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EXISTENCE RESULTS FOR SECOND ORDER
THREE-POINT BOUNDARY VALUE PROBLEMS

OCTAVIA NICA

(Communicated by J. Davis)

Abstract. The paper is devoted to the study of second order differential equations and systems
with nonlinear three point boundary conditions. The existence of solutions is proved using fixed
point theorems: Banach’s and Boyd-Wong’s contraction principles, Perov’s and Schauder’s fixed
point theorems.

1. Introduction

Multi-point boundary value problems that arise from different areas of applied
mathematics and physics have received a lot of attention in the literature in the last
decades (see for example [1 1], [13], [20], [31], [33], [36], [37] and references therein).
For example, a number of problems in the theory of elastic stability can be treated as
a multi-point problem [44] and also the vibrations of a guy wire of a uniform cross-
section and composed of N parts of different densities can be handled as a multi-point
boundary value problem [39]. The study of multi-point boundary value problems for
linear second-order ordinary differential equations was initiated by II’in and Moiseev
[28], [29]. Then, Gupta [22] has studied three point boudary-value problems for non-
linear ordinary differential equations. Since then, applying various methods of nonlin-
ear analysis, many authors studied more general nonlinear multi-point boundary value
problems (we refer the reader to [15], [16], [23], [24], [25], [35], [36], [38]). For ad-
ditional backgrounds and results, we refer the reader to the monograph by Agarwal,
O’Regan and Wong [1], as well as to the contributions from [3], [14], [18], [19] and
[34].

In paper [21], Guo discussed the existence and uniqueness of solutions of a two-
point boundary value problem for second order nonlinear impulsive integro-differential
equations of mixed type on an infinite interval in a Banach space E. In paper [32],
Liu also studied the existence of at least one solution of a two-point boundary value
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problem for second-order nonlinear ordinary differential equations in a Banach space.
Being directly inspired by [21], [32], in paper [12], by using the Sadovskii fixed point
theorem, the authors study the existence of at least one solution for the second-order
three-point boundary value problem

{u”(t) +f(tult),dt)=0, 0<t<l,
u(0) =6, u(1) = ou(n),

in a Banach space E, where 0 is the zero element of E, I =[0,1],0 < ot < 1,0 <
n < 57 f € C[I XxE x E,E|] and they also obtain the existence of at least one posi-
tive solution. Next, by using Krasnoselskii’s fixed point theorem of cone expansion—
compression type and under suitable conditions, in paper [43], Sun presents the exis-
tence of single and multiple positive solutions to the nonlinear second-order m-point
boundary value problem

where A is a positive parameter, a; > 0 for i = 1,2,...,m —3 and a,,_, > 0, & satisfy

m—2

0<& <& <..<éuoa<l and Y au(&)<l1.
i=1

Here, the author manages to derive an explicit interval of A such that for any A in this
interval, the existence of at least one positive solution to the boundary value problem is
guaranteed, and the existence of at least two solutions for A in an appropriate interval
is also discussed.

On the other hand, motivated by the works in [27], [45], [46], the purpose of paper
[17] is to show the existence of multiple positive solutions to the multipoint boundary-
value problem for the one-dimensional p-Laplacian

(¢p(ul))/iQ(f)f(t,u) =0, (32<f <1,
u(0) = El au(&), u(l)= El biu(&:),

where ¢,(s) = |s|” ~25. By using a fixed point theorem in a cone, the authors present
sufficient conditions for the existence of positive solutions.

As we have mentioned, three-point boundary-value problems for differential equa-
tions were presented and studied by many authors (see [16], [22], [26], [36] and the ref-
erences cited there). However, to the author’s knowledge, three-point boundary value
problems for differential systems have not received as much attention as necessary in
the literature.

Motivated by paper [10], in Section 2, we study the three-point boundary value
problem for second order differential equations:

{u”:f(t,u,u’), 0<t<t,

u(0) = 0, u(to) = g(u(n)). (1)
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where 0 <1 <1y < 1, f, g are continuous functions and u is sought in C'[0,#]. Our
tools here are Banach’s and Schauder’s fixed point theorems. Even in the particular
case g(s) =s, our results compared to those already published in [12], [17], [25], [35]
or [43], bring to the reader some novelty elements by treating differential systems of
this type using the technique based on convergent to zero matrices and vector-valued
norms. Therefore, in Section 3, we discuss differential systems of the type

uugt; = f((t,u((t)),v((t))))

V(1) = g (1,u(1),v(1)),

u(0) =0, u(ty) = ¢(u(n),v(n)), 0<t<ty)
v(0) =0, () = w(u(n).v(m)),

by using Perov’s and Schauder’s fixed point theorems (see for example [2], [41]) and

the technique based on convergent to zero matrices and vector-valued norms. Section 4
is devoted to the problem

)

,V
,V

{u”zf(t,u,u’), 0<t<1,
u(0) =0, u(to) = g(u(n)).

