ T ~
S (L+20u07) Iy — 35, + (L+ E_> =30, <kaly =3,

n

where k, = max {L+2(Z)1n57,,7L+ (%’1" } Choose
~ . (1—-L ~ 0]
0<yn<m1n{m,n} and b, > T2 (2.12)

Then we have k, < 1, by (2.11), U is a k,— contraction operator with respect to a
family of new seminorms ||-||,, .

Step 3. We show that C : X — X is completely continuous. It is obviously C :
X — X is completely continuous if and only if C; : X — X; = C(R4;E) is completely
continuous. We first show that C, is continuous.

For any yo € X, let {y,} be a sequence in X such that ,,?Elo Ym = yo. We recall

that
lim y,, = yo in X if and only if lim |y, —yo|, =0,
m—soo M—so00

ie.
lim sup |ym(t) —yo(t)| =0,¥Yn € N.

M= 1e(0,n]
Let n € N be fixed. For any given € > 0, because of

/ sup ap(z,5)ds < oo,
0

t€[0,n]

there exists 7, € N, such that

1 oo

w(t,s)ds </ sup wy(t,s)ds < %, vt € [0,n]. (2.13)

Tn Ty +€[0,n]

Put
K= {((ylm +€1)(S)’ (y2m +€2)(5)) S [O,Tn], me Z+}.

For short, we can write

K={(m+E&)(s):s€[0,T,], meZ,}.
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We have K is compact in E2, since

sup [(ym+8E)(s) — o+ E)(s)| = sup |ym(s) —yo(s)]
s€(0, Tp,] s€(0, Tp)]
= [ym —yoly, =0 asm — oo.

In detail, let {(y»; +&)(s;)}; be asequence in K. We can assume that there exists
a subsequence of {s;};, denoted by {s;};, such that

lims; =50 and limy,; +&=y+&.
Joo

J—roo
‘We have

| Omy +&)(57) = (o + &) (s0) | < | Gomy +E)(s57) = (o +E) ()]
+[(0+&)(sj) = (o +&)(s0) |
< [ymy = ol + [0 +E)(s7) = o+ &) (s0)

)

which shows that
}gg(ym, +&)(sj) = (vo+&)(so) in E2.

It yields K is compact in EZ.
For € > 0 be given as above, by G is continuous on the compact set [0,7] x
[0,T,] x K, there exists 6 > 0 such that forevery u, v€ K, |u—v| <9,

|G(t,5,u) — G(t,s,v)|p < V(t,s) € [0,n] x [0,T;].

€
4T,’
By

S[up ]I(ym+§)(S)—(yo+§)(S)l = [ym —yolz, =0 as m — oo,
s€l0, T,

there exists mq such that for m > my,

[m+E)(s) — (yo+8) ()] < 8, Vs € [0, T,)].

This implies that for all 7 € [0,n], for all m > my,

|Coym(t) — Cayo (1) | < /OT Gt,5,(ym+6)(5) = G(t,5,(vo+&)(5)) | g ds

©° & & €
2 tS)ds<T,—— 425 =&
+2 ), @t9)ds <Tagm 42 =73,

so sup |Coym(t) —Cayo(t)|p < €, for all m > my, and the continuity of C; is proved.
t€[0,n]
It remains to show that C; maps bounded sets into relatively compact sets. Let us
recall the following condition for the relative compactness of a subset in X.
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LEMMA 3. Let C(Ry;E) be the Fréchet space defined as above and A be a subset
of C(Ry;E). For each n € N, let C([0,n];E) be the Banach space of all continuous
functions u : [0,n] — E with the norm

sup |u(t)|p and A, ={x[jp,) :x €A}
t€[0,n]

The set A in C(R4;E) is relatively compact if and only if for each n € N, A, is
equicontinuous in C([0,n];E) and for every s € [0,n], the set A,(s) = {x(s) : x € Ap}
is relatively compact in E.

