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APPROXIMATION SCHEMES FOR MONOTONE SYSTEMS OF
NONLINEAR SECOND ORDER PARTIAL DIFFERENTIAL
EQUATIONS: CONVERGENCE RESULT AND ERROR ESTIMATE

ARIELA BRIANI, FABIO CAMILLI AND HASNAA ZIDANI

(Communicated by Renato Spigler)

Abstract. We consider approximation schemes for monotone systems of fully nonlinear second
order partial differential equations. We first prove a general convergence result for monotone,
consistent and regular schemes. This result is a generalization to the well known framework
of Barles-Souganidis, in the case of scalar nonlinear equation. Our second main result provides
the convergence rate of approximation schemes for weakly coupled systems of Hamilton-Jacobi-
Bellman equations. Examples including finite difference schemes and Semi-Lagrangian schemes
are discussed.

1. Introduction

In this paper we study approximation schemes for a system of nonlinear second
order partial differential equations

F; (x,u,Du;, D*u;) =0, xeRY, i=1,...,M, (1.1)

where u = (uy,...,up) denotes the unknown function, and F' = (Fy,...,Fy) is a given
function.

The theory of viscosity solution, initially developed for the scalar equation has
been extended to systems in [13, 17, 19, 26]. In this framework the monotonicity of
F with respect to the variable u (see (2.2c)) is essential to guarantee the validity of
a maximum principle. Note that this property involves not only the single component
F;, but all the system at the same time. Given this property and standard regularity
assumptions on F, it is possible to prove a strong comparison principle, hence the
uniqueness of the viscosity solution to (1.1).

For a large class of monotone systems, the existence of the solution can be ob-
tained either via the Perron’s method ([17, 19]) or via control-theoretic representation
formulas, ([13, 22]). We refer to [15, 16] for various applications of systems of PDEs
in many areas, in particular we mention [5] for a Black—Scholes pricing model with
jumping volatility.
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Here, we consider approximation schemes of the type
Si(h,x,u"(x),ul) =0, xeRY,i=1,....M, (1.2)

where S; are consistent, monotone and uniformly continuous approximation of F; in
(1.1) and the coupling among the equations is only in the variable u’(x) (where u" =
(u’f, e ,uf{,,) represents the solution of the approximate system (1.2), and is expected to
be an approximation to the solution u of system (1.1)). Typical approximation of this
type, like finite difference methods and semi-Lagrangian schemes, will be discussed in
details.

For the case of a scalar fully nonlinear equation, the work of Barles-Souganidis [4]
provides a general setting for convergence of approximation schemes. This setting says
that any monotone, consistent, continuous scheme converges to the unique viscosity
solution of the limit problem, provided that it satisfies a comparison principle. To ex-
tend the result of [4] to the case of systems of PDEs, the crucial point is to introduce an
appropriate monotonicity condition for (1.2) (the monotonicity of the single scheme S;
being not sufficient). Under this appropriate monotonicity, (assumption (C1) in Section
3), and the standard consistency and regularity conditions, by applying the general idea
of [4] based on the use of the half-relaxed limits, we get the convergence result for the
monotone systems.

While results on convergence rates for viscosity solutions of 1% order equation
were obtained from the beginning of the viscosity theory, only quite recently Krylov
[22, 21, 23] and Barles-Jakobsen [1, 2] success in proving similar rates for second or-
der Hamilton-Jacobi-Bellman equations. Convergence rate of approximation schemes
for particular Isaac equations have been obtained in [6, 20]. We refer also to [10] for
convergence rate in the case of elliptic fully nonlinear equations, and to [14] for con-
vergence rate of probabilistic approximation schemes. Our aim, in the second part of
the paper, is to extend the previous convergence rates to the case of convex systems.
In order to simplify the presentation we choose as a model problem a weakly coupled
systems of Hamilton-Jacobi-Bellman equations, but the approach is sufficiently general
to hold for other classes of problems, f.e. switching control problems.

To obtain the rate of convergence, we will use the same arguments developed in
[1, 2, 7] and adapt them to the case of monotone system of PDEs. As usual, the upper
bound for u — u" is easier and it is obtained via a Krylov regularization and shaking
coefficient techniques. These techniques allow to define a smooth subsolution to the
system. So by using the consistency property, we obtain the upper bound. The proof of
the lower bound is more involved and requires an approximation of the weakly coupled
system with a switching system with a bigger number of components. By this proce-
dure it is possible to build regular “local” supersolutions of the continuous problems.
Then, we derive the lower error estimate by using the consistency and monotonicity
conditions. Our result gives an upper bound of h'/2 and a lower bound of h'/> for the
finite differences scheme [9]. For a Semi-Lagrangian scheme these estimates become
h'/4 for the upper bound, and 4'/1° for the lower bound.

The paper is organized as follows. In Section 2 we recall definitions and basic
results for the continuous problem. In Section 3 we state the main assumptions for
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the scheme and we prove the convergence theorem. Section 4 is devoted to the proof
of the error estimates, while in section 5.1-5.2 and 5.3 we discuss respectively finite
difference schemes and semi-Lagrangian schemes. The Appendix 6 is devoted to the
proofs of some technical results.

Notation.

We will use the following norms

|flo = esssup,cpn[f(x)],  [fl1 = [Dflo, and [f[1 = |flo+[fl1-

The space of real symmetric N x N matrices is denoted by SV, and X > Y in SV will
mean that X —Y is positive semi-definite.

For a function u : RY — RM, we say that u = (uy,...,up) is upper semicon-
tinuous (u.s.c. for short), respectively lower semicontinuous (L.s.c. for short), if all
the components u;, i = 1,...,M, are u.s.c., respectively Ls.c.. If u = (uy,...,uy),
v=(vi,...,vy), are two functions defined in a set E we write u < v in E if u; <v; in
E,i=1,....M.

