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THE ADMB–KDV EQUATION IN ANISOTROPIC SOBOLEV SPACES
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(Communicated by Pavel I. Naumkin)

Abstract. Considered herein is the anisotropic dissipation-modified Boussinesq-KdV equation
which is a two-dimensional version of the KdV equation. It is established that the Cauchy prob-
lem associated to this equation is locally well-posed in anisotropic Sobolev spaces Hs1 ,s2 (R2) ,
for all s1 > −1/2 and s2 � 0 . A global existence result for this equation will be obtained under
suitable conditions.

1. Introduction

In this work, we consider the anisotropic dissipation-modified Boussinesq-KdV
(ADMB-KdV) equation

ut +uxxx +2uux + μ
(
uxx +uxxxx + γ∂ 2

x (u2)−uyy
)

= 0, (1.1)

where μ > 0 and γ are real constants, and u = u(x,y,t) is real-valued function. The
ADMB-KdV equation (1.1) arises in modeling anisotropic systems such as the nonlin-
ear waves generated by a long-wave instability in a viscous film flowing down an in-
clined rigid surface [1, 5]. In the case of an isotropic system (e.g., Béenard-Marangoni
waves), the problem is governed by the dissipation-modified Kadomtsev-Petviashvili
equation which was treated by the author in [15]. Equation (1.1) can be considered as
a two-dimensional dissipated generalization of the KdV equation,

ut +uxxx +uux = 0. (1.2)

The KdV equation arises in modeling for one-dimensional long wavelength surface
waves propagating in weakly nonlinear dispersive media [6, 16, 30], as well as the
evolution of weakly nonlinear ion acoustic waves in plasmas [29]. Equation (1.1) is
also a natural two-dimensional version of the KdV-Kuramoto-Sivashinsky (KdV-KS)
equation

ut +uxxx +uux + μ(uxx +uxxxx) = 0, (1.3)

which arises in interesting physical situations, for example as a model for long waves
on a viscous fluid flowing down an inclined plane [28] and to derive drift waves in a
plasma [12].
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The aim of this paper is to establish local and global well-posedness to the initial
value problem for (1.1). The notion of well-posedness will be the usual one in the con-
text of nonlinear equations, that is, it includes existence, uniqueness, persistence prop-
erty, and continuous dependence upon the data. In the last decade, Bourgain developed
a new method to study the Cauchy problem for nonlinear dispersive equations which
was successfully applied to several dispersive equations such as Schrödinger, KdV and
KP-II equations [8, 9, 7]. See also [19, 20]. One of the particularity of this method
is to use special Fourier transform restriction spaces strongly related to the symbol of
the associated linear equation. Concerning the Cauchy problem for the KdV equation,
Bourgain [8] showed the well-posedness in Hs(R) for s � 0. Then Kenig, Ponce and
Vega [19] proved the local well-posedness of equation (1.2) in Hs(R) for s > −3/4.
The L2 -conservation of the solutions of (1.2) leads to the global well-posedness in
Hs(R) for s � 0. Note that some global existence results have been obtained by Col-
liander, Staffilani and Takaoka [13] for special initial data in Sobolev spaces of negative
order.

In [22, 23, 24], Molinet and Ribaud introduced some Bourgain-type spaces in
proving the well-posedness for the KdV-Burgers (KdVB) equation

ut +uxxx +uux = uxx (1.4)

and for the Kadomtsev-Petviashvili-Burgers (KPB) equation

(ut +uxxx +uux−uxx)x + εuyy = 0, ε = ±1. (1.5)

The their main ideas are to use a fixed point argument in suitable Bourgain-type spaces
adapted to both linear parts, dispersion and dissipation, of the equation.

In this work, we will apply the ideas of [22, 23, 24] and prove the local existence
for the initial value problem associated to (1.1) with initial value ϕ ∈ Hs1,s2(R2) when
s1 > −1/2 and s2 � 0. More precisely, similar to [22, 23, 24], following, we introduce
a Bourgain-type space associated to the linear part of (1.1). This space is in fact the
intersection of the space introduced in [8] and of a Sobolev space. The advantage
of this space is that it contains both the dissipative and dispersive parts of the linear
symbol of (1.1). See [1, 2, 3, 4, 10, 14, 18, 21, 26, 27, 31] and references therein for
discussions and examples of the dispersive and dissipative equations. We also show
that the associated Cauchy problem is globally well-posed in Hs1,s2(R2) for γ = 0
s1 > −3/2 and s2 � 0. We should also note that the method used here may be applied
for more general types of equations (which contain both the dissipation and dispersion,
see e.g. [11, 17, 25]).

This paper is organized as follows. In Section 2, we introduce some notations
and our main results. In Section 3, we derive linear estimates and some smoothing
properties for the operator arising from (1.1) in the Bourgain spaces (Lemma 2). Section
4 is devoted to establish bilinear estimates. In Section 5, using bilinear estimates, a
standard fixed point argument and some smoothing properties, we prove the existence
of a unique solution of (1.1) in the anisotropic Sobolev space Hs1,s2 with s1 > −1/2
and s2 � 0; and also the local solution of (1.1), when γ = 0, extends globally in time
in Hs1,s2 with s1 > −3/2 and s2 � 0.
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2. Notations and main results

For the simplicity, throughout the paper we assume that γ = 1 (if γ �= 0) and
μ = 1. Before stating our main result, we introduce our notations that are used in this
paper.

We denote 〈·〉 = 1+ | · | . The notation A � B means that there exists a constant
C > 0 such that A � CB . Similarly, we will write A ∼ B to mean A � B and A � B .

For n ∈ N , we denote by ϕ̂ the Fourier transform of ϕ , defined as

ϕ̂(ω) =
∫

Rn
ϕ(x)e−ix·ω dx.

For b,s1,s2 ∈ R , we denote Hb = Hb(R) , Ḣb = Ḣb(R) and Hs1,s2 = Hs1,s2(R2) as
the nonhomogeneous Sobolev, the homogeneous Sobolev and the anisotropic Sobolev
spaces, respectively, defined by:

Hb =
{

ϕ ∈ S ′(R); ‖ϕ‖Hb = ‖〈τ〉bϕ̂(τ)‖L2
τ
< ∞

}
,

Ḣb =
{

ϕ ∈ S ′(R); ‖ϕ‖Hb = ‖|τ|bϕ̂(τ)‖L2
τ
< ∞

}
,

Hs1,s2 =
{

ϕ ∈ S ′(R2); ‖ϕ‖Hs1,s2 = ‖〈ξ 〉s1〈η〉s2 ϕ̂(ξ ,η)‖L2
ξ ,η

< ∞
}

.

Let U(t) be the unitary group in Hs1,s2(R2) , s1,s2 ∈ R , defined by the free evo-
lution of the KdV equation, i.e. U(t) = e−t∂ 3

x . We also denote by

V (t) = e−t(∂ 4
x +∂ 2

x −∂ 2
y ), t � 0,

the semigroup associated to the linear part of equation (1.1) that we extend to a group
on R by

V (t) f =
(
eiξ 3t−|t|(ξ 4−ξ 2+η2) f̂ (ξ ,η)

)∨
, ∀t ∈ R.

We note that solving equation (1.1) with the initial data u(x,y,0) = ϕ(x,y) is equivalent
to solve the following integral equation

u(t) = V (t)ϕ −
∫ t

0
V (t− t ′) f (u)(t ′)dt ′, (2.1)

where f (u) = (u2)x +(u2)xx .
Actually, to prove the local existence result, we shall apply a fixed point argument

to the following truncated version of (2.1)

u(t) = θ (t)
(
V (t)ϕ −

∫ t

0
V (t− t ′)(θT f (u))(t ′)dt ′

)
, (2.2)

where θ is a cutoff function satisfying

θ ∈C∞
0 (R), 0 � θ � 1, supp(θ ) ⊂ [−2,2], and θ ≡ 1 on [−1,1] (2.3)
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and

θT (t) = θ
( t

T

)
,

for any T > 0. We note that if u is a solution of (2.2), then ũ = u|[0,T ] will be a solution
of (2.1) in [0,T ] .