This condition was stated in [11] and was proved in detail in [13]. The proof
follows from the Ascoli-Arzela’s Theorem, (see [12], p.211). O

Now we continue with the proof. Let Q be a bounded subset of X = C(R;E?).
We have to prove that for n € N:
(a) the set (C2€2), is equicontinuous in C([0,n];E),
(b) forevery t € [0,n], the set (C2Q),(t) = {Cayljp,(t) : y € Q} is relatively compact
in E.

Let n € N be fixed. Consider any € > 0 given. Then, there exists 7, € N (7, is

big enough) such that (2.13) is valid.
Proof of (a). Forany y € Q, forall 1;, t, € [0,n], by (As),

|Cay(t1) — Coy(t2) | < /OTH |G(t1,5,(y+E)(s)) — G(t2,5,(y + &)(s))|pds
+/°°(w2(z1,s)+w2(z2,s))ds. (2.14)
Tn

According to (2.13), (2.14) and (A4), (C2Q), is equicontinuous on C([0,n];E).

Proof of (b). Let {Cayk|jo,n(t) }x, Y& € Q, be a sequence in (C2€2),(t). We shall
show that there exists a convergent subsequence of {Cayx|(o, (¢) }&-

Put S={(y+&)(s):y€Q, s€[0,T;]}. Then S is bounded in E2. Since G is
completely continuous, the set G([0,n] x [0,T;,] x S) is relatively compact in E. Let
0=0n [0,T,] be the set of rational numbers in [0, 7,]. Then 0 is countable and has
form Q = {sn}.

For m = 1, the sequence {G(t,s1,(yx+&)(s1))}, belongs to G([0,n] x [0,T;] x
S), that is relatively compact in E, so there exists a subsequence of {y;}, denoted by
{y,El)}k, such that

{G(t,sl, (y,({l) + 5)(51))}k converges in E.

For m = 2, similarly, there exists a subsequence of {y,(cl)}k, denoted by {y,(cz)};<7
such that

{G(t7sz, (y,(cz) + é)(sz))}k convergesin E.
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Therefore, for all m € N, by induction, we can establish a subsequence {y]({mﬂ)}k

of {y,(:")}k, such that

{G(t,sm+17 (yl(cm+l) + é)(sm+1))}k converges in E.
Put z; :y]({k). Then {z }« is a subsequence of {yi }x and {G(t,sm, (zx + &) (sm)) 14

converges in E, for all s, € Q. Then, there exists kg > 1 (only depening on €) such
that for all k, [ > kg,

Gt 5 (5 + €)(5m) = Glt,5ms (@1 +-E)(sm)) | < o forall sy 0 (2.15)

For each s € [0,7,], there exists the sequence {s;}, sm € 0, m=1,2,..., such
that lim s, = s. By the continuity of the functions G, &, z;, z;, passing to the limit
m—oo

in (2.15), we obtain that for all k, [ > ko,
G(t,s,(z+E)(5)) — Gt,s,(z+8)(s))|p < g7, forall s € [0, T;,]. (2.16)

It follows that for every ¢ € [0,n], for all k, I > ko, we have

|Cozi(t) = Coz (1) | < /OT" Gt,s, (2 +6)(5) = Glt,5, (21 + ) (s) g ds

+/: G(t,s,(zx +E)(s)) — G(t,5, (1 + &) (5))| g ds

< i + 2 <&
T8 8 T
It implies that {Cozt[jo,(#)}+ is the Cauchy sequence in the Banach E, the con-
vegence of {Cozi|j,(#)}x follows. Note that {Cozi|jo(¢)} is a subsequence of
{Coyilj0,0 () }&- Then, (C2Q),(¢) is relatively compact in E.
In view of Lemma 3, C;(Q) is relatively compact in C(R4;E). Therefore, C, is
completely continuous. Step 3 is proved.
Step 4. Finally, we show that Vn € N,

lim 19k —o.
pla—oe Pl

By the assumption (As), for all 7 € [0,n], we get

OO = 120l < 160504+ ) s
g/owa)z(t,s)dsg/om sup wy(t,s)ds < eo.

t€[0,n]

It follows that .
Coly= sup [C3(0)}, < [ sup n(e,5)ds <=

t€[0,n] t€[0,n]
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and then
Yl _
Wa—ee Y],

By applying Theorem A, the operator U + C has a fixed point y in X. Then
the system (1.1) has a solution (x1,x3) = (y1 + &1,y2 + &) on Ry. Theorem 1 is
proved. O

3. The asymptotically stable solutions

We now consider the asymptotically stable solutions of (1.1) defined as follows.

