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CONCENTRATION COMPACTNESS PRINCIPLES FOR
THE SYSTEMS OF CRITICAL ELLIPTIC EQUATIONS

DONGSHENG KANG

(Communicated by Darko Zubrinic)

Abstract. In this paper, some important variants of the concentration compactness principle are
established. By the variants, some kinds of the elliptic systems can be investigated and the
existence of nontrivial solutions to the systems can be verified by the variational methods.

1. Introduction

In this paper, we are concerned with the variants of the concentration compactness
principle ([17, 18]), which are important in the study of some elliptic systems.

In recent years, the elliptic problems involving the critical Sobolev or Hardy-
Sobolev exponents have been studied extensively (e.g. [1], [4], [5], [7], [9], [10], [11],
[15], [20], [21], [23] and the references therein), where the concentration compactness
principles have played a key role. The systems of elliptic equations involving critical
exponents have been also studied (e.g. [2], [3], [6], [12], [14], [19] and the references
therein). However, the variants of concentration compactness principle related to criti-
cal elliptic systems can not be found and some difficulties have appeared in the investi-
gations of these systems. In this paper, on the basis of the ideas by Lions ([17, 18]), we
verify some kinds of concentration compactness principle for elliptic systems.

To continue, the following assumption is needed:

N>23, 1<p<N,nNA,0>20,nN+A+0>0,
(‘%ﬂl) aﬁ>la+ﬁ=p*'=Np
) ) T N—p-°
Let D"P(RN) be the completion of Cy(RY) with respect to ( fpv |Vu|Pdx)'/?.

Under the assumption (7] ), by the Young and Sobolev inequalities, the following best
constant is well defined on & := (D'"?(RV)\ {0})? (e.g. [14], [16]):

/RN(|VM|P+ |V[P)dx

S(n,A,0):= (uivl)lgﬁ - - 7 - (1.1)
UL el 201+ ol i)
RN
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The main results of this paper are summarized in the following theorem. To the
best of our knowledge, the conclusions are new when 1,1, > 0.

THEOREM 1. Suppose that (74) holds. Let {(un,v,)} be a bounded sequence in
(D"P(RM))? such that {(un,vn)} — (u,v) weakly in (DVP(RN))2, {|Vun|? + |Vv,|P}
converges weakly to t and {N|un|?" + A|va|P" + &|un|*|va|P} converges tightly to v,
where 1 and v are nonnegative bounded measures on RN. Denote by 8, the Dirac
mass at x. Then:

(i) there exist an at most countable set J and two families {xj}je 7 C RN and
{vj}jes C[0,4e0) such that

v=nul? + A+ olul P+ Y vid;
jeJ

(ii) there exists {l;}jes C [0,+o0) such that

p = |VulP +[Vv]P + 2“/'5)6/7
jeJ '
satisfying
2 .
(V)7 < u;/S(n,A,0), Vjel.

REMARK 1. Suppose that {u,} C L'(R"). Then {u,} is called a tight sequence,
if for any € > 0, there exists R > 0, such that

/N lun(x)|dx < €, VneN.
RN\ By (0)

The convergence of {u,} C L'(R") is called converging tightly, if {u,} is a tight
sequence. On the other hand, since u is a nonnegative bounded measure on RV, from
Theorem 1 (ii) it follows that

Z(Vj)’% <(S(m,A,0) 7' Y < (S(n,l,c))’l/Ndu < oo,
jeJ jeJ R

This paper is organized as follows: Theorem 1 is proved in Section 2, some vari-
ants and applications of Theorem 1 are given in Section 3.

2. Proof of Theorem 1

The proof of Theorem 1 follows the idea similar to that of [17] and some prelimi-
nary results are needed.