Compared to problem (1.1), even if the three-boundary condition is the same, equation
(1.2) is considered on the larger interval [0, 1]. Finally, in Section 5, a similar strategy
is applied to a system of two second order differential equations.

To conclude this introduction, we recall some notions that are used in what follows.
A square matrix M with nonnegative elements is said to be convergent to zero if

(1.2)

MK —0 as k— oo.

It is known that the property of being convergent to zero is equivalent to each of the
following three conditions (for details see [41], [42]):

(a) I — M is nonsingular and (I —M)~' =1+ M+ M?+ ... (where I stands for
the unit matrix of the same order as M);

(b) the eigenvalues of M are located inside the unit disc of the complex plane;

(c) I — M is nonsingular and (I — M)~ has nonnegative elements.

Let X be a nonempty set. By a vector-valued metric on X we mean a mapping
d: X x X — R" such that

(1) d(u,v) =20 for all u,v € X and if d(u,v) =0 then u=v;

(ii) d(u,v) = d(v,u) for all u,v € X;

(iii) d(u,v) < d(u,w)+d(w,v) forall u,v,w € X.
Here, if x,y € R", x = (x1,x2,....%), ¥y = (¥1,¥2,---,¥n), by X <y we mean x; < y;
for i =1,2,...,n. We call the pair (X,d) a generalized metric space. For such a space
convergence and completeness are similar to those in usual metric spaces.

An operator T : X — X is said to be contractive (with respect to the vector-valued
metric d on X)) if there exists a convergent to zero matrix M such that

d(T(u),T(v)) < Md(u,v) forallu,veX.

Also recall Banach’s, Perov’s and Schauder’s fixed point theorems:
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THEOREM 1.1. (Banach Contraction Principle) If T : X — X is contractive on a
complete metric space X then T has a unique fixed point in X.

The analogue of Banach’s Contraction Principle for generalized metric spaces is
the following theorem of Perov (see [2], [41]):

THEOREM 1.2. (Perov) Let (X,d) be a complete generalized metric space and
T : X — X a contractive operator with Lipschitz matrix M. Then T has a unique fixed
point u* and for each uy € X we have

d(T*(up),u™) < M*(I— M)~ d(uo, T (uo)) for all k € N.
THEOREM 1.3. (Schauder) Let X be a Banach space, D C X a nonempty closed

bounded convex set and T : D — D a completely continuous operator (i.e., T is con-
tinuous and T (D) is relatively compact). Then T has at least one fixed point.

2. Existence results for equations

Consider problem (1.1). Here are some hypotheses:
(H1) there exist a,b,c > 0 such that

{|f(t7u7v)—f(t,ﬁ,v)<au—ﬁ|+bv—v|, (2 1)
|g(u) —g@)| < clu—1l, '
for ¢ € [0,7)] and u,v,u,v € R.
(H2) there exist o, 0,03, B1, B> > 0 such that
f(t,u,v)] < o ful + o [v|+ o3 and [g(u)| < By [u] + Bo, (2.2)

for € [0,7)] and u,v € R.

EXAMPLE 2.1. (a) For instance, function
Sfi(t,u,v) = asin3u+ v
satisfies (2.1) for a =3¢ and b = B.

(b) An example of function f satisfying (2.2) is

1
Sfo(t,u,v) = yucosv+ mv—i—l

with oy =v,00 = 03 = 1.

Notice that any function f satisfying (2.1) also satisfies (2.2), but not conversely.
Similar remarks hold for function g. Thus, condition (H1) implies condition (H2) and
s0, the existence results based on (H2) are more general than those obtained using (H1).
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2.1. Application of Banach’s Contraction Principle

We begin this section by pointing out that problem (1.1) can be written equiva-
lently as

- /mc(t,s)f (s,1(s),0(5)) ds + g (u(n)), 2.3)
0 Iy

where G(t,s) is the Green function defined by

) 0<r<s <
G(m):{ o SIS 2.4)

Slto—t
~do o <s<r <.

We observe that u is a solution of (1.1) if and only if u is a fixed point of the operator
T :C'[0,t9] — C'[0,1], defined by

(Tu)(e)= [ Glt,s)f (s.uls),id (s)) ds + Cg(u(m), @.5)

0

where C![0,19] denotes the space of all continuously differentiable functions defined
on [0,7)], equipped with the norm

HM”C1 [O,to] = max { ||uHoo ’ HM/HM} :
Here, ||w||., = [max |w(t)|. The space C'[0,¢] is a Banach space with respect to the
SISty
norm [|u|cio,, (see, e.g., [40], pp. 148-149).
THEOREM 2.1. If f,g satisfy (H1) with

a+b
2

fo+ < <1, (2.6)
Io

then problem (1.1) has a unique solution. Moreover; this solution can be obtained as
limit of the sequence of succesive approximations .