DEFINITION 1. A function x is said to be an asymptotically stable solution of
(1.1) if for any solution X of (1.1),

lim |x(¢) — x(t)] = 0.

[—o0

In this section, we assume (A)-(As) hold.

By Theorem 1, the system (1.1) has a solution on R. On the other hand, if x is
a solution of (1.1) then, as step 1 of the proof of Theorem 1, y = x — & satisfies (2.2).
This implies that for all € R,

(@) < |Uy(@)]+[Cy()], (3.1)

where Uy(t), Cy(t) asin (2.3). Using (A;)-(A4) and note that

&)= p0)+ FE0OE0)+ [ V060, 6)ds
&(0) = (1) + 8(0.£1(0).8200)).

we obtain for all r € R,

Uy (@)l < [f£E1() +81(1),y2(8) + &2(2) = f(1,81(2),&2(1)) |
+/0 V(t,5,1(5) + &1 (5),y2(5) + &a(s)) = V (2,5, 81 (s), G2 (s)) p ds

L 1
<SbOl+ [ oit9)b(s)lds
and

U2y (1) g = lg(t,y1(1) + E1(1),y2(1) + &2(1)) — 8(1,61(1), S2(1)) [ < 5 [v(0)]-

It follows that

Uy(@)| = [U1y(@) | + U2y ()| < LIy(0)[+ /Ot @1 (1,5) [y(s)|ds, (3.2)
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Combining (3.1), (3.2) and (As), forall 7 € Ry,

MOL<LYO+ [ 0s)lyo)lds+ [ onfes)ds.

It follows that

1 !
O < 7= [ @1Ely()ids +al),
- 0
where

a(t) = li—L/ONa)z(t,s)ds

Using the inequality (a+b)? < 2(a*+b?), Va,b € R, we get

YOP < g5z [, @iesids [ v(o)Pds+2220),
If we put
V(@) = ()P and bt 1_ / W2 (1,5)d
then (3.3) is rewritten as follows

W(t) < () /0 "(s)ds+222(0).

By (3.4), based on classical estimates, we obtain

W(OR = v(t) < 2d%(0) + 2b(1) /O "2 (s)exp ( / tb(u)du) ds, Vi € R,

Then we have the following theorem about the asymptotically stable solutions.

THEOREM 2. Let (A1)-(As) hold. If
lim [a2(t) +b() /0 "2 (s)exp ( / ’ b(u)du) ds} o0,

a(t) = I_L/a)zts)ds and b(t a—ne /wlts

where

247

(3.3)

(3.4)

(3.5)

(3.6)

3.7

then every solution x = (x1, xp) of the system (1.1) is an asymptotically stable solution.

Furthermore,
lim |x(t) —&(t)] =0,

f—o0

where & is a unique solution of (2.1). O
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Remark 2. Assume that there exist functions a, B;, B, € C(R4;Ry), such that

{an (1,5) < Ca(t)Bi(s), @(t,5) < Cat)Bals), limer(r) =0,
Jo 0*(t)dr < oo, 5" Bi(s)ds < oo,

with C always indicating a constant independent of ¢, s. Then (3.6) holds. Indeed, by
(3.7), (3.8), we obtain:

(3.8)

at) = ﬁ / " on(t,s)ds < %Ca(z) / " By(s)ds < Crax(t), (3.9)
2
= /wl L) < / B2(s)ds < C1o2(1),  (3.10)

and

b(1) /0 " 2(s)exp ( / tb(u)du) ds < C2o2(1) /0 "o (s)exp ( / o az(u)du) ds
— C2al(1) [exp (/Otclaz(u)du) - 1]
2(1) exp ( /0 “a a2(u)du)

< Const.0%(1). (3.11)

Hence

a®(t)+b(t) Jya*(s)exp ([ b(u)du)ds < Ca?(t) — 0, as 1 — oo. (3.12)

4. An example

Let us give an illustrated example for the results obtained as above.
Let E =C([0,1];R) be the Banach space of all continuous functions « : [0,1] — R

with the norm
ul| = sup |u(n)|,u€cE.

SNs

Then, forall x € X =C(Ry;E), forany t € Ry, x(¢) is an element of E and we denote
x(6)(n) =x(t,m),0<n < L.
Consider (1.1) in the following form:
x1(t) = p(e) + f(t,x1(0),22(0)) + Jo V(2,531 (5),x2(s))ds,

x(t) =q(t) +g(t,x1(t),x2(2)) + Jo” G(t,5,x1(5),x2(s))ds,

where p, g, f, g, V, G, are the continuous functions given respectively as follows:

4.1
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(i) function p : R — E, defined by

—ki—ky+e ¥

- — 2o<n<l, >
o)) =pe.m) = (LS e o< <1

with kj, ky are given constants such that || < 1/2, |k| < 1/m;
(i) function g : Ry — E| defined by

o)) =atem) =~ 52

,0<n <1, 20,

with ki, ky are given constant such that |k;| < 1/(4x), k| < 1/2;
(iii) function f: R, x E? — E, defined by

k; T
_ —2t 2 2 (7
Flosun,u2) (1) = ke g ()] + =™ sin (56 o)

for0<n <1, (f,u,ur) € Ry x E2.
(iv) function g : Ry x E>? - E,

o) (1) = 5 cos (e + M () ) + s )

for 0 <N < 1,(t,u1,up) € Ry x E2.
(v) Function V:Ax E2 — E, A={(t,s):0<s<t, t >0},

4o

m {sin(n(e5+n)u1(n)) + sin (g(ezﬂ—n)uz(n)) }

V(t7s7ulau2)(n) =

for 0 < n <1, (t,5,u1,uz) € AxE>.
(vi) Function G: R? x E? — E,

672.\'

Gt s,m,u) () =

for 0<n <1, (f,5,u1,u2) € RZ x E%.

We will prove that (A;)-(As) hold. The proofs of (A1) is easy and hence, we omit
the details. The condition (A;) holds, since for all u = (uy,us) € E?, i = (i, iiy) € E?
and r > 0,

_ . 4 _
Lf s u2) = £(2, i, @) || < [l e = | + 5 ko luz = iz

L ~ ~
<3 [[[oer — iy || + [|uz — ii]]
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and
gt ur,uz) — g(t, a0y, i) || < 27 |ky | ||y — iy || + |ka | (|2 — it |
L
< 5 [l =+ fluz = 2]
in which

0< s =max{lta], 3 ko, 2 [k |, [ka]} < 3.

Assumption (A3) holds because for all (u1,uz) € E2, (ii1,i;) € E? and (t,s) € A,
vn € [0, 1], we have:
|V(I»S»”17”2)(77) _V(t7s7ﬁlvﬁ2)(n)‘ < ml(t7s) [Hul - ’ZIH + Hu2 _’12” ]
in which @ (z,s) = 8me™" 2.
Assumption (A4) is also fulfilled, the proof is as below. First, we show G : Ri X
E? — E is continuous. For all (,s,u;,u2), (7,5,i1,i) € R3 x E?, we have
HG(tvSaulaI'Q) - G(f7§aﬁ17ﬁ2>H < 4[|S—5~'| + ‘t_ﬂ]
T s ~ S S\
+§[(€' + D)lur — ||+ e — €[ ]