LEMMA 1. (see [17], Lemma 1.2) Let u,v be two nonnegative bounded mea-
sures on RN satisfying for some constant Cy > 0,

1

([ 1ot av)” <co(/RN|<p|f’du)‘l’, Vo e GG RY). .1
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Then there exist an at most countable set J and two families
N
{xjtjer CRY and {vj}jes C[0,+ee)

such that

s

V=2 vy and p>Col Y (v)?
jet jeJ

3, 2.2)

Thus, in particular,

A4S

D (vj)r

jer

< oo, (2.3)
1
If in addition: v(RN)?»™ > Cou (RN)% , J reduces to a single point and v = Yoy, =
yiﬁl*Cé’[J for some xo € RN and y > 0.

LEMMA 2. Assume that u,v € D"P(RN), J is an at most countable set, {x;}c;
is a set of distinct points in RN and {Vj}jes is a set of nonnegative real numbers such

that Ejej(vj)ﬁl* < co. Then the measure v =n{ulP” + A[v|P" + olu|*|v|P + e, vy,
is the tight limit of a sequence {N|un|?” + A|vy|P" + O|un|*|va|P}, where {(un,vn)}
converges weakly in (D"P(RV))? to (u,v).
Proof. Take ¢V @) ¢ Cg(RY) such that
/RN(TW(”I”* + 21027 + oo %10 )de = 1.

Otherwise, set
/RN (nleM 7" + 210?17 + oloW|%| 9@ )dx =: % > 0.
Replacing ¢(*) by (ﬁ(i) =W /E/P" i =1,2, we have (ﬁ(l):(ﬁ(z) € Cy(RY), and
L e +21e® + 01616 ) = 1.
Then for all xo € BY,n € N, o (x—x0) :=n"7 9{)(*52) saisfies
[ vl pac= [ [VoOpas i=12

L (1o + 41021 + olgll 0P )ax =1,
RN

o)) 5 0 weaklyin D'P(RY), i=1,2.

Furthermore, for any x # xq,i = 1,2, |(p,gi)\ — 0 as n — . Then

e 1P + 410817 + ootV 1% 1P o 8.
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For any finite J' C J, define

where Supp (p,Ei) (x —x;) are disjoint for j € J'. Then we have

i & i & i
Lo vudlirac= 3w [ [Velrar< X v)# [ velirax

jel R jer
Lo (s 220 + oy i o= 3 v,
jer

P+ 2w + oy [P - Y Vs,

jer
vt 5 0 weakly in DYP(RY), i=1,2.
Increasing J' to J and by a diagonal procedure we obtain a sequence ,, such that

(i ra i
L Vel wlras< Sw) s [ [velprar,
R jel R

L@ 21921+ o gl P)ar o v,
jes

7+ A+ oM PP e Y 8y tightly,
jeJ

¥ o~ 0 weakly in DVP(RN), i=1,2.

Finally we set u, = u+ l/7£,1)7 vy =v+ l/7£,2). Then one can checks that {(u,,v,)} has
the required properties. Furthermore,

Via? -+ [V, — (Vul? + Vol ([ (Vo] + Vo)) ax) 3 (v)) 7 6,
R =
The proof is thus complete. O

PROOF OF THEOREM 1. For convenience, we denote positive constants as C.
Case (i): u=v=0.
For all ¢ € CJ(RY), from (1.1) it follows that

4
3

(/RN “P‘p*(m”n‘p* "‘M"n‘p* +G|”n|a‘vn|ﬁ)dx> !

<8207 ([ (Vipu)l+V(pr))dx) . 2.4)
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Note that

€1

([t

£l

tim ([ 10l (il + Aval”” + 0| ar) "
n—oo R
and

1
P

(L9 oul + 7o) ~( [ 1o (Vunl + 9 17a)

<c( [, Vol ul + i) @3)

Since ¢ € Cf (RN), by the Rellich theorem ([22]), we deduce that the right hand side
of (2.5) goes to 0 as n — eo. Then from (2.4) and (2.5) it follows that

(L ot ) < (s(m.2.0) /. Jolran)’. voeGEY, @6

which together with Lemma 1 implies the conclusions of Theorem 1.