2. The continuous problem: definitions and assumptions

Consider the system of nonlinear second order equations

F; (x,u,Du;,D*u;) =0, xRN, i=1,....M, (2.1)
where u := (uj,...,upy) and u; is a real valued function defined in RY and F :=
(Fi,...,Fy) : RY xRM x RN x SV — RM is a continuous given function.

Let us first recall the definition of viscosity solution for system (2.1) (see [19]).

DEFINITION 2.1. (i) An u.s.c. function u : RY — RM is said a viscosity subsolu-
tion of (2.1) if whenever ¢ € C2(RV), i=1,...,M and u; — ¢ attains a local maximum
at x € RV then

Fi(x,u(x), Do (x), D*9(x)) < .

(ii) A Ls.c. function v : RN — RM is said a viscosity supersolution of (2.1) if whenever
¢ € C2(RN), i=1,...,M and v; — ¢ attains a local minimum at x € RV, then

Fi(x,v(x),D9(x),D?*¢(x)) > 0.

(iii) A continuous function u is said a viscosity solution of (2.1) if it is both viscosity
sub- and supersolution of (2.1).

The existence of a solution to (2.1) can be obtained, for a large class of monotone
systems, either via Perron’s method ([17], [19]) or via the control-theoretic interpreta-
tion of the problem [13, 26]. To get a comparison principle for system (2.1), we shall
assume the following conditions on function F':

FeCRYXxRY xRV x 8N, i=1,....M; (2.2a)
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— there exists a modulus of continuity o s.t. if X, Y € SN B>1and

10 X0 I -1
then F,-(y,r,ﬁ(x—y),—Y) _E(Xar7ﬁ(x_y)ax) < w(B‘x_yP_'_ﬁil);
— there exists ¢y > 0 s.t. for r, s € RM satisfying

ri— i = 'nFaxM{rj—sj} >0, then forall x,y, p € RV, X € SV,

=1,

E(x7r7p7X)_E(xvsap7X)ZCO(ri_Si)' (22C)

THEOREM 2.2. (see [19]) Assume F;: RV xRM xRV x SN - R, i=1,....M,
to be continuous and satisfy (2.2). Let u and v be respectively a bounded subsolution
and a bounded supersolution of (2.1). Then u <v in RV,

REMARK 2.3. Assumption (2.2c) is the condition giving the monotonicity of the
system (2.1), while (2.2a), (2.2b) are standard regularity assumptions in viscosity solu-
tion theory.

EXAMPLE 2.4. (weakly coupled system) Consider the weakly coupled system of
M equations:

Fi(x, u(x), Du;(x), D} u(x))
M

= sup {2 u(x), Dui(x), Dui(x)) + 3, di (v, ) () }, - 2.3)
acd! j=1
where the operator £ % is defined by:
D‘E’pia(x7rapax> = _%Tr[ai(xa OC)X} - bi(x7 OC) 2 ﬁ('xa (X) + A‘iri (24)

and with a;(x, &) = 0;(x, &) 0 (x, ) . We assume that the following assumptions hold:

o are compact metric spaces, i = 1,...,M,
bi RV x o' — RV, 6; : RV x 7' - RV*P £, RN x 7' — R, (2.5a)
1fi( )|+ |oi(-, 0|1+ |bi(-, )|t < Lforanya € o7, i=1,.... M
and
dij RN x o' - R,
\dij(-,a)|y < Lforanyo € o', i,j=1,...,M,

d,-,-(x, OC) >0, d,-q,'(x, OC) <O0fori#j, A >0, (2.5b)

M
7L,-—|—2d,-j(x,oc) >2>0, (x,0) eR¥x 7' i=1,...,M.
=1
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It is easy to check that under assumptions (2.5a)-(2.5b), system (2.4) satisfies con-
ditions (2.2a)-(2.2c) (in particular the last condition in (2.5b) implies the monotonicity
of the system with ¢y = Ag). Moreover, we have the following result whose proof is
given in the appendix.

PROPOSITION 2.5. Under assumptions (2.5a)-(2.5b), system (2.3) admits a unique
bounded continuous solution u. Moreover, if we have:

Ao > max sup |o;(-,@)|T+ max sup |bi(, )1, (2.6)
=M g i =M g i

then u is bounded and Lipschitz continuous in RV .

Finally, let us also mention that system (2.3) comes from infinite horizon optimal
control problems of hybrid systems and random evolution processes.

3. The approximation scheme: definitions and assumptions

For a fixed & > 0, we consider the following approximation scheme:

Si(h,x,u"(x),u’) =0, xeRY,i=1,....M, (3.1)
where the function " : RN — RM |y = (u... ul}), represents the solution of (3.1).
In the sequel, we will state a set of assumptions on the scheme S(#, ., .,.):

(C1) (monotonicity) there exists co > 0 such that for any 4 > 0, x € RY, bounded
functions u, v such that ¥ <v in RY and r, s € RM such that

0:=ri—s;i= max {VJ'—SJ'} >0,
j=1,..M

then
Si(h,x,r,ui+0) — Si(h,x,s,v;) = co0;

(C2) (regularity) for any h > 0 and any continuous, bounded function ¢ : R¥ — R, the
functions
x—Si(hx,r,¢), i=1,....M

are bounded and continuous on R and the functions
r— Sl(h?x7 r7 ¢)
are uniformly continuous for bounded r, uniformly with respect to x € RV;

(C3) (consistency) fix i=1,...,M. Forall h >0, x e RV and for any continuous
function ® € CO(RY,RM) with a smooth i-th component ®;, we have:

|Si(h,x,®(x),®;) — F(x,®,DD;, D*®;)| < w(h)

with @w(h) — 0 for h — 0;
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(C4) (stronger consistency) there exist n,k; >0, j€J C{l,...,n} and a constant
K: >0 such that: forall h >0,i=1,...,M,x € RY, and for any continuous function
® € CO(RN;RM) such that its i-th component ®; is smooth with |[D/®;(x)| bounded
in RY | for every j € J, we have:

1Si(h,x, ®(x), ®;) — Fi(x,®,D®;, D*®;)| < KcQ(®;) inRY,
where Q(9) := 3, |D/¢|h" for every smooth function ¢.