Proof. Using (H1) we have:
70~ T@ O] = | [ Glo.5)(s.u(5)d (5))ds + L glu(m)
- [ 691 ts(5). 7 (9)ds — L gtatm)
< [ 160911 5uts).06)) = 705, () s
o ls(u(m) — (@)

< [16.9)1-(aluts) ~7(5)] + bJul5) ~7(5) s
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+ L clu(m) —a(n)].
0

Moreover,
tto—1) 1

max G(t,s)|ds = max =—.
1€[0,10] / | ) r€fogy] 2 8

Taking the maximum, since ¢ < g, it follows that

1T () =T@)|l. < agy s g vl + b s o =] .+ cllu—7.,

a+b _
( t3+c)||u—u||cl[o,to].

Furthermore,
to , 1
0= [ G (su(s).(5)) ds + g u(m)).
where
9G L1, 0<r<s<n,
Gt(t,s)ZW(t,s):{% | Ogsgt@z.
Then
(00 0~ (0 0] = | [ Ge)f (61 9) s+ - stutn)
= [ Gt (1), (5)) ds ~ gtat)
< /(:0 1Go(1,5)] | (s,1(5)1 () — £ (5,7(s), 7 (s)) | s
- lg(u(n) — g(am)|
0
< [(16i(e.5)1-(alus) ~T(5)] + b (5) - (5) s
= clu(n) — a(n)|
Since

/\Gtts|ds—/ ds+/ ——1 Eoforte[Oto}

it follows that
/ / 1 1
|7 ()= (T2 (0)| < @3 lu =l + b3 |l ||+ = Ju—7]...
2 2 R )

Hence

H(Tu)’ _ (Tu)” )

I/ 1
< ag fu=l+b3 o ~7 |+ .

2.7)
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a+b c _
<< 2 fo+£> [l =1l crpg 41 -

Therefore

- a+b a+b _
||Tu—TuC1[O7,0]<max{Tt§+ 7 —t+ — }u—ucl[(m].

Since 7y < 1, we have

a+b , a+b2 c _a+b c
t 15+ — < fo+ —,
g 0tes Tt 2 0ty
and hence
max +bt2+ a+bt + < —a+bt —|—£
g 0 2 T T2 0Ty

Thus we obtain that

_ a+b _
||TM_TMHCI[OJO] S < 2 fo+— ) HM_MHCI[OJO]'

Since

o+ < <1
2 0 o ’

then T is a contraction and Banach’s Contraction Principle can be applied.

2.2. Application of Schauder’s fixed point theorem

Under the weaker hypothesis (H2), we have the following existence result as a
consequence of Schauder’s fixed point theorem.

THEOREM 2.2. Assume that (H2) holds with

o o
uto, . B <1. (2.8)
2 o

Then problem (1.1) has at least one solution.
Proof. We show that T has a fixed point in a set of the form
B= {u € C'[0,10) : u(0) = 0 and [ulcrjg < R}
with a suitable R > 0. First note that, for u € B, u(0) = 0 and so
To
u(t) = / W' (s)ds, 0<t<to.
0

Then,
lull.. <o [|u']].. < [|od]..
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and hence

|3 =[]l

In addition, B is a closed convex subset of C![0,y]. Now, since

[[ullcr 0.10) — max{””HW
[0.10]

10 1
/ 1Gy(t,5)|ds < 2
0 2

we see that
() ()] = meJvomwmm»m+}gwm>
0
<19 ama [ (s,u(s).0(5)) | + - le(u(m)
<D

5 (0 [Jull. + 0 [[uf]|  + o) + 5 (Bu [|ullo.+B2) -

Then, we have for u € B,

o+ 0 ﬁl B2
Tulergay = gmax [0/ 0] < (25 20+ 8 ) ooy + o+ 2.

If HMHCI[OJ()] SR, then

o+ 0 B (03] B
||Tu||c1[07t0] < ( ) 10+E)R+ 71‘0"‘;
and if
o+ o
(% ﬂ1>R+2t+&<R 2.9)

then T maps B into itself. A number R > 0 satisfying (2.9) exists in view of (2.8).
Furthermore, from the Arzela-Ascoli Theorem, we have that 7 is a completely con-
tinuous operator in B. This fact can be justified as follows: under the assumption of
continuity of f and g, the operator T is continuous from C'[0,] to C?[0,#] and maps
any bounded set M of C'[0, 1] into a bounded set T (M) of C?[0,#]. Furthermore, the
embedding of C?[0,%y] into C'[0,#] is compact according to the Arzéla-Ascoli theo-
rem (see, e.g., [41], pp. 15-18). Consequently, T(M) is relatively compact in C'[0,7].
Then, T is a completely continuous operator as we claimed. Hence, T has a fixed point
by Schauder’s fixed point theorem.