T ~ S~
+ 5 [ + Dllua = ]| + (e = ¥l |2] ]

Hence the continuity of G is proved. Next, we show G : Ri x E? — E is compact. Let
B is bounded in R% x E2, we have

HG(Z,S,Mth)H < ah(tas) = 26_2t_2s <2=M, v(t7s7u17u2) €B,

it implies that G(B) is uniformly bounded in E. For all 1y, 1, € [0,1], for all
(t,s,u1,up) € B, we have

—2s5 ‘n2_n1|
(e +m) (e +m)
<2 M —mil,

|G(t,s,u1,u2)(N1) — G(t,5,u1,u2)(M2)| < 2e

consequently G(B) is equicontinuous. Finally, for all bounded subsets Ij, I, of R
and for any bounded subsets J of E2, for all € > 0, there exists § > 0, such that

Vit €1, | — 1] < 8 = ||G(11,s,u1,uz) — G(f2, s,u1,u3) || < €,
for all (s,u1,up) € I x J. We get the above property since

‘62/2 _62/1 |

—2s
(22tl+n)(€212+n)e g 4|t1 _t2|7

‘G(Ihs;ulauZ)(n) - G(IZaSaul7u2)(n)| <2

vn € [0,1], Vi, th €L, V(s uy,up) €L X J.
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Assumption (As) is also clear since V1 € [0, 1], V(¢,s) € I x Ry, Y(u1,up) € E?,
we have:

De —2s oo
G(t,s,ui,u < <2777 = wolt,s), / supas (¢,5)ds < 1 < oo.
G(t,5,u1,u2)(1)] < 2 S (t,s) A teywz( )

On the other hand, the condition (3.8) is satisfied. Indeed,
oy (t,s) = 8me " < Ca(t)Bi(s), w(t,s) =222 < Ca(t)B(s),
where o/(t) = e~ and B;(s) = Ba(s) = e~ %, in which

limo(r) O/ dt<oo/B1 )ds < eo.

f—o0

We conclude Theorems 2 holds for (4.1). For more details, we can compute to
assert that x = (x|, x;) : R, — E?, with

xi(t) () =xi(t,n) = 7. VN €(0,1],i=1,2, (4.2)
is the solution of (4.1). Furthermore

lim (Jlxy ()| + [lx2(2)[]) = lim (™" +e7) =0.

So, it is clear that x(r) =0 and x as in (4.2 ) are asymptotically stable solutions of
4.1).

5. Appendix.

1. Let (E, |-|) be a Banach space. Let X = C(R;E) be the space of all continu-
ous functions on R to E equipped with the numerable family of seminorms

x|, = sup |x()], n€N, x€X.
t€[0,n]

Then (X, |-|,) is complete in the metric
Z 2—n |x y|
I+ [x =,

and X is the Fréchet space. Indeed, we need show that every Cauchy sequence {x;} of
X converges to a point of X. We only prove that

lim d(xg,x;) =0<= lim |xx—x,],=0,VneN.
k, h—o0 k,h—so0
(i) Let kl}iim d(xg,xp) = 0. Fixed n € N, we have

‘xk—xh‘n
1+ \xk—xh\n

—n

< d(xk,xh) — 0.
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So
2—" |xk _xh|n
L+ |xg — xpl,

Then, by the property of the function f(x) =27"35 on [0,0), it implies that

lim — =0.
GJm ek — xal,,
(ii) Let kl}ilm |xx —xn],, =0, Yn € N. For all € > 0, choose ng € N, such that

I S
—n
Zn=n0+1 2 < E :

With n € {1,2,...,n0}, since kl}ilm |xx — xp|,, = 0, there exists k, € N such that

vk, h >k, = \xk—xh| X3

Setting K, = max k,. Then for all Vk, h > K¢,

1<n<ng
_ xh| — xh\
x X 27— " 27— "
o) Z 1+ |xk—xh| n nZO'H 1+ |xk—Xh|
22 "\xk—xh| + 2 27"
n=ngp+1