Following [8], we introduce a Bourgain-type space which is in relation with both
the dissipative and dispersive parts of (1.1) at the same time. We define this space by

X b,s1,s2 =
{
u ∈ S ′(R3) : ‖u‖X b,s1,s2 < ∞

}
,

equipped with the norm

‖u‖X b,s1,s2 =
∥∥∥〈i(τ − ξ 3)+ (ξ 4− ξ 2)+ η2〉b 〈ξ 〉s1〈η〉s2 û(ξ ,η ,τ)

∥∥∥
L2(R3)

. (2.4)

For all T > 0, we define the localized space associated X b,s1,s2
T as the set of all func-

tions u : R2× [0,T ] → R such that ‖u‖
X

b,s1,s2
T

< ∞ , where

‖u‖
X

b,s1 ,s2
T

= inf
v∈X b,s1,s2

{‖v‖X b,s1,s2 : v(t) = u(t) on [0,T ]
}
.

Now we state our main existence results.

THEOREM 1. Let s1 > −1/2 , s2 � 0 and s′1 ∈ (−1/2,min{0,s1}] , then for all
ϕ ∈ Hs1,s2(R2) , there exists T = T (‖ϕ‖

Hs′1 ,0(R2)
) such that T (ρ) → +∞ as ρ → 0 ,

and a unique solution u∈X
1/2,s1,s2

T of the initial value problem associated to equation
(1.1) with initial data u(x,y,0) = ϕ(x,y) . Moreover, we have

u ∈C([0,T ];Hs1,s2(R2))∩C((0,T );H∞(R2)) (2.5)

and the map

S : Hs1,s2(R2) −→ X
1/2,s1,s2

T ∩C([0,T ];Hs1,s2(R2)), ϕ �→ u, (2.6)

is smooth. Furthermore, if ϕ ∈ Hs′1,s′2(R2) with s′1 > s1 and s′2 > s2 , the result holds
with s′1 and s′2 instead of s1 and s2 , respectively, in the same time interval [0,T ] with
T = T (‖ϕ‖Hs1,s2 (R2)) .

The following theorem give us a global existence under suitable conditions.

THEOREM 2. Let γ = 0 and ϕ ∈ Hs1,s2(R2) for s1 > −3/2 and s2 � 0 . Then
the local solution u of the initial vale problem associated to equation (1.1) with initial
data u(0) = ϕ extends globally in time.
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3. Linear estimates

In this section we study the linear operator θV .

LEMMA 1. Let s ∈ R , then

‖θ (t)V(t)ϕ‖
X 1/2,s1,s2 � ‖ϕ‖Hs1,s2 , (3.1)

for every ϕ ∈ Hs1,s2 .

Proof. Let ϕ ∈ Hs1,s2 and ζ = (ξ ,η) . Then we have

‖θ (t)V(t)ϕ‖
X 1/2,s1,s2

=
∥∥∥〈i(τ − ξ 3)+ (ξ 4− ξ 2)+ η2〉1/2 〈ξ 〉s1〈η〉s2

(
θ (t)e−|t|(ξ 4−ξ 2+η2)ϕ̂(ζ )

)∧t
∥∥∥

L2(R3)

=
∥∥∥〈ξ 〉s1〈η〉s2 ϕ̂(ζ )

∥∥∥〈i(τ − ξ 3)+ (ξ 4− ξ 2)+ η2〉1/2 (θ (t)e−|t|(ξ 4−ξ 2+η2))∧t
∥∥∥

L2
τ

∥∥∥
L2

ζ

� I1 + I2,

(3.2)

where
I1 =

∥∥∥〈ξ 〉s1〈η〉s2 〈(ξ 4− ξ 2)+ η2〉1/2 ϕ̂(ζ )‖gζ (t)‖L2
t

∥∥∥
L2

ζ

,

I2 =
∥∥∥〈ξ 〉s1〈η〉s2 ϕ̂(ζ )‖gζ (t)‖

H1/2
t

∥∥∥
L2

ζ

,

and
gζ (t) = θ (t)e−|t|(ξ 4−ξ 2+η2). (3.3)

First we estimate I1 . We consider two cases:

I1
1 = {|ξ |�

√
2} and I1

2 = {|ξ |�
√

2}.
Contribution of I1

1 to I1 . In this case, we have ξ 4− ξ 2 + η2 � 2, then we can obtain

‖gζ‖L2 �
∥∥∥e−|t|(ξ 4−ξ 2+η2)

∥∥∥
L2

t

� 1√
ξ 4− ξ 2 + η2

� 1

〈ξ 4− ξ 2 + η2〉1/2
.

Contribution of I1
2 to I1 . In this case we divide I1

2 into two regions

I1
21 = {|ξ |�

√
2, |η | �

√
2}

and
I1
22 = {|ξ |, |η |�

√
2}.

Contribution of I1
21 to I1 . Since η2 � 2, similar to the previous case, we get

‖gζ‖L2 � 1

〈ξ 4− ξ 2 + η2〉1/2
.
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Contribution of I1
22 to I1 . When ξ ,η ∈ I1

22 , we have |ξ 4 − ξ 2 + η2| � K , for some
K > 0 (independent of ξ and η ). Thus we obtain

‖gζ‖L2 � ‖eK|t|‖L2([−2,2]) � 1 � 1

〈ξ 4− ξ 2 + η2〉1/2
.

Then, we deduce that
I1 � ‖ϕ‖Hs1,s2 . (3.4)

Now we are going to estimate I2 . We consider two cases:

I2
1 = {|ξ |�

√
2} and I2

2 = {|ξ |�
√

2}.
Contribution of I2

1 to I2 . By using the Young inequality, we see that

‖gζ‖H1/2 = ‖〈τ〉1/2θ̂ ∗ (e−|t|(ξ 4−ξ 2+η2))∧t (τ)‖L2
τ

� ‖〈τ〉1/2θ̂‖L1
τ
‖e−|t|(ξ 4−ξ 2+η2)‖L2

t
+‖θ̂‖L1

τ
‖e−|t|(ξ 4−ξ 2+η2)‖

Ḣ1/2
t

� 1

〈ξ 4− ξ 2 + η2〉1/2
� 1.

Contribution of I2
2 to I2 . In this case we divide I2

2 into two regions I1
21 and I1

22 as
defined above. The contribution of I1

21 to I2 is similar to the contribution of I1
21 to I1 .

Contribution of I1
22 to I2 . Since |ξ |, |η |� √

2, then |ξ 4−ξ 2 +η2| � 4. Thus we have

‖gζ‖H1/2 � ∑
j�0

4 j

j!
‖|t| jθ (t)‖

H
1/2
t

� 1,

since
‖|t| jθ (t)‖

H1/2
t

� ‖|t| jθ (t)‖H1
t

� j,

for j � 1. Therefore we obtain that

I2 � ‖ϕ‖Hs1,s2 . (3.5)

Thus, the proof is completed. �
The following lemmas will be useful in proving some smoothing properties in the

Bourgain spaces for the operator t �→ ∫ t
0 V (t− t ′) f (t)dt ′ .

LEMMA 2. Let w ∈ S (R3) . Define kζ on R by

kζ (t) = θ (t)
∫

R

eitτ − e−|t|(ξ 4−ξ 2+η2)

iτ + ξ 4− ξ 2 + η2 ŵ(τ)dτ. (3.6)

Then it holds for all ζ ∈ R2 that∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2k̂t
ζ (τ)

∥∥∥
L2

τ
�
∥∥∥〈iτ + ξ 4− ξ 2 + η2〉−1/2ŵ(ζ ,τ)

∥∥∥
L2

τ

+
∫

R

|ŵ(ζ ,τ)|
〈iτ + ξ 4− ξ 2 + η2〉dτ.

(3.7)
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Proof. We decompose kζ into

kζ (t) = θ (t)
(∫

|τ|�1

eitτ −1
iτ + ξ 4− ξ 2 + η2 ŵ(ζ ,τ)dτ

+
∫
|τ|�1

1− e−|t|(ξ 4−ξ 2+η2)

iτ + ξ 4− ξ 2 + η2 ŵ(ζ ,τ)dτ

+
∫
|τ|�1

eitτ

iτ + ξ 4− ξ 2 + η2 ŵ(ζ ,τ)dτ

−
∫
|τ|�1

e−|t|(ξ 4−ξ 2+η2)

iτ + ξ 4− ξ 2 + η2 ŵ(ζ ,τ)dτ
)

= I1 + I2 + I3 + I4, (3.8)

then we examine the different contributions of (3.8) on the left hand side of (3.7).