DEFINITION 3.1. We say that a function u : RY — R¥ is a subsolution (respec-
tively, a supersolution) of (3.1) if it satisfies

Si(h,x,u(x),u;) >0 (respectively Si(h,x,u(x),u;) <0), x€RN i=1,... M.
The next result is a comparison principle for the scheme (3.1).

PROPOSITION 3.2. Assume (C1) and (C2). If u and v are bounded sub- and su-
persolutions of (3.1), respectively, then u <v in RV,

Proof. We assume 6 := sup; gn (u; — vi) > 0 and we derive a contradiction. Let
{x,} in RN and {i,} € {1,...,M} be such that 8, = u;, (xx) — i, (x») = max;{u;(x,) —
vj(x,)} — 6 for n — oo. Since u and v are respectively sub- and supersolutions, we
get:

0 2 Sin (haxnau(xn)7ui,,) _Sin (h7xn7v(xn)avi,,)~

Moreover, we know that u(x,) < v(x,) + 8,, 0 = max;(u;(x,) — (vj(x,) + 6,)) and
u;, <v; + 6 in RV Then, the monotonicity yields to:

Si, (hyxn,u(xn),ui,) = Si, (B, X, v(x) + On,vi, + 8).
Therefore, by assumption (C2), we have:
0= S;,(h,xp,v(xn) + 6,vi, + 6) — S, (h,x,v(xn),vi,) + ©(6, — ),
where @(t) — 0 when ¢t — 07 . Finally, by using (C1) again, we obtain:
02> cod+ (8, —9),

which leads to a contradiction when n — . O

In all the sequel, we assume that:

(C5) (existence of discrete solution) for every h > 0, system (3.1) admits a solution " .

We give a convergence result for the scheme based on the classical argument by
Barles-Souganidis, [4].

PROPOSITION 3.3. Assume (C1)-(C3) and (C5). Let u" = (u,...,ul;) be a lo-
cally uniformly bounded family of solutions of (3.1) and let u be the solution of (2.1).
Then u" — u for h — 0 locally uniformly in RN
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Proof. Define the relaxed half-limits by:

u;(x) = liminf u"(z) and @(x) = limsup u/(z), i=1,..., M.

h—0,z—x h—0, z—x

Following the arguments introduced in [4], it is sufficient to prove that u is a superso-
lution and % is a subsolution of (2.1). Then by the comparison principle (Theorem 2.2),
it follows that # < u. Since the other inequality is obvious we get u = u = limy,_,q ul
and the local uniform convergence in RV,

We will only prove that # is a subsolution of (2.1) (the same arguments can be used
to prove that u is a supersolution). Let ¢ be a smooth function, and i € {1,...,M},
such that #; — ¢ has a maximum point at xq, %(xp) = ¢(xo). By using standard argu-
ments in the viscosity theory, there exists a sequence (,), of positive numbers satis-
fying:

h, — 0 and X, :=x;, — X9, whenn — oo,
hn h 1 1 d hn 7
u;" — ¢ has a maximum point at x,, and ;" (x,) — %;(xo).

Set 0, := (uf" — @) (x,), and define the function:

" (x) = (" (x), ..., (), @ (x),ul | (%), upy (x) inRY.

Up to a subsequence, ®"(x,) converges to a vector » € RM, where r; = u;(xo), and

rj < Wj(xp) for j #i. Then, using the fact that: ul}.’” —8,<¢ in RY and §, =

ul}-’" (xn) — O (xn) = maxj(u];" (xn) — @7 (xy)), and taking into account the monotonicity

assumption (C1), we get:

0 = Si (s X 1 (), 1) = Si(hy X, (x), (" — 8,) + 8,

i i

Z S,-(hn,xn,d)"(xn), ¢) +¢o0u > Fi(xn:q)n(xn)aD¢(xn)7D2¢(xn)) + 00, — w(h)7

where the last inequality is due to the consistency assumption (C3). Passing to the limit
when n — oo, we get

0 > Fi(x0,(x0), D¢ (x0), D’ (x0)),

which proves that # is a subsolution of (2.1). O

4. The error estimate for the weakly coupled systems

In this section, we consider again system (2.3) considered in Example 2.4, with
Z% asin (2.4),1.e.

Fi(x,r,p,X)

1 M
= ;;5,' { — ETr[a,-(x, OC)X] — b,-(x, OC) -p —f,-(x, OC) + Airi +j:z'1dij(x, OC)V,}



304 ARIELA BRIANI, FABIO CAMILLI AND HASNAA ZIDANI

We will always assume that (2.5) and (2.6) are satisfied and therefore we will denote
by u the unique solution given by Proposition 2.5. For this particular system, we will
derive an error estimate for |u — u”|, where u" is the solution of a scheme satisfying
(C1), (C2), (C4) and (C5).

4.1. The upper bound
PROPOSITION 4.1. There exists C > 0 such that:
ui(x) —ul(x) <ChY, Vi=1,....M, (4.1)
where 'y = minjgy {%}, with J and k; being defined in (C4).
We need a preliminary lemma which will be proved in the Appendix.

LEMMA 4.2. (i) There is a unique solution u® of the system

max Fj(x+ e, u(x), Du;, D*u;) =0, xe RN i=1,....M 4.2)

le|<e
and two constants Cy,C, independent of h,€ such that

max |uf|y <Cy and max |u;—uflp < Cig, 4.3)
1M i=1,...M

=1,..

where u is a solution of (2.1).

(i) Let (pe)e be a family of standard mollifiers and define ug = (pe*u5, ..., pe*uy) =
(16, ume). Then ug is a classical subsolution of (2.1).