€ € _ e €

So

lim d =0.
k, ;llllloo (%, %)

This equivalence leads to the existence of a point of X which is a limit of a Cauchy
sequence {x;},. Indeed, every Cauchy sequence {x;}, of X = C(R;E), forall n €
N, {xlj0,s} is the Cauchy sequence in the Banach C([0,n;E). So, there exists x" €
C([0,n];E) such that {xt[jo,}+ converges to x" in C([0,n];E) as k — co. By the
uniqueness of the limit, it is easy to see that

o =", Vm=1,2,.... n
It follows that {x;}, convergesto x in X, where x is defined by
x(t) =x"(t) ift € [0,n], Vn € N.

Consequently, X is the Fréchet space.

2. Proof of Lemma 2. Since ® : X — X is an L,— contraction on X with respect
to a family of seminorms ||-||,,, for every n € N, there exists L, € [0,1) such that
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|@x — Py, < Ly||x—yl|,. Let xo € X be arbitrary, we construct by recurrence the
sequence {x;} as follows
Xpr1 = Oxg, ke N.

Then for every n € N,
k1 = Xl < L [k — xe—1l,,, VK €N,

hence we obtain

ka+p—kan < ka+p—xk+p—1Hn+ ka+p—l —xk+p—2H,,+ oo o = xl,,
SLE (LB + L8724 o+ 1) | —xol|,
Lk
< 1 _"Ln lx1 —xoll,,, Yk, p € N.

Consequently, for every n € N, forall p €N,

Jim [l i, =0 4= Jim b 5], =0,

because |||, is equivalent with |-|,, which means that {x;} is a Cauchy sequence.
Since (X, |-|,) is complete, {x;} convergesto a point x of X. It is clearly that x is a
unique fixed point of ®. [J

Remark 3. In general for (X, ||-||,,) and @ :X — X, the main assumption of Lemma
2(vneN, 3L, € [0,1) such that ||®x—Dy||, < L,|[x—y],, ¥x, ¥y € X) does not
imply the conclusion:

3L € [0,1) such that d(Dx, Dy) < Ld(x,y), Vx,y € X, *)

where the metric d(x,y) is generated by the family of seminorms |||, in the way:
oo 1 —Vl
d(xay) = 2}111 2_”%

In fact, if we put X = C(R;E), E =R, dx = %x, for all x € E, a > 1, since
||-||,, are seminorms, we have

[|®x — Dy, = é lx=yl,,Vne N, Vx, y € X.

Obviously, ® defined as above satisfies the main assumption of Lemma 2 for L, = é S
[0,1). Next, let ® satisfy (*) and let 8 be such that L < 8 < 1. Also, let xp, yo € X
be defined by

a

Yo(t) = 0 and xo(r) = (B forall 1 € R .

It is clearly that xp, yo € X. Moreover, we claim that

d(Pxo, Pyo) > Bd(x0,y0)- (%)
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Indeed,

&1 [lxo — ol o 1 x|
d(xg,y0) = e —
(0:30) = X S e Syl = 227 T [l

n=1 n=1
_ = ii_ ap
1+1€iﬁﬁ a1 2" ap—p+1°
and
T S PR U 1
d(®xo,Pyo) = Y T A [y
(Dxo, Pyo) %2”1+||®X0—q)y0”n EZ"I‘FMWHn
l“ﬁﬁ > 1
_ 4P v _g
_1+51“_ﬁﬁn§’12" g

Since B < 1 we have 1 > aﬁf—%ﬂ and therefore, previous two equalities for
d(x0,y0) and d(®xp,Pyg) prove (*%).

However, from (*) and (**) we obtain: d(®xg, Dyo) < Ld(xg,y0) < %d(d)xo,d)yo)
which implies that § < L which is not possible since  has been chosen to satisfy
L < B < 1. Therefore, such @ satisfies the main assumption of Lemma 2 but does not
satisfy the conclusion (*). For more details, let see Gabor [10]. O
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