Contribution of I4 . Since |τ| � 1, we have

∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2 Ît4(τ)
∥∥∥2

L2
τ

�
(∫

R
〈iτ + ξ 4− ξ 2 + η2〉|ĝt

ζ (τ)|2dτ
)(∫

R

|ŵ(ζ ,τ)|
〈iτ + ξ 4− ξ 2 + η2〉

)2

,

where gζ is defined in (3.3). Exactly the same computations as in Lemma 1 lead us to

∫
R
〈iτ + ξ 4− ξ 2 + η2〉

∣∣∣ĝt
ζ (τ)

∣∣∣2 dτ � 1.

We conclude then that

∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2 Ît4(τ)
∥∥∥

L2
τ
�
∫

R

|ŵ(ζ ,τ)|
〈iτ + ξ 4− ξ 2 + η2〉 . (3.9)

Contribution of I3 . Since

I3 = θ (t)
(

ŵ(ζ ,τ)
iτ + ξ 4− ξ 2 + η2 χ{|τ|�1}

)∨τ

(t),
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we use the Young inequality to obtain that∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2Ît3(τ)
∥∥∥

L2
τ

=
∥∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2θ̂ (τ ′)∗τ ′

(
ŵ(ζ ,τ)χ|τ ′ |�1

iτ ′ + ξ 4− ξ 2 + η2

)
(τ)
∥∥∥∥

L2
τ

�
∥∥∥∥〈τ ′〉1/2|θ̂ |(τ ′)∗τ ′

(
ŵ(ζ ,τ)χ|τ ′ |�1

iτ ′ + ξ 4− ξ 2 + η2

)
(τ)
∥∥∥∥

L2
τ

+
∥∥∥∥|θ̂ |(τ ′)∗τ ′

(
ŵ(ζ ,τ)χ|τ ′ |�1

iτ ′ + ξ 4− ξ 2 + η2

)
(τ)
∥∥∥∥

L2
τ

� ‖θ‖H1/2

∥∥∥∥ ŵ(ζ ,τ)χ|τ ′ |�1

iτ ′ + ξ 4− ξ 2 + η2

∥∥∥∥
L1

τ ′
+‖θ̂‖L1

τ

∥∥∥∥ ŵ(ζ ,τ)χ|τ ′ |�1

iτ ′ + ξ 4− ξ 2 + η2

∥∥∥∥
L2

τ ′

�
∫

R

|ŵ(ζ ,τ)|2
〈iτ ′ + ξ 4− ξ 2 + η2〉dτ +

(∫
R

|ŵ(ζ ,τ)|2
〈iτ ′ + ξ 4− ξ 2 + η2〉dτ

)1/2

.

(3.10)

Contribution of I2 . First, note that∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2Ît2(τ)
∥∥∥

L2
τ
�
(∫

R

|ŵ(ζ ,τ)|
〈iτ ′ + ξ 4− ξ 2 + η2〉dτ

)1/2

×
∥∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2

(
θ (t)(1− e−|t|(ξ 4−ξ 2+η2))

)∧t
(τ)
∥∥∥∥

L2
τ

.

(3.11)

Since∫
|τ|�1

〈iτ + ξ 4− ξ 2 + η2〉
|iτ + ξ 4− ξ 2 + η2|2 dτ

=
∫
|τ|�1

dτ
|iτ + ξ 4− ξ 2 + η2|2 +

∫
|τ|�1

dτ
|iτ + ξ 4− ξ 2 + η2|

�
∫ 1

0

dτ
τ2 +(ξ 4− ξ 2 + η2)2 +

1
|ξ 4− ξ 2 + η2|

� 1
|ξ 4− ξ 2 + η2|

∫ 1

0

1
1+( τ

|ξ 4−ξ 2+η2| )
2 d(

τ
|ξ 4− ξ 2 + η2| )+

1
|ξ 4− ξ 2 + η2|

� 1
|ξ 4− ξ 2 + η2| .

We deduce from (3.11) and the Cauchy-Schwarz inequality that∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2Ît2(τ)
∥∥∥

L2
τ
�
(∫

R

|ŵ(ζ ,τ)|2
〈iτ ′ + ξ 4− ξ 2 + η2〉dτ

)1/2

× 1√
|ξ 4− ξ 2 + η2|

∥∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2
(

θ (t)(1− e−|t|(ξ 4−ξ 2+η2))
)∧t
∥∥∥∥

L2
τ

.

(3.12)
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Next, we consider two different cases. If (ξ ,η) ∈ {|ξ |� 2}∪{|η |� 2} , then we have
ξ 4− ξ 2 + η2 � 1, so∥∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2

(
θ (t)(1− e−|t|(ξ 4−ξ 2+η2))

)∧t
(τ)
∥∥∥∥

L2
τ

� ‖θ‖H1/2 + 〈ξ 4− ξ 2 + η2〉1/2‖θ‖L2 +‖gζ‖H1/2

+ 〈ξ 4− ξ 2 + η2〉1/2‖gζ‖L2

�
√
|ξ 4− ξ 2 + η2|,

which implies together with (3.12) that

∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2Ît2(τ)
∥∥∥

L2
τ
�
(∫

R

|ŵ(ζ ,τ)|2
〈iτ ′ + ξ 4− ξ 2 + η2〉dτ

)1/2

. (3.13)

If |ξ | � 2 and |η | � 2, then |ξ 4− ξ 2 + η2| � 4 and we have∥∥∥∥〈iτ+〉1/2
(

θ (t)(1− e−|t|(ξ 4−ξ 2+η2))
)∧t

(τ)
∥∥∥∥

L2
τ

�
∥∥∥θ (t)(1− e−|t|(ξ 4−ξ 2+η2))

∥∥∥
H

1/2
t

. (3.14)

Then by an argument similar to Lemma 1, we get∥∥∥θ (t)(1− e−|t|(ξ 4−ξ 2+η2))
∥∥∥

H
1/2
t

� ∑
j�1

|ξ 4− ξ 2 + η2| j
j!

‖t jθ (t)‖H1/2

� |ξ 4− ξ 2 + η2| ∑
j�0

|ξ 4− ξ 2 + η2| j
j!

� |ξ 4− ξ 2 + η2|,
which together with (3.12) and (3.14) also implies (3.13) in this case.
Contribution of I1 . Since I1 can be rewritten as

I1 = θ (t)
∫
|τ|� ∑

j�1

(itτ) j

(iτ + ξ 4− ξ 2 + η2) j!
ŵ(ζ ,τ),

we deduce from the Cauchy-Schwarz inequality that∥∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2
Ît1(τ)

∥∥∥
L2

τ

� ∑
j�1

1
j!

(
‖t jθ (t)‖H1/2 +

√
〈ξ 4− ξ 2 + η2〉‖t jθ (t)‖L2

)
×
∫
|τ|�1

|τ| j|ŵ(ζ ,τ)|
|iτ + ξ 4− ξ 2 + η2|dτ
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�
√
〈ξ 4− ξ 2 + η2〉

(∫
R

|ŵ(ζ ,τ)|2
〈iτ + ξ 4− ξ 2 + η2〉dτ

)1/2

×
(∫

|τ|�1

τ2〈iτ + ξ 4− ξ 2 + η2〉
|iτ + ξ 4− ξ 2 + η2|2 dτ

)1/2

�
∥∥∥∥∥ ŵ(ζ ,τ)√〈iτ + ξ 4− ξ 2 + η2〉

∥∥∥∥∥
L2

τ

, (3.15)

where we used the inequality∫
|τ|�1

τ2〈iτ + ξ 4− ξ 2 + η2〉
|iτ + ξ 4− ξ 2 + η2|2 dτ � 1

〈ξ 4− ξ 2 + η2〉 .

Then, combining (3.8), (3.9), (3.10), (3.13) and (3.15), we get (3.7) which concludes
the proof of Lemma 2. �

LEMMA 3. Let s1,s2 ∈ R . Then∥∥∥∥θ (t)
∫ t

0
V (t− t ′)v(t ′)dt ′

∥∥∥∥
X 1/2,s1,s2

� ‖v‖
X 1/2,s1,s2 +

(∫
R2
〈ξ 〉2s1〈η〉2s2

(∫
R

|(U(−t)v)∧(ζ ,τ)|
〈iτ + ξ 4− ξ 2 + η2〉dτ

)2

dζ

)1/2

,

(3.16)

for all v ∈ S (R3) . Moreover for any 0 < δ < /1/2 ,∥∥∥∥θ (t)
∫ t

0
V (t − t ′)v(t ′)dt ′

∥∥∥∥
X 1/2,s1,s2

� ‖v‖
X −1/2+δ ,s1,s2 , (3.17)

for all v ∈ S (R3) .