PROOF OF PROPOSITION 4.1. Thanks to Lemma 4.2 (ii), u, is classical subsolu-
tion of (2.1). Therefore, by (C4) we have, foreach i =1,...,M

Si(hx,ug (x),ui.e) < Fi(x,ug, Duje, D?uie) + Q(uie) < Oluig).- (4.4)
Set € = h? with 7 as in the statement. By [7, Lemma 4.2], we can estimate
O(uic) < K|J|Coh := ChY,
where Cy as in (4.3). By (Cl1) and (4.4), we have that
Ug — %Iﬁ = (U1¢— %Iﬁ, e UMe — %lﬁ)

is a subsolution of the scheme. Hence, by the comparison principle of the scheme
(Proposition 3.2), we get:

C -
Uig — Ul < C—h", Vi=1,...,M. (4.5)
0

By estimate (4.3) and (4.5), we conclude

C - .
wi—ull < W'+ Ch, Vi=1,....M
o

and therefore (4.1) is satisfied. O
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4.2. The lower bound

For the lower bound we need an additional assumption: for each control set .o7*
and 6 > 0, there is a finite family of controls {¢; j}f’zl such that for any o € &,

it {1000 = el 6100 = i ot
M

+ ‘fl(7 a) _fl(aalj)|0 + Z |dil('7 a) _dil('aal'j'”o} < 6 (46)
=1

REMARK 4.3. The previous assumption is satisfied for instance when the sets .27’
are finite or if the functions oy, b;, fi,d;; are uniformly continuous in ¢, uniformly in
x. A slight more general assumption is considered in [3, 21, 22]. To simplify the
notation, we assume in the following w.l.o.g. that all the families {o j}f’z | have the
same cardinality L.

PROPOSITION 4.4. Assume that (2.5), (2.6) and (4.6) hold. Then there exists
C > 0 such that:
—ChY S ui(x) —ul'(x), Vi=1,...,M, 4.7

where Y= minjc; {J—iz} with J, k; being defined in (C4).

For every ¢ > 0, we introduce the following switching system

FE'(r, Ve DVE! DVE) =0, xeRY,i=1,.. .M, j=1,....L,  (48)
where
el
F;, (X»R7P7X)
o M
= max{ |n|1in {52 ij (x-i-e,R,-j,p,X) + Edﬂ(x—i—e,a,-j)le}, '%U(R)}7 4.9)
else I=1
AMij(R) == Rij— min {Ry+(}, (4.10)
A
where {oc,:,'}%:l, i=1,...,M are defined in (4.6). The solution of the system (4.8)

is a function from RY to RM*L. The (i,j) component of the solution of (4.8) is

coupled with other L components by means of the switching term .#;;(R) and with
other (M — 1) components by means of the term Z?i 1dif(x, 00)Ry .

LEMMA 4.5. Let 8,&,0 > 0 be fixed. Let u be the solution of (2.1) and V&' be
the solution of (4.8).

(i) There exists C > 0 such that:

max [V —ulo <Cle+05+8), i=1,...M. 4.11)
J=lhs
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(ii) Set V, ” = Pg * ;é, i=1,...,M,j=1,...,L where pg is a standard mollifier.
Then

max VS = Vil < Cle+0). (4.12)

(iii) Moreover, for € < (4suplj [V ] Y=Y and for for any x € RV, if we set j =

j(&,i,x) == argminj—; V‘g (%), then
@ l l 24 < l
g IJ( VezpDVszpD Vezj +Zdil(x7aij)vg/,lj>o'

=1
The proof of the previous lemma is postponed to the Appendix.

PROOF OF PROPOSITION 4.4. The proof is based on the same arguments as in
[2, Theorem 3.5]. We fix 0 > 0 in such a way that (4.6) is satisfied, we consider the
solution V& of (4.8) and its mollification (component by component) V;. We define a
function w: RN — RM by w; :=min;_ ;. V¢, ij- By Lemma 4.5 (iii), it follows that w
is a supersolution of (2.1). We define

m=sup {u](y)—wi(y)}
yeERN i=1,...M
and
me= sup  {u](y) —wi(y) — ko (»)}, (4.13)
yeRN ji=1,...M

where ¢(y) = (1 + [y|?)'/?. Since w and u” are bounded continuous functions, the
supremum in (4.13) is achieved at a point x and at an index i, which is also a maximum
point for y — uf'(y) = V£, (v) —k¢(y), where j = argmin_; 1 V¢ ;(x). By Lemma
4.5-(iii), the definition of ¢ , (2.5a) and (2.5b), we get

sup 2% (x, (Viij +k0) (x), D(Ve 1 + k) (x), D* (Ve 1+ ko) (x)

ocdl

M
+ Y dy(x, ) (Ve + k) (x) > —Ck. (4.14)
=1

With the consistency assumption (C4), we obtain

_Ck (hx ({ l/}l l+kq))( ) 81/+k¢)+Q( 81/+k¢) (415)
where @ = (¢,...,¢). Taking into account the definition of Q(-), V, 8 ;j and @, we
obtain

—C YT+ O(K) < Sihox, ({Vey 1) +k®) (%), Ve +K9). (4.16)

leJ

Moreover by the definition of my, it follows that

( 81]+k¢)( ) h(y)_mk7 V)’ERN;
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and
(%) = Ve 1) — kO (x) > ) (x) — wi(x) — ko (x) > ) (x) = Vi (x) — k9 (x)
and therefore
(a () — i) = (Ve.i5(x) + k@ (x)) = max{ (1 (x) = me) = (Ve 1(x) + k6 (x)) }-
This with assumption (C1) yields:

Si(h7xv ({Vf,lj}?il + k(I)) (x)vVe?{ij + k¢) < Si(h7x7 (uh - mk)(x)7 ufl - mk)
< —comy +Si(h7x,uh(x)7uf’) = —comy.
From the previous inequality and (4.16), sending kK — 0 we get the estimate

com < CY ek, (4.17)
leJ

Fix ye RN and [ € {1,...,M}, then forany j € {1,...,L}

<uf () = VL) +VEL ) —w()
<ul () —wiy) + Ve () —w()
<m+VE0) —w().