2.3. Application of Boyd-Wong’s fixed point theorem
First, we recall the Boyd-Wong Contraction Principle (see, e.g., [7]):

THEOREM 2.3. (Boyd-Wong Contraction Principle) Let X be a complete metric
space and suppose T : X — X satisfies:

d(Tx,Ty) <Y(d(x,y)) foreachx,y€X,
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where W : [0,00) — [0,00),0 < W(¢) <1 for t >0 and ¥ is upper semicontinuous from
the right, that is, r; \,r > 0 implies limsup;_.,W(r;) <W(r). Then T has a unique
fixed point x* and {T"(x)} converges to x* for each x € X.

In this section, instead of the Lipschitz condition on f from (H1), we shall con-
sider more generally conditions of Boyd-Wong type, namely:

(H3) there exist ¥,y : [0,00) — [0,0) upper semicontinuous from the right and non-
decreasing, and ¢ > 0 such that

f(tu,v) — f(,7,7)] < yi(Ju—1]) + ya(jv = 7)),
{g(u)—g(ﬁ)l <clu—1, 1 ? (2.10)

for ¢ € [0,7)] and u,u,v,v € R.
THEOREM 2.4. If f,g satisfy satisfy (H3) and

2
W) = max{%(m Fua)(e) +e 2+ y) ) + %r} <t, e

then problem (1.1) has a unique solution. Moreover; this solution can be obtained as
limit of the sequence of succesive approximations .

Proof. Using (H3) we have:
7600 - T@0] = | [ 6507 (sa0(6) 1 (0) s+ etutm)
- [ 691 (5.1, (9) s~ L(utm)
< /Ot0 1G,5)] - |f (s,u(s),u(s)) — £ (5.7(s),7 (s)) | ds
+ - |g(u(n) — g(@(n)|
0
< [166.9)1- (v (uts) = 5)) + yallul5) 7 (5)] s
L clu(n) ~a(n)).
0
Taking the supremum and using (2.7), we obtain
1T (u) =T (@]

< w1 (=l + v (o ~w].)] [ 1609l ds+clu—a..

1 _ _
< %(Wl +yn) <||M — 1l [07t0]> +cllu—=ullcio, -
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Similarly, we obtain that
! . 0 _ C _
|’ = @w|| < F v+ ve) (Ju—Tlerouy) + - e —Tlero-

Therefore
i
HT”_ T”’HC1 [0.70] < maX{g(Wl + W2) (HM_EHCI[O,I()]> +CHM_E||C1[0,IO] )

1 _ c —_
2o+ v) (=Tl ) + =Tl -

Since

2

‘-I’(t)::maX{%(ll/l‘H//z)()—Fct —(yi+y)(t)+ tt}<t, forallz > 0,

then Boyd-Wong’s Contraction Principle can be applied and 7" has a unique fixed point.
REMARK 2.1. Theorem 2.4 is a generalization of Theorem 2.1. Indeed, for
vi(t)=at and yn(r) =
condition (H3) becomes (H1) and (2.11) is satisfied if and only if (2.6) holds.
REMARK 2.2. This type of results could be obtained using conditions of the type

f(tuv)[ < wi(lul) + ya(lv]) + o5 and [g(u)| < Brful + Ba,

for y; : [0,00) — [0,00), (i =1,2) upper semicontinuous from the right and nondecreas-
ing and o3, 31, B2 > 0. Moreover, similar arguments to those from Section 2.3 could be
used for the treatment of the systems from Section 3.

3. Existence results for systems

We next deal with the three-point boundary value problem for second order differ-
ential systems of the type:

. 0<1<ty, 3.0
M(O) =0, ”(ZO) = ¢(”(n)7v(n))7 ’
v(0) =0, v(to) = y(u(n),v(n)).

Problem (3.1) is equivalent to the following integral system in C|[0,7]* := C[0, 1] x
C[OJO}

u(t) = Jo G(t,5)f (s,u(s),v(s)) ds + ¢ (u(n),v(n)),
v(t) = Jo G(t,5)g (s,u(s),v(s)) ds+ Ly (u(n),v(n)).
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This can be viewed as a fixed point problem in C [0, 7o]*

{u(t) =Ti(u(t),v(1)),
V(1) = Ta(u(t),v(1)),

for a completely continuous operator T = (T1,T»), T : C[O,to}2 — C[O,to]z, where
Ty, T are given by

Ti(u,v)(t) = Jo G(1,5)f (s,u(s) ,v(s)) ds + 5@ (u(n),v(n)),
Ta(u,v)(r) = J§ G(1,5)g (s,u(s) ,v(s)) ds+ -y (u(n), v(n)).