Proof. It suffices to prove (3.16). Define

w(·,t) = U(−t)v(·,t) ∈ S (R2). (3.18)

We obtain from Fubini’s theorem and the Fourier inverse formula, that

θ (t)
∫ t

0
V (t− t ′)v(t ′)dt ′ = U(t)(kζ (t))∨ζ , (3.19)

where kζ is defined in (3.6). Then by using (3.18) and (3.19) and Lemma 2, we deduce
that ∥∥∥θ (t)

∫ t

0
V (t− t ′)v(t ′)dt ′

∥∥∥
X 1/2,s1,s2
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=
∥∥∥〈ξ 〉s1〈η〉s2∥∥〈iτ + ξ 4− ξ 2 + η2〉1/2k̂t

ζ (τ)
∥∥

L2
τ

∥∥∥
L2

ζ

�
∥∥∥∥〈ξ 〉s1〈η〉s2(∫

R

|ŵ(ζ ,τ)|2
〈iτ + ξ 4− ξ 2 + η2〉dτ

+
(∫

R

|ŵ(ζ ,τ)|
〈iτ + ξ 4− ξ 2 + η2〉dτ

)2)1/2∥∥∥∥
L2

ζ

� ‖v‖
X −1/2,s1,s2 +

(∫
R2
〈ξ 〉2s1〈η〉2s2

(
(|U(−t)v)∧(ζ ,τ)|
〈iτ + ξ 4− ξ 2 + η2〉dτ

)2

dζ
)1/2

.

This completes the proof of (3.16). �

PROPOSITION 1. Let s1,s2 ∈R and 0 < δ < 1/2 . Then, for all f ∈X −1/2+δ ,s1,s2 ,
we have

t �−→
∫ t

0
V (t− t ′) f (t ′)dt ′ ∈C(R+;Hs1+4δ1,s2+2δ2), (3.20)

where δ = δ1 + δ2 . Moreover,∥∥∥∫ t

0
V (t− t ′) f (t ′)dt ′

∥∥∥
C([0,T ];Hs1 ,s2 )

� ‖ f‖
X −1/2+δ ,s1,s2 . (3.21)

Proof. Define g(x,y,t) = U(−t) f (·,t)(x,y) . Since U is a strongly continuous
unitary group in Hs1,s2(R2) , it is enough to show that

F(ζ , ·) : t ∈ R+ �−→ 〈ξ 〉s1+4δ1〈η〉s2+2δ
∫ t

0
e−(t−t′)(ξ 4−ξ 2+η2)ĝ(·,t)(ζ )dt ′

is continuous in L2
ζ (R2) , when

〈ξ 〉s1〈η〉s2〈iτ + ξ 4− ξ 2 + η2〉−1/2+δ ĝ(ζ ,τ) ∈ L2(R3).

Similar to (3.19), we can compute, using the Fourier inverse transform in time and
Fubini’s theorem, that

F(ζ , t) = 〈ξ 〉s1+4δ1〈η〉s2+2δ
∫

R
ĝ(ζ ,τ)

eitτ − e−t(ξ 4−ξ 2+η2)

iτ + ξ 4− ξ 2 + η2 dτ.

Fix t0 ∈ R+ and define for all t ∈ R ,

H(ζ , t) : = F(ζ ,t)−F(ζ ,t0)

= 〈ξ 〉s1+4δ1〈η〉s2+2δ
∫

R

ĝ(ζ ,τ)
iτ + ξ 4− ξ 2 + η2

×
[
eitτ − eit0τ − e−t(ξ 4−ξ 2+η2) + e−t0(ξ 4−ξ 2+η2)

]
dτ.



470 AMIN ESFAHANI

We will use the Lebesgue dominated convergence theorem to show that

lim
t→t0

‖H(·,t)‖L2(R2) = 0. (3.22)

First we note that
lim
t→t0

h(ζ ,τ,t) = 0, a.e. (ζ ,τ) ∈ R3, (3.23)

where

h(ζ ,τ, t) =
ĝ(ζ ,τ)

iτ + ξ 4− ξ 2 + η2

[
eitτ − eit0τ − e−t(ξ 4−ξ 2+η2) + e−t0(ξ 4−ξ 2+η2)

]
. (3.24)

Moreover, since t → t0 , we can suppose that 0 � t � T , and then

|h(ζ ,τ, t)| � (2+ et/4 + et0/4)
|ĝ(ζ ,τ)|

|iτ + ξ 4− ξ 2 + η2| � |ĝ(ζ ,τ)|
|iτ + ξ 4− ξ 2 + η2| . (3.25)

We deduce from the Cauchy-Schwarz inequality that∫
R

|ĝ(ζ ,τ)|
|iτ + ξ 4− ξ 2 + η2|dτ

�
∥∥∥∥∥ 〈iτ + ξ 4− ξ 2 + η2〉1/2−δ

|iτ + ξ 4− ξ 2 + η2|

∥∥∥∥∥
L2

τ

∥∥∥∥ ĝ(ζ ,τ)
〈iτ + ξ 4− ξ 2 + η2〉1/2−δ

∥∥∥∥
L2

τ

.

By our hypotheses on g , we know that∫
R2
〈ξ 〉2s1〈η〉2s2

∫
R

|ĝ(ζ ,τ)|2
〈iτ + ξ 4− ξ 2 + η2〉1−2δ dτdζ < +∞.

Hence, ∫
R

|ĝ(ζ ,τ)|
|iτ + ξ 4− ξ 2 + η2|dτ �

∥∥∥∥ ĝ(ζ ,τ)
〈iτ + ξ 4− ξ 2 + η2〉1/2−δ

∥∥∥∥
L2

τ

, (3.26)

for almost every ζ ∈ R2 . We use (3.23)-(3.26) and the Lebesgue dominated conver-
gence theorem to conclude that

lim
t→t0

H(ζ ,t) = 0, a.e. ζ ∈ R2. (3.27)

Next we show that there exists G ∈ L2(R2) such that

|H(ζ ,t)| � |G(ζ )|, (3.28)

for all ζ ∈ R2 and t ∈ R+ .
When |ξ |� 2 and |η |� 2, we get from the Cauchy-Schwarz inequality and (3.25)

that

|H(ζ , t)|

� 〈ξ 〉s1+4δ1〈η〉s2+2δ2

∥∥∥∥∥ 〈iτ + ξ 4− ξ 2 + η2〉1/2−δ

|iτ + ξ 4− ξ 2 + η2|

∥∥∥∥∥
L2

τ

∥∥∥∥ ĝ(ζ ,τ)
〈iτ + ξ 4− ξ 2 + η2〉1/2−δ

∥∥∥∥
L2

τ

.
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Since ξ 4− ξ 2 + η2 � 2,∥∥∥∥∥ 〈iτ + ξ 4− ξ 2 + η2〉1/2−δ

|iτ + ξ 4− ξ 2 + η2|

∥∥∥∥∥
L2

τ

�
(∫

R

1

|iτ + ξ 4− ξ 2 + η2|1+2δ dτ
)1/2

� 〈ξ 〉−4δ1〈η〉−2δ2 .

Now by using the hypotheses our g , we have for all t ∈ R+ that

|H(ζ , t)| � 〈ξ 〉s1〈η〉s2
∥∥∥∥ ĝ(ζ ,τ)
〈iτ + ξ 4− ξ 2 + η2〉1/2−δ

∥∥∥∥
L2

τ

∈ L2(R2),

which proves (3.28) in this case. When |ξ | � 2 and |η | � 2, then we have

|ξ 4− ξ 2 + η2| � 2,

so

|H(ζ , t)| �
∫

R

|ĝ(ζ ,τ)|
|iτ + ξ 4− ξ 2 + η2|

∣∣∣e−t(ξ 4−ξ 2+η2)− e−t0(ξ 4−ξ 2+η2)
∣∣∣dτ

+
∫

R

|ĝ(ζ ,τ)|
|iτ + ξ 4− ξ 2 + η2|

∣∣∣eitτ − eit0τ
∣∣∣dτ

= I + II.

We first estimate II . It follows from the Cauchy-Schwarz inequality that

II � |t− t0|
∫
|τ|�1

|τ||ĝ(ζ ,τ)|
|iτ + ξ 4− ξ 2 + η2|dτ +2

∫
|τ|�1

|ĝ(ζ ,τ)|
|iτ + ξ 4− ξ 2 + η2|dτ

�
( |ĝ(ζ ,τ)|2
〈iτ + ξ 4− ξ 2 + η2〉1−2δ dτ

)1/2

×
[(∫

|τ|�1
|τ|1−2δ dτ

)1/2

+
(∫

|τ|�1
〈τ〉−1−2δ dτ

)1/2
]

�
( |ĝ(ζ ,τ)|2
〈iτ + ξ 4− ξ 2 + η2〉1−2δ dτ

)1/2

∈ L2(R2).