By (4.17), Lemma 4.5(i) and (ii), we get

' (v) — w(y)

() —w(y) SCCL e e+ L4017 +5),
leJ

and the statement of the theorem follows by taking

£ ,
g =maxh2 and (= 4sup[Vl-§-’k}18
S ij

and sending 6 to 0. O

5. Examples of approximation schemes

5.1. Finite differences, one dimensional problem

Let x bein R, ¢ in C*(R), 7 in RY and define

¢(xth)—¢(x) P(x+h)—20(x)+9(x—h)

8r0(x) = S0 ag(y) = . .

In particular, by a Taylor expansion, we obtain

8:6(0) ~ DO(x)| < DL, |4(x) —D0(x)| < 15 IDY).



308 ARIELA BRIANI, FABIO CAMILLI AND HASNAA ZIDANI

Now, an approximation #" to the solution of the coupled system (2.4) in dimension
N =1, can be obtained by the finite difference scheme in R:

sugi{ - %ai()@ o) Aul (x) — b (x, 00) 841l (x)
—b; (x, a)5_uf-’(x) + liuf’(x) — filx, )
M

+ Z dij(x, a)u?(x)} =0,

Jj=1

for i=1,...,M, where b/ (x, ) = max(b;(x,),0), and b; (x, ) = min(b;(x, ),0).
This scheme can be rewritten as:

Si(h,x,u"(x),u’) =0 inR, fori=1,...,M,

where the operator S; is defined on R* x R x RM x Cy(R) by:

! h) —2r; —h
Si(h,x,r,w) ;= sup {— —a,-(x,a)w(x"' ) 2+w(x )
acd! h
h)—ri i — —h
_b;r(x,a)%_bi (o), W}(lx )

M
+ Airi — fi(x, ) + Edij(x, Oz)rj}. (5.1)

j=1

From the Taylor expansion, one can easily check that the monotonicity (C1) holds
(with ¢o = Ag), and the consistency hypothesis (C4) is satisfied with Q(¢) = |D>¢|h+
|D*¢|h?,i.e. ko =1 and k4 = 2. Then, by Propositions 4.1 and 4.4, we have

—Ch'/3 <u—uy < Cch'/2,

5.2. The generalized finite differences scheme

We consider the generalized finite differences scheme defined in [8]. Let ¢ be a
real valued function. Let & >0, & € ZV and consider the finite difference operator
along direction & :

x+8&h)+o(x—ch) —2¢(x)
h? '

o
Aé (P()C) = (
On the other hand, we consider

Plx+hej) — ¢x) if [bi(x,0)]; =0,

(D*9(x)); = m if

A [bi(x7a)]j <0.
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Let . be a finite set of Z\ {0} containing {ej,...,en}. We consider the following
scheme:

1 71'
sup_{ —3 Z Ve (x, ) As @;(x)
ocd! ey

— bi(x, 00)DFD;(x) + Li®; (x) — fi(x, &)

M
+ 2 dij(x, a)qq,»(x)} =0, (5.2

Jj=1

where the coefficients 77% are given by:

Jaitx, )= X, 7:EET | = min fai(x,0) - X reEE |-
tes (ve) )1

e(Ry

For fast computations of the coefficients y}: we refer to [9]. In the sequel, we make the
strong consistency hypothesis (see also [23]):

ai(x,0) =Y 7e(r,a)EE", VxeRY Vo€ o', (5.3)
tes

The scheme defined in (5.2), can be rewritten as S;(h, x, u" (x)mf) =0, where for i =
1,...,M, the operator S; is defined in R x RN x RM x Cy(RV) by:

o 1 ,,- w(x+hE) —2ri+w(x—h&)
Si(h,x,r,w) = aszgi{ - 5562;/7/5 (x, ) -
N w(x+he;)—r;
=3 [max(0, . o)) MR 2
=1

—min(0, [b;(x, a)]j)w}

h
M
+ Airi — fi(x, o) + 2 dij(x, O‘)VJ}-

Jj=1

With straightforward calculations, one can check that the above scheme satisfies (C1)
and (C2). Moreover, under condition (5.3), if we consider a function ® € CO(RN ,RM )
with @; € C*(R"), then by applying a Taylor expansion, we obtain

|Fi(x, ®(x), DD;, D*®;) — Si(x,h, ®(x), D;)|

< sup [bi(., ) |o| D*®iloh + sup |oi(-, a) [5|D*D;loh”.
acd! acad’
Then the scheme satisfies the strong consistency (C4) with k; =1 and ky =2. We
conclude that when the stencil .% is chosen in such way condition (5.3) is satisfied,
for h sufficiently small, the upper bound of the error estimate for the generalized finite
difference scheme is of order 4'/? and the lower bound is of order A'/3.
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REMARK 5.1. Equation (5.2) can be rewritten as a fixed-point equation with a
contraction operator. Indeed, let us introduce a fictitious time step T > 0 and introduce
the operator .7 : CO(RV,RM) — CO(RN,RM) defined by

[Tw]i(x) := (1 — tAw;i(x)) — T sup { 1 Y Ve (x, ) Aewi(x) — bi(x, o) DEw;(x)

acgl ey
M
— filx,00) + 2 dij(x, a)wj(x)}.
j=1
Then, we can easily see that (5.2) is equivalent to
u(x) =[Tul(x) onR". (5.4)

Moreover, for T small enough, the operator .7 is a monotone contraction, then the
fixed-point equation u = 7 u admits a unique solution, and this solution is limit to any
sequence defined by «"*! = .7u", with u° € C(RY,RM). This iterative process, called
value iterations method can be used to compute a numerical solution " on a grid ¢ .