3.1. Nonlinearities with the Lipschitz property. Application of Perov’s fixed point
theorem

Here the existence of solutions to problem (3.1) is established by means of Perov’s
fixed point theorem. For this, we assume global Lipschitz conditions, that is

-<
~—
|
~
=
\.N
=l
<
=
N
Q

=
B
|
=1
+
S
=
|
=l

(3.2)

for ¢ € [0,7], u,v,u,v € R and some ay,by,az,bs,c1,d1,ca,dr > 0.
THEOREM 3.1. Assume that condition (3.2) holds. If matrix

ap 2 b1 2
ylto +c §1t0 +dj,

M = b
L2+ 13+ do,

(3.3)

converges to zero, then problem (3.1) has a unique solution in C [O,to}2

Proof. We shall apply Perov’s fixed point theorem in C [O,to]2 endowed with the

vector-valued norm |-/, defined by

il [l
Hictol = | v,
for x = (u,v), u,v € C[0,7] and

= r)|.
. = max Ju(o)

We have to prove that 7' is a generalized contraction, more exactly that

1706) = T@lcpore) < M Ix=Fllcpos)

forall x = (u,v), X = (u,7) € C[0,7]* and some matrix M converging to zero.
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Let (u,v), (&, 7) be any two elements of C[0,7]*. We have that
T3 (u,v) (1) = Ty (3,9) (¢)]

=| [ Gs)s (sauts) ) ds+ olu(n) ()
- ["6twns su><»w——m<>wmﬂ
< /O G(t,)| - |f (s,uls),u'(s)) — f(s,(s),5(s))| ds

t

+—|¢(u(n),v(n))—¢(ﬂ(n)i(n))\
/|st (ar |u(s) — (s)] + b1 |v(s) — 7(s)|)ds
+t (e |u(n) —a(n)|+di[v(n) =v(n)l).

0

Therefore, since t < fg,
ar o _ by 2 _
171 (uv) =Ti@ ). < (gt +er) lu =l + | g +di | [v=vl... G4

Similarly,

a b
an>zxuww<(§ﬁ+@)w—mu+(§ﬁ+@)w—vw (35)

Now, (3.4) and (3.5) can be put together and be rewritten equivalently as

I3 (u,v) = Ty (@), e — ]|,
[Tz(u,V) —To(,v) ] <M { v—VIIm] : (3.6)

Hoo

Then (3.6) is equivalent to
1T (x) = T () llcpo.0) < M llx =Xl cpo )

where x = (u,v),X = (i,7) € C[0,7]* . The result follows now from Perov’s fixed point
theorem.

3.2. Nonlinearities with growth at most linear. Application of Schauder’s fixed
point theorem

Here the existence of solutions to problem (3.1) is established by means of Schauder’s
fixed point theorem in case that f,g satisfy instead of the Lipschitz condition the more
relaxed condition of growth at most linear, that is

|f(t,u,v)| <aplul+byv|+ci,
|g(t,u,v)| < a@zfu|+ by |v|+ ¢,
| (u,v)| < dou |u] + boy [v] + Cor,
[y (u,v)| < doz |u] + bz [v] + co2,

(3.7)
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forall r € [0,79], u,v € R and some Gj, by, 1, dois boi, Coi > 0,i = 1,2
THEOREM 3.2. If f,g satisfy conditions (3.7) and matrix
a2~ b2 7
Mg:= | 3707 g’(’;l,’f’“ (3.8)
Ty a2 Fiy +bo

converges to zero, then problem (3.1) has at least one solution in C[0,1]

Proof. In order to apply Schauder’s fixed point theorem we look for a nonempty,
bounded, closed and convex subset B of C[0,7]*, so that T(B) C B.

Let u,v be any two elements of C[0,7]. We have that

) 0] = | [ 60,9 (2005305} s+ o(un).v(m)
< /0’°|G<t,s>|~|f<s,u<s>,v<s>>|ds+5-|¢<u<n>,v<n>>|ds
1691 @ o)+ B11v(5) +21)ds

ro ~ _
+£(001 [u(s)| =+ bor [v(s)| + co1)-

<

Therefore, since ¢ < fy, we obtain

Qi bi, - -
173(9)]l.. < (§t3+a01) el + (gtéw(n) Wlotdi  (39)

where d~1 = %‘t& + ¢o1- Similarly,

a _ b ~ ~
T2 (u, V)| < <§2I3+a02> u]| o + <§2l3+b02> V] + da,

where Jg = Ft5 +coz. Now, (3.9) and (3.10) can be put together and be rewritten
equivalently as
dy

||Tl(u7v)oo] M [||u||w] 41 311
[IITz(W)w SMslvio ] T4 G-AD

Next, we look for two positive numbers Ry, R, such that if ||u||, <Ry, ||v|.. <Rz, then
1Ty (u,v)]|.. <Ry,||T2(u,v)||.. < Ry. To this end it is sufficient that