To estimate I , we use again use the Cauchy-Schwarz inequality to see that

I � |t − t0|
(∫

R

|ĝ(ζ ,τ)|2
〈iτ + ξ 4− ξ 2 + η2〉1−2δ dτ

)1/2

|ξ 4− ξ 2 + η2|

×
(∫

R

〈iτ + ξ 4− ξ 2 + η2〉1−2δ

|iτ + ξ 4− ξ 2 + η2|2 dτ

)1/2

.
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Hence(∫
R

〈iτ + ξ 4− ξ 2 + η2〉1−2δ

|iτ + ξ 4− ξ 2 + η2|2 dτ

)1/2

≈

(∫
R

1
|iτ + ξ 4− ξ 2 + η2|2 dτ

)1/2

+
(∫

R

1

|iτ + ξ 4− ξ 2 + η2|1+2δ dτ
)1/2

≈
1√|ξ 4− ξ 2 + η2| +

1

|ξ 4− ξ 2 + η2|δ .

Then, since |ξ 4− ξ 2 + η2| � 2, we conclude that

I �
(∫

R

|ĝ(ζ ,τ)|2
〈iτ + ξ 4− ξ 2 + η2〉1−2δ dτ

)1/2

∈ L2(R2).

Thus (3.28) holds in this case. The proof of (3.28) for the cases {|ξ |� 2, |η | � 2} and
{|ξ | � 2, |η | � 2} is similar as above. We use (3.27), (3.28) and the dominated con-
vergence theorem to prove (3.22) which concludes the proof of Proposition 1. Estimate
(3.21) follows exactly by the same computations. �

Then, we will derive a linear estimate to obtain a contraction factor T μ in the
proof of Theorem 1.

LEMMA 4. For all s1,s2 ∈ R , for all T > 0 and for all 0 < δ < 1/2 , we have
that

‖θT w‖
X −1/2+δ ,s1,s2 � T δ‖w‖

X −1/2+2δ ,s1,s2 , ∀w ∈ X −1/2+2δ ,s1,s2 . (3.29)

Proof. By duality, it suffices to prove

‖θT v‖
X 1/2−2δ ,−s1,−s2 � T δ‖v‖

X 1/2−δ ,−s1,−s2 , ∀v ∈ X 1/2−δ ,−s1,−s2 . (3.30)

Let J1 = 1− ∂ 2
x and J2 = 1− ∂ 2

y . First, by using the definitions of X b,s1,s2 and the
unitary group U , the fact that U is a unitary group, the Hölder inequality and the
Sobolev embedding theorem, we observe that

‖θT v‖X 0,−s1,−s2 = ‖J−s1
1 J−s2

2 θT v‖L2(R3) = ‖θT J−s1
1 J−s2

2 U(−t)v‖L2(R3)

� T 1/δ‖J−s1
1 J−s2

2 U(−t)v‖
L2

ζ (R2)L1/δ
t (R)

� T 1/δ‖J−s1
1 J−s2

2 U(−t)v‖
L2

ζ (R2)H1/2−δ
t (R)

,

which implies

‖θT v‖X 0,−s � T 1/2−δ‖v‖X 1/2−δ ,−s , ∀v ∈ X 1/2−δ ,−s. (3.31)
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On the other hand, we have

‖θT v‖X 1/2−2δ ,−s � ‖|τ − ξ 3|1/2−δ 〈ζ 〉−sθ̂T v(ζ ,τ)‖L2(R3)

+‖〈ξ 4− ξ 2 + η2〉1/2−δ 〈ζ 〉−sθ̂T v(ζ ,τ)‖L2(R3)

= I + II.

By applying the Plancherel identity, we see that

II = ‖〈ξ 4− ξ 2 + η2〉1/2−δ 〈ζ 〉−s‖θT (t)v̂(ζ , t)‖L2
t
‖L2

ζ (R2)

� ‖〈ξ 4− ξ 2 + η2〉1/2−δ 〈ζ 〉−sv̂(ζ ,τ)‖L2(R3).

To estimate I , it is enough to show that∫
R
|θ̂T ∗τ v̂(τ)|2|τ −a|1−2δdτ �

∫
R
|v̂(τ)|2|τ −a|1−2δdτ, ∀a ∈ R.

By using again the Plancherel identity and the Leibniz rule for fractional derivatives,
we obtain

‖θ̂T ∗τ v̂(τ)|τ −a|1/2−δ‖L2
τ
= ‖D1/2−δ

t (e−iatθT v)‖L2
t

� ‖e−iatvD1/2−δ
t θT‖2

L2
t
+‖θT‖L∞

t
‖D1/2−δ

t (e−iatv)‖2
L2

t

� ‖e−iatvD1/2−δ
t θT‖2

L2
t
+‖v̂(τ)|τ −a|1/2−δ‖2

L2
τ
.

To estimate ‖eiatvD1/2−δ
t θT‖L2

t
, we use the Hölder inequality and the Hardy-Littlewood-

Sobolev theorem and obtain

‖eiatvD1/2−δ
t θT‖L2

t
� ‖eiatv‖

L1/δ
t

‖D1/2−δ
t θT ‖L

2/(1−2δ )
t

� ‖D1/2−δ
t (e−iatv)‖L2

t
‖D1/2−δ

t θT‖L2/(1−2δ )
t

.

Now by using the Hausdorff-Young theorem, we derive

‖D1/2−δ
t θT ‖L2/(1−2δ )

t
�
(∫

R

[
|τ|1/2−δ |T θ̂ (Tτ)|

]2/(1+2δ )
dτ
)1/2+δ

�
(∫

R

[
|τ|1/2−δ |θ̂ (τ)|

]2/(1+2δ )
dτ
)1/2+δ

� 1.

Finally an interpolation gives (3.30). �

4. Bilinear estimates

In this section, we derive the crucial bilinear estimate to prove the local existence
result.
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THEOREM 3. Let s1 > −3/2 and s2 � 0 , then there exists δ > 0 such that

‖(uv)x‖X −1/2+δ ,s1,s2 � ‖u‖
X 1/2,s1,s2 ‖v‖X 1/2,s1,s2 . (4.1)

Proof. By duality, it suffices to prove that for all s1 > −3/2 and s2 � 0, there
exists δ > 0 such that

I � ‖ f‖L2(R3)‖g‖L2(R3)‖h‖L2(R3), (4.2)

where

I =
∫

R6

|ξ |〈ξ 〉s1〈η〉s2〈iσ + ξ 4− ξ 2 + η2〉δ−1/2 f (ξ1,η1,τ1)g(ξ2,η2,τ2)h(ζ ,τ)
〈ξ1〉s1〈η1〉s2〈iσ1 + ξ 4

1 − ξ 2
1 + η2

1 〉1/2〈ξ2〉s1〈η2〉s2〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉1/2

dν,

(4.3)
and

dν = dζdτdζ1dτ1, ζ = (ξ ,η), τ2 = τ − τ1, ζ2 = ζ − ζ1,

σ = τ − ξ 3, σ1 = τ1 − ξ 3
1 , σ = τ2 − ξ 3

2 .

Moreover, we can assume that s2 = 0 since in the case s2 � 0 we have

〈η〉s2 � 〈η1〉s2〈η −η1〉s2 , ∀η ,η1 ∈ R.

Case −3/2 < s1 < 0. Let s = s1 = −3/2+ ε , where 0 < ε < 3/2; and choose 0 <
δ � ε . A symmetry argument shows that it is enough to estimate the contribution to I
of the following subset of R6 :

Ω = {(τ,τ1,ζ ,ζ1) ∈ R6 : |σ1| � |σ2|}.
Now we divide Ω into Ω1∪Ω2 , where

Ω1 = Ω∩{(τ,τ1,ζ ,ζ1) ∈ R6 : |ξ | > 4},
Ω2 = Ω∩{(τ,τ1,ζ ,ζ1) ∈ R6 : |ξ | � 4}.

Case 1. Contribution of Ω1 to I . We divide Ω1 into two regions:

Ω1
1 = Ω1∩{(τ,τ1,ζ ,ζ1) ∈ R6 : |ξ | � 2|ξ1|},

Ω2
1 = Ω1∩{(τ,τ1,ζ ,ζ1) ∈ R6 : |ξ | > 2|ξ1|}.