5.3. Semi-Lagrangian schemes

Semi-Lagrangian schemes for second order Hamilton-Jacobi equations have been
already studied in several papers, we refer to [1, 11, 12, 24, 25] for more details. Here,
we use the Semi-Lagrangian scheme to approximate the weakly coupled system given
in Example 2.4. We recall that the system (2.1) with F; as in (2.3) is the dynamic
programming equation of an infinite horizon optimal control problem with dynamics
given by the stochastic differential equation

dXt = bV/ (Xh O(t)dt + O-V[ (Xh O(t)dW}, (55)

where Xy = x, W; is a standard Brownian motion, ¢ is the control process and Vv; is a
continuous-time random process with state space {1,...,M} for which

P{Visar = j| Vi =i, Xi = x,04 = ot} = cij(x, 00) At + O(Ar) (5.6)

for At — 0, j#i,i,j=1,...,M, i # j. We consider an approximation of (5.5) via
a discrete-time control process (X,,v,) € RN x {1,...,M} which evolves according to
the following rule

X() =X,
XVH‘I = Xn + I:hbvn (Xn? (x") + ﬁzi:l vam (X"’ an)&;ln] 6V)17Vn+l ? (57)
P{Vn+l :j‘vn =0, X,=x,0, = OC} = hC,‘J'()C,OC), ]7él

for n € N, where 0; ,,, denote the m-th column of o; and ’g’,{”, m=1,...,D, are random
variables taking values in {—1,0, 1} such that

1

P& =+ =55 and  P{§A0IN{EI#0}] =0, i#)
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and 8,, =1 and 8, ,, =0 for n # m. The discrete control {a,} is a random variable
which is measurable with respect to the o -algebra generated by Xi,...,X, and such
that o, € &V . Set d;; = Z]JV: 1¢ij, and d;j = —c;; for every j # i, then the generator
of the discrete process is

E.i[®@y, (X1)] — @;(x)
h

o%f’a(x’d)(x)’d)i) =
M
= Lﬁa(x,q)(x),q)i) — 2 d,-q,'(x, Ot)q)j (x)
for ® € CO(RN,RM), where

(xrd) i[ (x+ hbi(x, &) + VIO (x, 00)) + @ (x+ hb;(x, &)

m=1

— VhGim(x,00)) —2r; (. (5.8)
Let u" = (u,...,ul";) be a solution of the system
Si(h,x,u"(x),u") =0 m RN, i=1,....M, (5.9)

where

ocdl

Si(h,x,r,0) ;== sup{ (1 —Ah) la(xrql)) Sfilx, ) — (1 = A;h) % dij(x,a)r }

and Lf’ﬂ is as in (5.8). It is easy to see that the scheme (5.9) satisfies assumption (C1)-
(C3). Moreover, for 0<h <1, i=1,...,N and for any ® € C*(RY,RM) satisfying
| @[+ ... + | D*®;|p < oo, we have
|Fi(x, ®(x), DD; (x), D*®;(x)) — Si(h, x, D(x), @)
< CII(|D*®;|o + [D*@ilo+ [D*Dilo)  (5.10)

also assumption (C4) is satisfied, giving a rate of convergence of order h'/* as in the
case of the single equation (see [2]).

6. Appendix

We start by proving the regularity result given in Proposition 2.5.

PROOF OF PROPOSITION 2.5. The bound on the solution u follows by the com-
parison principle after checking that % and _TC are, respectively, a super and a subso-
lution of (2.1).

To get the bound on the gradient of u consider

m:=  sup  {ui(x) —ui(y) = Lpx—yl}.
i=1,...M,x,ycRN
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If, by choosing a
Gy gt Ol i g0, g o

Ao— max sup |o;(-,a)[} — max sup |bi(-,a)|;
=M g i =M g i

L>

we conclude that m < 0, the proof is achieved. Assume, for simplicity that the maxi-
mum is attained at (£,7) (if it is not one can modify the test function in a standard way).
If £ =3 then m =0 and we are done. If not, at (£,) the function L|x —y| is smooth
and the proof just follows a classical doubling argument and the same computation as in
the proof of Proposition 6.1 below. For more detail see also the proof of [18, Theorem
5]. O

In order to prove Lemma 4.2, we need the the following continuous dependence
estimate.

PROPOSITION 6.1. Let u, v € C%Y(RN) be a solution of (2.3) with £ as in
(2.4) with coefficients {G,-,bi,l,-,ﬁ,d,-j}?il and, respectively, {6,-,5,-,1,-,7,-,3,1,'}%1 sat-
isfying (2.5a), (2.5b) (with the same constant Ay). Then there is a constant C such
that

Ao max |ui—vilo<C su sup {|7L,-—Z-|(u,-o/\v,-|0)
i=l,..M i=L,...Moaco/

+ |Gi("a) _61'('7a)|0+ |bi('7a) _Ei("a)|0
+ |fl(7a> _7i('7a)|0

e(lxf> + |y[*) and wi(x,y) = ui(x) = vi(y) — ¢ (x,y). Then set

Moe = sup ll/i(xy)’)~
(x,y) ERN xRN ji=1,...M

A standard computation gives that there exists (xp,yo) € RY x RN and iy € {1,...,M}
such that mgy ¢ = W, (x0,¥0). In the following we drop any dependence on ¢ and €.
Arguing as in [1, Lemma A.2], we get

1 _
0< sup { = 5 Trlaiy (vo, @)Y — aiy(x0,@)X] — biy (vo, @) (20t(x0 — o) — 2€0)

a0

+ biy (x0,@) (20t(x0 — yo) +2€x0) — 71’0 (vo,a) + fiy (x0,a)

M
+ Y (digj(yo,a)v;(yo) — dij(x0,@)uj(x0)) + Aigvig (y0) — Aigitiy (XO)}
=1
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for some matrices X, ¥ € SV. The only additional term to estimate with respect to
Lemma [1, Theorem A.1] is the last line of the previous inequality. By

Mg = Ui (x0) — viy(Yo) — @ (x0,y0) = uj(x0) —v;(y0) — ¢ (x0,¥0),

we get v, (o) — Uiy (x0) < —mge and uj(xo) —v;(yo) < ma,e + @(x0,y0). Therefore,
recalling that d;; > 0, d;; <0 we get

(Ew (vo,@)v;(y0) — diyj(x0, @)1t (x0)) + Aiyvig (vo) — Aigttig (x0)

Mz

~.
I
_

iy (v0,@) — diyj(x0,@)|[v; (o)

Mk

<

~.
Il
-

3 i(x0,a) + Aig) + [Aig — Aig| Vi (30

—mae(

[\4/]3
TMa

< ) Uiy (@) — dioj (-, @)lo max vilo + [ Aiy — | max |vilo — Aomae

~.
I
_

and we conclude as in [1, Lemma A.2]. O

PROOF OF LEMMA 4.2. For existence and uniqueness of the solution to (4.2), we
referto [17, 19] (see also Theorem 2.2). The regularity of the solution, see (4.3), follows
by Proposition 2.5, while the second inequality in (4.3) is consequence of Proposition
6.1.