Case (ii): u#0orv#£0.
Set i, = u, —u, v, = v, —v. From the Brezis—Lieb lemma ([7]) it follows that

Py 1P do — PP P ylP”
Lot lual”"ax= [ lop 17l ae— [ ot ul” ax,

Py 1P o — Py P PPt
Lol bl ax= [ gl 5, e — [ gl v a.

Arguing as in [12] we have
[0 i [ o 1@ 50— [ op lipiPax
RY RV RY

Since {(ity, v,)} is boundedin (D"?(RN))?, and {|i,|?"}, {|V,|?"} and {|it,|*|7,|P}
are tight, by Lemma 2 we have

v=nul” + AP+ olul P+ Y vié;.
jeJ

Passing to the limit as n — oo in (2.4) and applying the Rellich theorem, we deduce for
all ¢ € C7(RY) that

([, o av)" (stn.2.00}

<(/]RN “p‘pd“> : +C(/RN IVol? (|un|” + Ivn\”)dx)%. 2.7)

Choose ¢ € C3(RY) such that 0 < ¢ < 1, ¢(0) =1 and Supp¢ = B(0,1). For all
XX

€ >0 and j € J, applying the Holder inequality and (2.7) with qo(Tx), we have

— (u(B(xj,€)))

==
==

(v)7 (5(n,2,0))
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1
<5 (o o POCZ Gl + l)ax)”
x,7
1
X—X; N
(utn]? + [P pdx / v VN dy
(/Bx,, (Ita? + ) ) (o Vo0 )

) 1
C(( ‘u | dx) </B(x.g)|vnp*dx>1”_*dx>p7

7

mlﬁ MIG

which implies that p({x;}) > 0 and

L
7S

p=(vj)rS(n,A,0)d, Vi€,

D
M 2 Z(v,)p* S(nalac)6x]» = Uj.

=4

By the weak convergence we have u > |Vu|P + |Vv|P. From the fact that |Vu|P 4 |Vv|P
and y; are orthogonal, we conclude Theorem 1.

3. Some variants and applications

We now study some variants of Theorem 1. The following assumption is needed:

(5) N>23, 1<p<N,NA,020,NM4+A4+0>0,0<r<p, 1<T,
l<o,f<p*(t)-1, a+B=p).

Consider the following Hardy and Hardy-Sobolev inequalities ([8], [13]):

|u]? 1 .
/RN —gp S f/ VulPdv, VueCGRY), &eRY, 3.1)

/ LI ”*p“)<c@)/ VulPdx, Vu e CT(RY), £ € RY, (3.2)
RV [x— &t h |G VS0 ’ o

where C(7) is a positive constant depending on #, T = ((N — p)/p)? is the best Hardy
constant and p*(z) = p(N —t)/N — p) is the critical Hardy-Sobolev exponent.

Under the assumption (5743), by (3.1), (3.2) and the Young inequality, the follow-
ing best constant is well defined on 2 = (D'"?(RV)\ {0})? (e.g. [14], [16]):

ul? + [v|?
14 P _
/RN(\Vu\+|Vv\ T )dx

S T,t):= inf - - .
n.4,0(T:1) (mv)E@( nlul?" O+ Alv|? (t)+0‘”|a|v|ﬁdx>"*p(’

RN |x[f

Note that S, ; 5(0,0) =S(n,4,0).
By the argument of [17, 18] and the proof of Theorem 1, we obtain the following
Theorems 2 and 3, the variants of Theorem 1. The proofs are omitted.
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THEOREM 2. Suppose (73) holds and t = 0. Let {(un,v,)} be a bounded se-
quence in (D"P(RN))? such that:

{(ttp,vn)} = (u,v) weakly in (D“P(RN))?,
{|Vun|? +|Vvn|P} converges weakly to u,

p P
{M} converge tightly to o,

|x[?
{n|un\p* + Alval? + G|un\°‘|vn|ﬁ} converge tightly to v,

where |1, @ and v are bounded nonnegative measures on RN . Then:

(i) there exist wy, Vo € [0,0), an at most countable set J and two families {x;} jc; C
RN\ {0} and {v;}je; C [0,+c0) such that

_ P+

1)
[x[?