(3
(%

(3.10)

IS2

+6101)R1 + <%t§+501> Ry+di <Ry,
1 +a02> Ry + <%t§ +ZO2> R2+C?2 <Ry,

Q?
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or equivalently

whence

Notice that [ — Mg is invertible and its inverse (I — MS)_1 has nonnegative elements
since Mg converges to zero. Thus, if

B={(u,v) € C[0,10)* : |[ull.. <R, |V]l. <R}

then T'(B) C B and Schauder’s fixed point theorem can be applied.

4. Existence results on a larger interval

Next, we present existence results for the three-point boundary value problem:

" __ /
{u =ftuu), 0<t<l, @

u(0) = 0, u(t0) = g(u(n)),

where 0 <7y <mn <1 and f,g are continuous functions. Problem (4.1) could be splitted
into two parts, one for the subinterval [0,7y] and the other one for [fy, 1]. More exactly,

we look for u such as 0.1
_ fv(r), ifre|0,1],
ul)= {wm, if 1 € o, 1],

where v solves
{v”:f(t,uv’), 0<t<t, 42)
v(0) = 0,v(t0) = g(v(n)), '

while w is a solution of

w'=ft,ww), n<t<l,
w(to) = v(t0), (4.3)
W/(t()) = v/(t()).

Problem (4.2) was already discussed in Section 2. Here we just point out that it is
equivalent to a fixed point problem for the Fredholm operator 7 : C' [0,79] — C' [0,1],

(T)(0) = [ G(15)1 (5,909 () ds + Lg(v(n)).

For (4.3) we construct a Volterra integral operator Ty : C! [tp, 1] — C" [to, 1] given by

(Tyw) (1) = v(to) + (1 — 1)V (1g) + /, t [ *Flswls)w/(s) dsdo.  (44)
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Notice that w solves (4.3) if and only if w is a fixed point of the operator 7y . We shall
endow C' [tg, 1] with an equivalent norm of Bielecki type:

W/H9}7

and 6 is a suitable positive number. In this way,

[Iwll = max {[wllg

where |w]y = max |w(t)| e 00)

<<l
we shall guarantee the applicability of Banach’s and Schauder’s fixed point theorems.

4.1. Application of Banach’s Contraction Principle

We assume global Lipschitz conditions, that is the existence of aj,b; > 0 such
that
‘f(tvuav)_f(tvﬁ7v)|<a1‘u_ﬁ|+b1|v_v‘7 (45)

forall ¢ € [t,1] and u,v,u,v € R.

THEOREM 4.1. If f satisfies (4.5) for some arbitrary ay,b; > 0, then problem
(4.3) has a unique solution .

Proof. Consider Ty : C! [to, 1] — C! [to, 1] given by (4.4). We have
[(Tyw) () = (Tyw) (1))

/to/to s,w(s dsdG /to/m f 5, (s )) dsdo
S@A““wwww)f@ws () |dsdo
/to/to ar [w(s) —w(s)| + by |w(s) =W (s)|)dsdo

Z//"mwm—wwwa%wwﬁwm+
o Yo
by (s) = (5)| - 00 2 dsdo

<aplw— WHQ// (s=to dsd6—|—b1Hw -, // (=10) gsd o
HW W”e/ (69(0 1) _ )ds—’_EHW/_W/He/ (e (o—10) —l)ds
fo

_ _ by
< m||w—w||9~e ot t°)+§||

/ _—/He .ee(z—ro).
Dividing by ¢?~%) and taking the supremum, we obtain
_ a _ by _
[Tyw — Tyl < 2 [[w—wllg+ 02 W' =g
Using the same method, we obtain

|ty = avm|, < S =l + 3 [’ = .
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Therefore, if 6 > 1, then

1 Tw =Tyl = max { || Tow— Tyl | (Tw) = (1) |}

1 —
< (@ +b1) w75
This shows that Ty is a contraction if we choose 0 > 1 large enough that

ay+b

1.
) <

Thus, Banach’s Contraction Principle can be applied.

4.2. Application of Schauder’s fixed point theorem
THEOREM 4.2. If the condition (2.2) holds with

op+op
0

<1, (4.6)

then problem (4.3) has at least one solution.