Case 1.1. Contribution of Ω1
1 to I . Denote by I1

1 the contribution of this region to I .
We show that

I1
1 � sup

(ζ1,τ1)∈R3

(
J1
1 (ζ1,τ1)

)1/2 ‖ f‖L2(R3)‖g‖L2(R3)‖h‖L2(R3),

� C‖ f‖L2(R3)‖g‖L2(R3)‖h‖L2(R3),

(4.4)

where

J1
1(ζ1,τ1) =

〈ξ1〉3/2−ε

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉
∫

Ω1
1

〈ξ 2〉〈ξ 2
2 〉3/2−ε〈iσ2 + ξ 4− ξ 2 + η2〉2δ−1

〈ξ 2〉3/2−ε〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉

dζdτ.
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We divide Ω1
1 into two regions:

Ω11
1 = Ω1

1∩{(τ,τ1,ζ ,ζ1) ∈ R6 : |ξ2| > 2},

Ω12
1 = Ω1

1∩{(τ,τ1,ζ ,ζ1) ∈ R6 : |ξ2| � 2}.
Case 1.11. Contribution of Ω11

1 to I . Since |ξ1| � 2, then we have that

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉 � 〈ξ1〉3−2ε〈σ1〉(1−ε)/4〈ξ1〉3ε/4

� 〈ξ1〉3−2ε〈σ2〉(1−ε)/4〈ξ 〉3ε/4,
(4.5)

〈iσ + ξ 4− ξ 2 + η2〉1−2δ � 〈σ〉1/2−ε/8−2δ〈η〉1+ε/4 (4.6)

and
〈iσ2 + ξ 4

2 − ξ 2
2 + η2

2 〉 � 〈σ2〉1/4+ε/2〈ξ2〉3−2ε ; (4.7)

so that

J11
1 �

∫
Ω11

1

dζdτ
〈σ1〉(1−ε)/4〈ξ 〉1+ε〈σ2〉1/4+ε/2〈σ〉1/2−ε/8−2δ〈η〉1+ε/4

�
∫

R3

dτdζ
〈σ̃〉1+ε/8−2δ 〈ξ 〉1+ε〈η〉1+ε/4

� 1,

where |σ̃ | = min{|σ |, |σ2|} .
Case 1.12. Contribution of Ω12

1 to I . Similar to (4.5)-(4.7), we have

J11
1 � 1

〈iσ1 + ξ 4
1 + η2

1 〉1/4+ε/2

∫
Ω12

1

dζdτ
〈ξ 〉1−2ε〈σ2〉〈iσ + ξ 4− ξ 2−η2〉1−2δ

� 1

〈ξ1〉1/4+ε/2−ε ′〈σ1〉ε ′

∫
Ω12

1

dζdτ
〈ξ 〉1−2ε〈σ2〉〈ξ 4 + η2〉1−2δ

�
∫

R3

dζdτ
〈σ̃〉1+ε ′ 〈ξ 〉1−4ε ′ 〈ξ 4 + η2〉1−2δ � 1,

where ε ′ = ε/(2(n+1)) , for n � 1.
Case 1.2. Contribution of Ω2

1 to I . We divide Ω2
1 into the following two regions:

Ω21
1 = Ω2

1∩{(τ,τ1,ζ ,ζ1) ∈ R6 : |σ1| � |σ |},

Ω22
1 = Ω2

1∩{(τ,τ1,ζ ,ζ1) ∈ R6 : |σ1| � |σ |}.
Case 1.21. Contribution of Ω21

1 to I . In Ω21
1 , we have |ξ | ∼ |ξ2| and |ξ2| > 2. Thus

we divide Ω21
1 into two subdomains:

Ω211
1 = Ω21

1 ∩{(τ,τ1,ζ ,ζ1) ∈ R6 : |ξ1| � 2},

Ω212
1 = Ω21

1 ∩{(τ,τ1,ζ ,ζ1) ∈ R6 : |ξ1| � 2}.
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Case 1.211. Contribution of Ω211
1 to I . In this case, we have

ξ 4
1 − ξ 2

1 + η2
1 � ξ 4

1 + η2
1 � 1.

Therefore, we obtain

J211
1 � 1

〈iσ1 + ξ 4
1 + η2

1 〉1/4+ε/2

∫
Ω211

1

〈iσ + ξ 4− ξ 2 + η2〉2δ−1

〈ξ 〉1−2ε〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉1/4+ε/2

dζdτ

�
∫

Ω211
1

dζdτ
〈σ1〉1/4+ε/2〈ξ 〉1−2ε〈σ2〉(1−ε)/4〈ξ 4〉3ε/4〈σ〉1/2−2δ−ε/8〈η〉1+ε/4

�
∫

R3

dζdτ
〈σ̃ 〉1−2δ+ε/8〈ξ 〉1+ε〈η〉1+ε/4

� 1.

Case 1.212. Contribution of Ω212
1 to I . Since |ξ1| � 1, then we obtain

J212
1 � 1

〈σ1〉
∫

Ω212
1

dζdτ
〈ξ 〉1−2ε〈σ2〉(1−ε)/4〈ξ 4〉3ε/4〈σ〉1/2−2δ−ε/8〈η〉1+ε/4

�
∫

R3

dζdτ
〈σ̃ 〉7/4−2δ−3ε/8〈ξ 〉1+ε〈η〉1+ε/4

� 1.

Case 1.22. Contribution of Ω22
1 to I . We show that for I22

1 , the contribution of the Ω22
1

to I ,

I22
1 � sup

(ζ ,τ)∈R3

(
J 22

1 (ζ ,τ)
)1/2 ‖ f‖L2(R3)‖g‖L2(R3)‖h‖L2(R3)

� C‖ f‖L2(R3)‖g‖L2(R3)‖h‖L2(R3),

(4.8)

where

J 22
1 =

ξ 2

〈ξ 〉3−2ε〈iσ + ξ 4− ξ 2 + η2〉1−2δ

×
∫

Ω22
1

〈ξ1〉3−2ε〈ξ2〉3−2ε

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉〈iσ2 + ξ 4

2 − ξ 2
2 + η2

2 〉
dζ1dτ1.

We divide Ω22
1 into the following two regions:

Ω221
1 = Ω22

1 ∩{(ζ ,ζ1,τ,τ1) ∈ R6 : |η1| � 2},
Ω222

1 = Ω22
1 ∩{(ζ ,ζ1,τ,τ1) ∈ R6 : |η1| � 2}.

Case 1.221. Contribution of Ω221
1 to I . If |ξ1| � 2, It is readily seen that

J 221
1 � 〈iσ + ξ 4− ξ 2 + η2〉2δ−1

〈ξ 〉1−2ε

×
∫
|η1|�2

∫
|ξ1|�2

∫
R

〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉−1/4−ε/2dζ1dτ1

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉

� 1.
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If |ξ1| � 2, then

J 221
1 � 1

〈ξ 〉1−2ε〈iσ + ξ 4− ξ 2 + η2〉1−2δ

×
∫
|η1|�2

∫
|ξ1|�2

∫
R

〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉−1/4−ε/2dζ1dτ1

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉1/4+ε/2

�
∫

R2

dτ1dξ1

〈σ2〉5/4+ε/2−2δ〈ξ1〉2
� 1.

Case 1.222. Contribution of Ω222
1 to I . In this case we have

ξ 4
1 − ξ 2 + η2

1 � ξ 4
1 + η2

1 � 1.

Therefore if |ξ1| � 2, then

J 222
1 � 1

〈ξ 〉1−2ε〈σ〉1/2−2δ

∫
Ω222

1

dζ1dτ1

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉〈iσ2 + ξ 4

2 − ξ 2
2 + η2

2 〉1/4+ε/2

�
∫

R2

dη1dτ1

〈η2
1 〉〈σ2〉5/4−2δ+ε/2

� 1,

while for |ξ1| � 2 we have

J 222
1 � 1

〈ξ 〉1−2ε〈iσ + ξ 4− ξ 2 + η2〉1/2−2δ

×
∫

Ω222
1

〈iσ ++ξ 4
2 − ξ 2

2 + η2
2 〉−1/4−ε/2dζ1dτ1

〈iσ1 ++ξ 4
1 − ξ 2

1 + η2
1 〉1/4+ε/2

�
∫

R3

dζ1dτ1

〈ξ1〉1−2ε〈σ〉3/4−2δ 〈ξ 4
1 + η2

1 〉1/4+ε/2〈σ2〉1/4+ε/2〈ξ1〉ε � 1.