For the statement (ii) in (4.3), we refer to [1], Lemma 2.7. Note that, although
here we are dealing with a system, the weakly coupling term Zﬁ”: 1dij(x,a)u; is linear
inuj,j=1,...,N therefore the proof of [1, Lemma A3] can be straightforward adapted.
O

We now give the proof of Lemma 4.5. We need a preliminary result.

LEMMA 6.2. Let V : RY — RM*L pe the solution of
Fij(x,V,DV;;,D*V;j) =0, xRN i=1,....M,j=1,...,L, (6.1)

where
M
Fi(x,R,p,X) = max{ sup (Z(x,Rij,p,X) + Y, du(x, 0)Ry; ) 7//4-,-<R>}7
oacdV =1

where o'/ C &', i=1,....,M and M;j(R) as in (4.10). Let u: RN = RM pe the
solution of the system

M
sup {.,?j-a(x,u,-,Du,-,Dzui) + Zdil(x, O{)ul} =0, i=1,....M. (6.2)

aeu[/‘.”:l,pﬂj =1
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Then .
0<Vj—u; <CO3, i=1,....M,j=1,... L, (6.3)

where C depends only on the bounds in the assumptions (2.5a) and (2.5b).

Proof. The proof is an adaptation of Theorem 2.3 in [2] to the system (6.1) so we
just sketch it. First observe that the function W : RY — RM*L guch that W;; = u;, for
any j=1,...,M, where u is the solution of (6.2), is a subsolution of (6.1), hence

Now consider the system

F5(x,VE,DVE,D*VE) =0, xeRY,i=1,....M,j=1,...,L, (6.5)

ijs

where
Ff(x,R,p,X)

M
:max{ sup «Z‘a(x'i‘e,Rij,P;X)+Zdil(x+€70‘)le>,///ij(R)}

acdl |e|<e =1
and let V¢ the corresponding solution. For any e such |e|] < €, we have
M
sup <$a(x+e,Vl§,DVl$,D2V£ + Y di(x+e, a)Vf,) <0.
acdii =1 ’

Therefore, by change of variable, for any |e| < €, Vf(x —e) is a subsolution of the
system

M
sup (fl-“ (xx, Wiz, DWi;, D*Wyj) + Y dy (x, 00) W, ,-) =0. (6.6)
ocdl =1

Now define Vg : RY — RVM by V. ;i = V{5 * pe. Then, by Lemma 4.2 (i), Ve is a
subsolution to (6.6). Moreover since V¢ is a subsolution of (6.5) we have

Vj<m1nV,—|—€ i=1,....M,j=1,...,L
I#]

It follows that

0< male? — mlinVl-‘lg 4 6.7)
J

hence| Vi<t i=1,. , 1,j=1,....L. By the definition of V, we get

¢
D"Veij=D"Vealo <C i=1,... M, jl=1,...LneN,

where C only depends on the mollifier pe. Therefore forany j,I=1...,L
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sup L (x,VeijsDVeij, D*Ve ij) +Zd,, X, 0) Ve rj

o€l

12
— Ssup g (x V£tl7DV£zl7D Vezl +Zdtrx o Vsrl C—2,
4 = €

where C now depends also on the bounds L in assumptions (2.5a) and (2.5b). Since V;
is a subsolution of (6.6), we get that Vi=1,..., M,

14
sup . L%(x,Ve.ij,DVeijsD*Ve i)) +2dllxanlj C—.
acUk_ ofii =1 €

It follows that Vg ;; — %CELZ, where Ay as in (2.5b), is a subsolution of (6.2). By the
comparison principle for (6.2), we get

c ¢ .
Vg’ij—ui<%8—27 l:1,...,M,]:l7...,L.
Hence we conclude
Cc/
Vij—ui < Vij = Veij+ Veij— ui C£+% 5

recalling (6.4) and minimizing with respect to € we get the result. O

PROOF OF LEMMA 4.5. The statement (i) follows by assumption (4.6) and Propo-
sition 6.1 for the estimate in € and 6 and by Lemma 6.2 for the estimate in £.
We now consider (ii). By the definition of V¢, it follows that

Vesj—Vilo<Ce, i=1,... .M, j=1,...,L, (6.8)

where C = max; J[V“:] Recalling (6.7) in the proof of Lemma 6.2, by (6.8) we get
(4.12).
We conclude with the proof of (iii). Let x ¢ R, i € {1,...,M} and j be such that

j=arg min {Veq}.

Then
Veij () = AiVe(x) = max{Ves; = Ve — £} < =

since Ve ;j(x) < Vg forany [ =1,...,L. By (4.12), we have
V5 (%) = AV E (x) < Ve,ij(x) — AMVe (x) + 2max Vi (x) = Ve, (%)

—l+ 2max[VUhg
Let [x—y| < € and & < (4max; [V} ] )~1¢. Then by the Lipschitz continuity of V¢,
we get
Vij(x) =iV (x) < —t+2max[Vh (e + | —y]) <O
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Hence by (4.8), we get

M
inf {2 (y+e,VE(y), DVEY), D*VE(Y) + X, du(y+e, 01/ VE(y) p = 0.
lel<e =1 ’

By this point the proof goes as in [2, Lemma 3.4(b)]. Note that the only difference
linked with the fact that here we are dealing with a system can be proved by arguing as
in the proof of Lemma 4.2 (ii). O

[1]

[2

—

[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]

REFERENCES

G. BARLES AND E. R. JAKOBSEN, On the convergence rate of approximation schemes for Hamilton-
Jacobi-Bellman equations, M2AN Math. Model. Numer. Anal., 36 (2002), 33-54.