Proof. We show that Ty has a fixed point in C' [ty, 1]. Let

By ={w e Cl[tg, 1] : w(to) = v(t0),w (10) = V' (t0), | w — v(10) Il <R,

Wwlg <R}
Using (2.2), we have
’va(t) — v(t0)|

W(to) + (1 —10)V (10) + /m t /IO * £ (s,w(s) W (s)) dsdo — vi(to)

< |t =10l [V (10)] +/t(: /t: |f (s, w(s),w'(s))|dsdo
< Jt—10] |V (10)] +/tt /IG (c [w(s)|+ oz |W (s)| + o) dsdo
<c+/t’/tg (eu [w(s) — vlto)| + o [v(to)| + 0 |w!(s)| + 0s) dsdo

1 o
= c+/ / (061 w(s) = v(t0)| - e~ 00) . 86710) 4 gy (1)
o /1o
o |w(s)| e 0T 00) 4 “3>de6
1 o
<c+ / / (e l1w=vito)lg - €~ + 0t /][ -2 - ) dsdo
10 J1p

<e+(1-1) / t (S = vl0)llg -0+ 2 [w/]] - %00+ ¢ ) do
0
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o 0(r— o 01—
<c+(1—1) <§ lw—v(t0) | - €®¢ ) + 92 [Wllg-e =) +02> ;

where ¢ := (1 —1))|V/(to)],c1 := oy |v(to)| + 05 and c3 := ¢;(1 —#9)?. Dividing by
¢9(=1) and taking the supremum, we obtain

_ o o
[Tow—v()llg <+ (1—10) (5 Iw = ()l g+ 52 1wy

where ¢:=c+ (1 —19)ca. If w € By, then

ITw—vit)lp <&+ (1 -10) 2Z2R
Furthermore,
|mw) (o)
<] +| [0 =107 (0w(@)w(@) do

1
< }V’(l‘o)} +(1 —l‘o)/ (Otl lw(o)|+ o |W/(G)} + 063) do
T
< |V ()] + (1 —10) (al w(o) —v(to)| - e~ (0] . (0l 0)
+ oo |w(0)]-e 0 0) . 8l00) oy |v(rg)| + og)dcr
<}wmﬂ+(Lﬁw(mHw—v@wefmww%+@uwwefmmﬂtugda
Dividing by ¢?(°~) and taking the supremum, we have that
/ ~ o 04
@w)' | <d+ (=) 3 Iw=vio)lg+ 55 W5
6 0 0
where d := |V (1o)| + (1 — t0)2d and d := o |v(1)| + o3. Taking

lw=v(t0)llg <R, |||y <R,

we obtain o+ o
H(va) H <d+(1—1) AT %2p
0 0
It o + o
e+ (1—10) 102 2R<R 4.7)
and o+ o
d+(1-1) =5 —R<R, (4.8)

then Ty applies B, into B;. Thus a number R > 0 with (4.7) and (4.8) exists provided

that
{ 0613-2062 < 1,

o ro 4.9)
= <L
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Notice that for 6 > 1
o + 0 o+ 0

02 0
and both conditions in (4.9) hold if
op+op
0

Since Ty is a completely continuous operator, from Schauder’s fixed point theorem it
results that 7y has at least one fixed point.

<1

4.3. Existence and uniqueness results on [0, ]

Putting together the results from Section 2.1, Section 4.1 and the results from
Section 2.2, Section 4.2 respectively, we obtain the following results for equations on
the entire interval [0, 1]:

THEOREM 4.3. If f,g satisfy (H1) with (2.6) and condition (4.5), then problem
(4.1) has a unique solution on [0, 1].

THEOREM 4.4. Assume that (H2) holds with (2.8). If, in addition, condition (2.2)
holds with (4.6), then problem (4.1) has at least one solution on [0,1].

5. Systems on a larger interval

Here we consider the three point boundary value problems for second order dif-
ferential systems of the type:

(1) = f(t,u(t),v(1)),

V) =g (t,u(t),v(t)), 0<r<l, 5.1)
”(O) =0, ”(IO) = (”(Tl)»"(n))» ’
v(0) =0, v(to) = y(u(n),v(n)),

and we give existence and uniqueness results for ordinary differential systems of this
type. These systems can be splitted into two parts, one for the subinterval [0,7] and
the other one for [fo, 1], respectively. A similar algorithm was given for equations in
Section 4. Systems on [0,7y] were already discussed in Section 3.

In what follows, we treat three point value problems for differential systems on
Clto, 1] of the type:

w'(t) = f(t,w(t),x(1)),
”(t) g(t,w(t),x(t)), t<t<l,
w(to) = v(to), w' (o) =V (t0),

x(t0) = x(t0), X'(t0) = V'(t0)-
2

Problem (3.1) is equivalent with the following integral system in C |z, 1]” :

{00 1 1 f (s, w(s),x(s)) dsdo,
x(1) = v(to) + (1 —10)V'(t0) + fy, Jio & (s,w(s),x(s)) dsdo.