Case 2. Contribution of Ω2 to I . We show that (4.4) holds by proving that

J2 =
〈ξ1〉3−2ε

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉
∫

Ω2

〈ξ 2〉〈ξ2〉3−2ε〈iσ2 + ξ 4− ξ 2 + η2〉2δ−1

〈ξ 〉3−2ε〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉

dζdτ, (4.9)

is bounded. First we note that if |ξ1| � 6 and |η | � 2, then J2 � 1. Now if |ξ1| � 6
and |η | � 2, then |ξ2| � 1 and we see that

J2 �
∫

R2

dτdη
〈σ1〉〈σ2〉〈σ〉1/2−2δ−ε〈η〉1+2ε � 1.

If |ξ1| � 6 and |η | � 2, then |ξ2| � 2 and

J2 �
∫

R

dτ
〈σ1〉1/4+ε/2〈σ2〉1/4+ε/2〈σ〉1/2−2δ � 1.
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Finally, |ξ1| � 6 and |η | � 2, then |ξ2| � 2 and consequently we have

J2 �
∫

R2

dτdη
〈σ1〉1/4+ε/2〈σ2〉1/4+ε/2〈σ〉1/2−2δ−ε/8〈η〉1+2ε/4

� 1.

Case s � 0. By using again the fact 〈ξ 〉s � 〈ξ1〉s〈ξ2〉s , for all s � 0, it suffices to
prove (4.2) for s = 0. By symmetry one can assume that |σ1| � |σ2| . We prove that
J � 1, where J is defined in (4.9). First we consider the case |ξ | � 4. We also assume
2|ξ1| � |ξ | . Hence |ξ1| � 2 and

J � 1

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉
∫

R3

〈ξ 2〉
〈iσ2 + ξ 4

2 − ξ 2
2 + η2

2 〉〈iσ + ξ 4− ξ 2 + η2〉1−2δ dζdτ

� 1

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉1/2

∫
R3

dζdτ
〈σ2〉〈iσ + ξ 4− ξ 2 + η2〉1−2δ

�
∫

R3

dζdτ
〈σ2〉3/2〈ξ 4− ξ 2 + η2〉1−2δ � 1.

If 2|ξ1| � |ξ | holds, then |ξ | ∼ |ξ2| � 2 and

J � 1
〈σ1〉

∫
R3

dζdτ
〈iσ2 + ξ 4

2 − ξ 2
2 + η2

2 〉1/2〈iσ + ξ 4− ξ 2 + η2〉1−2δ

�
∫

R3

dζdτ
〈σ2〉3/2〈ξ 4− ξ 2 + η2〉1−2δ � 1.

Next we consider the case |ξ | � 4. If |η | > 4, then

J � 1
〈σ1〉

∫
|ξ |�4

∫
R2

dζdτ
〈σ2〉〈η2〉1−2δ �

∫
R2

dζdτ
〈σ2〉2〈η2〉1−2δ � 1, (4.10)

while for |η | � 4 we get

J � 1
〈σ1〉

∫
|ξ |�4

∫
|η|�4

∫
R

dζdτ
〈σ2〉〈σ〉1−2δ �

∫
R

dζdτ
〈σ2〉2〈σ〉1−2δ � 1. (4.11)

This completes the proof of Theorem 3. �

THEOREM 4. Let s1 > −1/2 and s2 � 0 , then there exists δ > 0 such that

‖(uv)xx‖X −1/2+δ ,s1,s2 � ‖u‖
X 1/2,s1,s2‖v‖X 1/2,s1,s2 . (4.12)

Proof. We follow the same strategy as in the proof of Theorem 3. By duality,
estimate (4.12) is equivalent to prove that for all s1 > −1/2 and s2 � 0, there exists
δ > 0 such that

I � ‖ f‖L2(R3)‖g‖L2(R3)‖h‖L2(R3), (4.13)
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where

I =
∫

R6

|ξ |2〈ξ 〉s1〈η〉s2〈iσ + ξ 4− ξ 2 + η2〉δ−1/2 f (ξ1,η1,τ1)g(ξ2,η2,τ2)h(ζ ,τ)
〈ξ1〉s1〈η1〉s2〈iσ1 + ξ 4

1 − ξ 2
1 + η2

1 〉1/2〈ξ2〉s1〈η2〉s2〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉1/2

dν,

(4.14)
and

dν = dζdτdζ1dτ1, ζ = (ξ ,η), τ2 = τ − τ1, ζ2 = ζ − ζ1,

σ = τ − ξ 3, σ1 = τ1 − ξ 3
1 , σ = τ2 − ξ 3

2 .

Moreover, we can assume that s2 = 0 since in the case s2 � 0 we have

〈η〉s2 � 〈η1〉s2〈η −η1〉s2 , ∀η ,η1 ∈ R.

Case 0 > s1 > −1/2. We can write s = s1 = −1/2+ ε , where 0 < ε < 1/2. Choose
0 < δ � ε . By a symmetry argument, it is enough to estimate the contribution to I of
the following subset of R6 :

Ω = {(ζ ,τ,ζ1,τ1) ∈ R6 : |σ1| � |σ2|}.

Now we divide Ω into the following regions:

Ω1 = {(ζ ,τ,ζ1,τ1) ∈ R6 : |ξ | > 4, |ξ | � 2|ξ1|},

Ω2 = {(ζ ,τ,ζ1,τ1) ∈ R6 : |ξ | > 4, |ξ | > 2|ξ1|, |σ1| � |σ |},
Ω3 = {(ζ ,τ,ζ1,τ1) ∈ R6 : |ξ | > 4, |ξ | > 2|ξ1|, |σ | � |σ1|},

Ω4 = {(ζ ,τ,ζ1,τ1) ∈ R6 : |ξ | � 4}.
Case 1. Contribution of Ω1 to I . Denote by I1 the contribution of this region to I . We
show that

I1 � sup
(ζ1,τ1)∈R3

(J1(ζ1,τ1))
1/2‖ f‖L2(R3)‖g‖L2(R3)‖h‖L2(R3),

� C‖ f‖L2(R3)‖g‖L2(R3)‖h‖L2(R3),

(4.15)

where

J1 =
〈ξ1〉1−2ε

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉

×
∫

Ω1

〈ξ 4〉〈ξ2〉1−2ε

〈ξ 〉1−2ε〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉〈iσ2 + ξ 4− ξ 2 + η2〉1−2δ dζdτ.

We note that in Ω1 we have |ξ1| � |ξ |/2 � 2 and so that ξ 4−ξ 2 ∼ ξ 4 and ξ 4
1 −ξ 2

1 ∼
ξ 4

1 . First we consider the case |ξ2| � 2. Then we have

J1 � 1

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉3/4+ε/2
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×
∫

Ω1

〈ξ 4〉3/4+ε/2

〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉〈iσ + ξ 4− ξ 2 + η2〉1−2δ dζdτ

�
∫

R3

dζdτ
〈σ2〉〈σ〉ε ′ 〈ξ 4− ξ 2 + η2〉1−2δ−ε ′

�
∫

R3

dζdτ
〈σ̃〉1+ε ′ 〈ξ 4− ξ 2 + η2〉1−2δ−ε ′ � 1,

where 0 < ε ′ � 1 is small enough and |σ̃ | = min{|σ |, |σ2|} .
If the case |ξ2| � 2 holds, then ξ 4

2 − ξ 2
2 + η2

2 ∼ ξ 4
2 + η2

2 � 1. Thus we get

J1 � 1

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉3/4+ε/2

∫
Ω1

〈ξ 〉3+2ε〈iσ + ξ 4− ξ 2 + η2〉2δ−1

〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉3/4+ε/2

dζdτ

�
∫

R3

dζdτ
〈iσ2 + ξ 4

2 − ξ 2
2 + η2

2 〉3/4+ε/2〈iσ + ξ 4− ξ 2 + η2〉1−2δ

�
∫

R3

dζdτ
〈ξ 4 + η2〉3/4+ε/4−2δ〈σ̃〉1+ε/4

� 1,

where |σ̃ | = min{|σ |, |σ2|} .
Case 2. Contribution of Ω2 to I . Consider Ω2 in the integral of J1 (instead of Ω1 )
and denote it by J2 . In this case, we have |ξ | ∼ |ξ2| � |ξ1| and |ξ2| � 2. If |ξ1| � 2,
then it is straightforward to see that

J2 � 1

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉3/4+ε/2

∫
Ω2

〈ξ 4〉3/4+ε/2〈iσ + ξ 4− ξ 2 + η2〉2δ−1

〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉3/4+ε/2

dζdτ

�
∫

R3

dζdτ
〈σ〉3/4+ε/2〈iσ + ξ 4 + η2〉1−2δ �

∫
R3

dζdτ
〈σ〉1+ε/4〈ξ 4 + η2〉3/4−2δ+ε/4

� 1.