+ay, v=nlul? + AP +olul* WP+ v+ Y b
JjeJ

(ii) there exist g € [0,00), {l;}jes C [0,4-o0) such that

w= [Vul? + |Vo|P + o+ Y 1,
jeJ

< (o — TwO)/Sn,)L.,G(TaO)a

s

(vo)”

za
3

(VJ)P g.uj/ST]QL,O'(O?O):I’L//S(nﬂa‘ac)? VJEJ,

and therefore
P

2 (V) <ee.

jeJ
THEOREM 3. Suppose (74) holds and t > 0. Let {(un,vn)} be a bounded se-
quence in (D"P(RN))? such that:
{(ttp,vn)} = (u,v) weakly in (D“P(RN))?,
{|Vun|? +|Vvn|P} converges weakly to u,
{ [tn]? + [va”
x|
{n\unlp"“) + Anl”" ) + ol v
el

} converge tightly to o,

} converge tightly to v,

where |1, @ and v are bounded nonnegative measures on RY. Then:
(i) there exist y, Vo € [0,+e0) such that

e
x|

_ O+ A7 + oful vl

o]
Al

+ ), + Vodo;
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(ii) there exists Ly € [0,+o0) such that

P

p= [ Vul? + Vv + o, (vo) 7@ < (o — Tax) /Sy 2,6 (T:1).-

Theorems 1-3 are crucial for studying elliptic systems. For example, consider the
following problem:

Lu=|ul* 2u+ u|*2vPu+ ayu+ aav,
2t 2l Pt
Lv=p? 2y —/— op |u|*v]P =2y + agu + azv, (3.3)
o+p
u,v € HH(Q),

where Q C RY is a smooth bounded domain such that:

N—2\2
0€Q, L= (A+r||2> 207a7ﬁ>1,1<(T>7

N
o+p=2"2":= 5 is the critical Sobolev exponent,

the space H{ (Q) denotes the completion of C’(€) with respect to ([ |V -|>dx)'/?,
a;>0,i=1,23, aja3—a3>0, 0< A <A <A(1),
where A; and A, are the eigenvalues of the matrix
A= (al a2> ,
ay as

and A;(7) is the first eigenvalue of the operator L on H& (Q). The energy functional
of (3.3) is defined on HJ (Q) x H} () by

. 1 2 2 u2+V2 (o2
T(u,v) = 5/Q(|vu| +Vy| —Tv>dx—§/g|u\°‘\v\ﬁdx
1 1
2*/(|u\2 +v |2) Z/Q(aluz—FZazuv—i-agvz)dx.
Applying Theorem 2 with p = 2, we can verify the following local (PS). condition.

N
2

LEMMA 3. J(u,v) satisfies the (PS). condition for all ¢ < +(S1,1,6(7,0))

Furthermore, by the variational arguments we can investigate the nontrivial solu-
tions to (3.3) (e.g. [14]).
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Theorem 3 is also useful in studying the elliptic systems related to (3.1) and (3.2).

For example, consider the following problem:

In— O |u|%2|v|Pu |u|2*(s)_2u+ N
e b Thegp e
of |u|°‘\v\ﬁ’2v |v|2*(’)’2v (3.4)
Ly = +A + aru+ azv,
25(r) " x—&|f
(u,v) € Hy (Q) x H} (),

where Q C RN (N > 3) is a bounded domain with the smooth boundary 9 such that
the points 0,&1,6, € Q, L= —(A'—FTW), n,A,0>0, aj,az,a3 €R, 0 <r,s5,t <2,
Il<o,B<2(r)—1, a+p =2%(r), <71, 2°(r),2%(s) and 2*(¢) are the critical
Hardy—Sobolev exponents. Applying Theorem 3 with p =2, we can verify that the
energy functional corresponding to (3.4) satisfies some kinds of local (PS). conditions
and therefore the existence of nontrivial solutions to (3.4) can be investigated.
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