G. BARLES AND E. R. JAKOBSEN, Error bounds for monotone approximation schemes for Hamilton-
Jacobi-Bellman equations, SIAM J. Numer. Anal., 43 (2005), 540-558.

G. BARLES AND E. R. JAKOBSEN, Error bounds for monotone approximation schemes for parabolic
Hamilton-Jacobi-Bellman equations, Math. Comp., 76 (2007), 1861-1893.

G. BARLES AND P. E. SOUGANIDIS, Convergence of approximation schemes for fully nonlinear
second order equations, Asymptotic Anal., 4 (1991), 271-283.

M. BLADT, E. MENDEZ AND P. PADILLA, Pricing derivatives incorporating structural market
changes and in time correlation, Stoch. Models, 24 (2008), 164—183.

J. F. BONNANS, S. MAROSO AND H. ZIDANI, Error bounds for stochastic differential games: the
adverse stopping case, IMA J. Numer. Anal., 26 (2006), 188-212.

J. F. BONNANS, S. MAROSO AND H. ZIDANI, Error estimates for a stochastic impulse control prob-
lem, Applied Mathematics and Optimization, 55 (2007), 327-357.

J. F. BONNANS AND H. ZIDANI, Consistency of generalized finite difference schemes for the stochas-
tic HIB equation, SIAM J. Numerical Analysis, 41 (2003), 1008-1021.

J. F. BONNANS, E. OTTENWAELTER AND H.ZIDANI, A fast algorithm for two-dimensional HJB
equation of stochastic control, M2AN Math. Model. Numer. Anal., 38 (2004), 723-735.

L. A. CAFFARELLI, P.E. SOUGANIDIS, A rate of convergence for monotone finite difference approx-
imations to fully nonlinear, uniformly elliptic PDEs, Comm. Pure Appl. Math., 61 (2008), 1-17.

F. CAMILLI AND M. FALCONE, An approximation scheme for the optimal control of diffusion pro-
cesses, RAIRO Modél. Math. Anal. Numér., 29 (1995), 97-122.

F. CAMILLI AND E. R. JAKOBSEN, A finite element like scheme for integro-partial differential
Hamilton-Jacobi-Bellman equations, SIAM J. Numer. Anal., 47 (2009), 2407-2431.

H. ENGLER AND S. LENHART, Viscosity solutions for weakly coupled systems of Hamilton-Jacobi
equations, Proc. London Math. Soc., 63 (1991), 212-240.

A. FAHIM, N. TOUZI AND X. WARIN, A probabilistic numerical scheme for fully nonlinear parabolic
PDEs, preprint 2009.

M. K. GHOSH, A. ARAPOSTATHIS AND S. I. MARCUS, Optimal control of switching diffusions with
application to flexible manufacturing systems, SIAM J. Control Optim., 31 (1993), 1183-1204.

R. L. V. GONZALEZ AND E. ROFMAN, On unbounded solutions of Bellman’s equation associated
with optimal switching control problems with state constraints, Appl. Math. Optim., 31 (1995), 1-17.
H. ISHIL, Perron’s method for monotone systems of second-order elliptic PDEs, Diff. and Int. Eq., 5
(1992), 1-24.

H. ISHII, On the equivalence of two notions of weak solutions, viscosity solutions and distribution
solutions, Funkcialaj Ekvacioj, 38 (1995), 101-120.

H. IsHII AND S.KOIKE, Viscosity solutions for monotone systems of second-order elliptic PDEs,
Comm. Partial Differential Equations, 16 (1991), 1095-1128.

E. R. JAKOBSEN, On error bounds for approximation schemes for non-convex degenerate elliptic
equations, BIT, 44 (2004), 269-285.

N. V. KRYLOV, Approximating value functions for controlled degenerate diffusion processes by using
piece-wise constant policies, Electron. J. Probab., 4 (1999), 1-19.



APPROXIMATION SCHEMES FOR MONOTONE SYSTEMS OF NONLINEAR SECOND ORDER PDE’S 317

[22] N. V. KRYLOV, On the rate of convergence of finite-difference approximations for Bellmans equations
with variable coefficients, Probab. Theory Ralat. Fields, 117 (2000), 116.

[23] N. V. KRYLOV, The rate of convergence of finite-difference approximations for Bellman equations
with Lipschitz coefficients, Applied Math. and Optimization, 52 (2005), 365-399.

[24] H.J. KUSHNER AND P. G. DUPUIS, Numerical methods for stochastic control problems in continuous
time, Vol 24 of Applications of Mathematics, Springer, New York, 2001 (Second edition).

[25] R. MUNOS AND H. ZIDANI, Consistency of a simple multidimensional scheme for HIB equations, C.
R. Acad. Sci. Paris, Ser. I, 340 (2005), 499-502.

[26] N. YAMADA, Viscosity solutions for a system of elliptic inequalities with bilateral obstacle, Funkcial.

Ekvac., 30 (1987), 417-425.

(Received February 18, 2011)
(Revised July 19, 2011)

Differential Equations & Applications
www.ele-math.com
dea@ele-math.com

Ariela Briani

ENSTA (UMA)

32 Boulevard Victor, 75739 Paris cedex 15
France

e-mail: briani@ensta.fr

Fabio Camilli

Dipartimento di Metodi e Modelli Matematici per le Scienze Applicate
Universita di Roma “La Sapienza”

Via Antonio Scarpa 16, 00161 Roma

Italy

e-mail: camilli@dmmm.uniromal.it

Hasnaa Zidani

ENSTA (UMA)

32 Boulevard Victor, 75739 Paris cedex 15
France

e-mail: zidani@ensta.fr