Next suppose that |ξ1| � 2. Then we get

J2 � 1
〈σ1〉

∫
Ω2

〈ξ 4〉3/4+ε/2

〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉3/4+ε/2〈iσ + ξ 4− ξ 2 + η2〉1−2δ dζdτ

�
∫

R3

dζdτ
〈σ〉〈iσ + ξ 4− ξ 2 + η2〉1−2δ �

∫
R3

dζdτ
〈σ〉1+ε ′ 〈ξ 4 + η2〉1−2δ−ε ′ � 1,

where 0 < ε ′ � 1 is small enough.
Case 3. Contribution of Ω3 to I . For this case, we prove that for I3 , the contribution
of the Ω3 to I ,

I3 � sup
(ζ ,τ)∈R3

(J3(ζ ,τ))1/2 ‖ f‖L2(R3)‖g‖L2(R3)‖h‖L2(R3)

� C‖ f‖L2(R3)‖g‖L2(R3)‖h‖L2(R3),

(4.16)
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where

J3 =
〈ξ 4〉

〈ξ 〉1−2ε〈iσ + ξ 4− ξ 2 + η2〉1−2δ

×
∫

Ω3

〈ξ1〉1−2ε〈ξ2〉1−2ε

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉〈iσ2 + ξ 4

2 − ξ 2
2 + η2

2 〉
dζ1dτ1.

If |ξ1| � 2, we have

J3 � 〈ξ 〉3+2ε

〈iσ + ξ 4− ξ 2 + η2〉1−2δ

×
∫

Ω3

dζ1dτ1

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉〈iσ2 + ξ 4

2 − ξ 2
2 + η2

2 〉3/4+ε/2

�
∫
|ξ1|�2

∫
|η1|�2

∫
R

dζ1dτ1

〈σ1〉1−2δ 〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉

� 1,

while for |ξ1| � 2 we get ξ 4
1 − ξ 2

1 + η2
1 � 1 and consequently

J3 � 〈ξ 4〉3/4+ε/2

〈iσ + ξ 4− ξ 2 + η2〉1−2δ

∫
Ω3

〈iσ2 + ξ 4
2 − ξ 2

2 + η2
2 〉−3/4−ε/2

〈iσ1 + ξ 4
1 − ξ 2

1 + η2
1 〉3/4+ε/2

dζ1dτ1

�
∫

R3

dζ1dτ1

〈σ1〉1−2δ 〈σ1〉3/4〈ξ 4
1 + η2

1 〉3/4+ε/4
� 1.

Contribution of Ω4 to I is followed by the same lines of the proof of Theorem 3.
The proof of case s � 0 is similar to Theorem 3 and we omit it. �

5. Proof of the local well-posedness

Now we are ready to prove our local well-posedness result.
Proof of Theorem 1. For ϕ ∈ Hs1,s2(R2) , with s1 > −1/2, s′1 ∈ (0,min{0,s1}] ,

s2 � 0 and T � 1, we define

ΓT (u)(t) = θ (t)
(

V (t)ϕ −
∫ t

0
V (t− t ′)(θT f (u))(t ′)dt ′

)
, (5.1)

where f (u) = (u2)x +(u2)xx . Our goal is to use the Picard fixed point theorem to find
a solution ΓT (u) = u .

We introduce the Bourgain spaces defined by

Z1 =
{

u ∈ X 1/2,s1,s2 ; ‖u‖Z1 = ‖u‖
X 1/2,s1,0 + �1‖u‖X 1/2,s1,s2

}
and

Z2 =
{

u ∈ X 1/2,s1,0; ‖u‖Z2 = ‖u‖
X

1/2,s′1,0 + �2‖u‖X 1/2,s1,0

}
,
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where

�1 =
‖ϕ‖Hs1,0

‖ϕ‖Hs1 ,s2
, �2 =

‖ϕ‖
Hs′1,0

‖ϕ‖Hs1,0
.

The goal to introduce two Bourgain spaces is to show in a first time that there exists
T1 = T (‖ϕ‖Hs1 ,0) and a solution u of (5.1) in a ball of Z1 , and then to solve (5.1) in Z2

in order to check that the time of existence T = T (‖ϕ‖
Hs′1,0) with s′1 ∈ (0,min{0,s1}] .

We note that by Theorems 3 and 4, it is readily seen that

‖(uv)x +(uv)xx‖X −1/2+δ ,s1,s2 � ‖u‖
X

1/2,s′1,0‖v‖X 1/2,s1,s2 +‖u‖
X 1/2,s1,s2‖v‖X

1/2,s′1,0

+‖u‖
X 1/2,s1,0‖v‖

X
1/2,s′1,s2

+‖u‖
X

1/2,s′1,s2
‖v‖

X 1/2,s1,0 .

(5.2)

A classical argument, similar to [22, 23, 24] and using Lemmas 1, 3 and 4 and inequality
(5.2), we deduce the existence and the uniqueness of the solution for (5.1).

The continuity of map ϕ �→ u from Hs1,s2 to X 1/2,s1,s2 follows from classical
argument, while the continuity and regularity from Hs1,s2 to C([0,T ],Hs1,s2) follows
again from Proposition 1 and the bilinear estimates. The analyticity of the flow-map is
a direct consequence of the implicit function theorem. �

We also prove the global well-posedness for the initial value problem associated
to equation (1.1), under suitable conditions.

Proof of Theorem 2. First one can observe that when γ = 0, Theorem 1 holds for
the initial data ϕ ∈ Hs1,s2 with s1 > −3/2 and s2 � 0, by Theorem 3. Now we define
T ∗ = T ∗(‖ϕ‖Hs(R2)) by

T ∗ = sup
{

T > 0 : ∃! solution of (1.1)

belongs to C([0,T ];Hs1,s2(R2))∩X
1/2,s1,s2

T with initial data ϕ
}
.

Since u is smooth, we deduce that u solves the Cauchy problem (1.1) with u(0) = ϕ ,
in a classical sense. This allows us to take the L2 scalar product of (1.1) with u and
integrate by parts to obtain

1
2

d
dt
‖u(t)‖2

L2(R2) = −‖uxx‖2
L2(R2) −〈uxx,u〉L2(R2) −‖uy‖2

L2(R2) � 1
4
‖u‖2

L2(R2), (5.3)

where we used the Cauchy-Schwarz inequality. Thus by the Gronwall inequality, we
deduce the following a priori estimate

‖u(t)‖L2(R2) � ‖ϕ‖L2(R2)e
T ∗/2 =: M, ∀t ∈ (0,T ∗). (5.4)

When s = 0, since the time existence T is a decreasing function of the norm of the
initial data ‖ψ‖L2(R2) such that T → +∞ when ‖ψ‖L2(R2) → 0, we know that there

exists a time T1 > 0 such that for all ψ ∈ L2(R2) , with ‖ψ‖L2(R2) � M , there exists a
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unique solution v of (1.1) satisfying v(0) = ψ and v ∈ C([0,T1];L2(R2))∩X 1/2,0,0 .
Now, choose 0 < T < T1 , apply this result with ψ = u(T ∗ − ε) and define

ũ(t) =
{

u(t), t ∈ [0,T ∗ − ε],
v(t−T ∗ + ε), t ∈ [T ∗ − ε,T ∗ − ε +T1].

(5.5)

Then, by the uniqueness result, ũ is a solution of (1.1) in the time interval [0,T ∗ − ε +
T1] ; so that T ∗ cannot be finite.

When −3/2 < s1 < 0, we can argue the same: the smoothness property implies
that the solution u belongs to C((0,T ∗);L2(R2)) and v ∈ X 1/2,0,0 ⊂ X 1/2,s1,s2 , con-
sequently we can apply the uniqueness result also in this case. When s1 > 0, the result
is a direct consequence of the case s1 = 0 and the fact that the time existence only
depends of ‖ϕ‖L2(R2) . �
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