(5.2)
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This can be viewed as a fixed point problem in C o, 1]2 for a completely continuous
operator T = (T1,T3), T : Clto, 1}2 — Clt, 1]2, where

{W() T1(w(1),x(1))
(1) = Ta(w(1),x(1))

and 71,7, respectively are given by:

{Tl(mv)(l)zv(lo)Jr(f—fo) V0) 9 F (5.0(5) x(3)) ddo
Ta(u,0) (1) = v{to) + (t 10 (t0) + . [ g (s,w(s) . x(s)) dsdo.

5.1. Nonlinearities with the Lipschitz property. Application of Perov’s fixed point
theorem

Here we show that the existence of solutions to problem (5.2) is established by
means of Perov’s fixed point theorem. For this, we assume global Lipschitz conditions,
that is there exist aj,by,c1,d; > 0 such that:

71w = (09,9 < a1 =] +b1 =], 53)
t.2) = 0.7,9)] < 1w =] +-di ¢ =, |

for ¢ € [ty, 1] and w,x,w,X € R.

THEOREM 5.1. Assume that the conditions (5.3) hold. If matrix

DR
9|

o
Mg:=|% & (5.4)
0

NH
®

converges to zero, then problem (5.2) has a unique solution in C 1y, 1}2 .

Proof. We shall apply Perov’s fixed point theorem in Clro,1]* endowed with the
vector norm ||| defined by

I¥llp = max {[jwllg, [Ix][¢}

and
_ —0(t—19)
Iwilg = max w(e)] e~
where y = (w,x) € C [O,to]2 . We have to prove that T is a generalized contraction, more
exactly that

IT0) =T e, < Mo lly =g,y

for all y = (w,x),y = (W,%) € Clio,1]* and some matrix My converging to zero for a
large enough 6.
Let (w,x), (w,X) be any elements of Clo,1]*. We have that

| T3 (w,2) (1) = Th (W,%) (¢)
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= /t: :f(s,w(s%x(s))dsdo'—/t: t:f(sﬁ(s)j(s))dsdg
< [ 11360 (5509 300 s
/m/m (a1 [w(s) = W(s)| + b1 [x(s) — %(s)|)dsd o

= / / (a1 |W(s) —W(s)| .e,g(kto) .ee(sfzo)_k
1y J1y
+ by |x(s) —X(s)| Lo 9s—10) | ,O(s— tO))deG

<a|w— w||9// 06—0) dsdc + by v — xHe// 06—0) dsdo

Gl [ (€00~ 1)+ 5 sl [ (20 1)as

ay — 0 1 _ _
< @HW—WHQ efl—10) me—ng'e 8t~to),
‘We obtain
_ a _ by _
173 0w,2) = Ti (W, D)o < 57 W =Wl + g7 llx =g -
Similarly

_ c1 _ d _
Is0.5) = T )l < b o+ b x 3.

This can be rewritten equivalently as
||T1(W,x)—T1(K,f)||9:| < M, |:W W||9:| (5.5)
w,X
Then (5.5) is equivalent to

IT0) =T e, < Mo lly = lepo,1y

forall y = (w,x),y = (w,X) € Clto,1]*. The result follows now from Perov’s fixed point
theorem.

5.2. Nonlinearities with growth at most linear. Application of Schauder’s fixed
point theorem

Here we show that the existence of solutions to problem (5.2) is established by
means of Schauder’s fixed point theorem in case that f, g satisfy instead of the Lipschitz
conditions, the more relaxed conditions of growth at most linear, that is

<~ i ~
{ [f(t,wx)| < @y |w]+ by x| +c1, (5.6)

lg(t,w,x)| < @ |w| +ba |x| +¢2,

for ¢ € |19, 1], w,x € [-R,R] and some 5,-,5,-,5,- >0,i=1,2.
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THEOREM 5.2. If f,g satisfy conditions (5.6) and

N D

2

a b
M, '—[_IZQ_IZ’] (5.7)
6.— b2 .
2

)

converges to zero for a large enough 0, then problem (5.2) has at least one solution in
Clto, 1]%.

Proof. In order to apply Schauder’s fixed point theorem we look for a nonempty,

bounded, closed and convex subset B of Clrg,1]?, so that T(B) C B.
Let w,x be any elements of Clrg, 1]. We have that

|T1(w,2)(2)| =

v(to) + (1 — 1)V (t0) + /to ’ t: (s, w(s),x(s)) dsda’
< v(to) |+ |t —t0] - |V (10)|

+/tot /z: (51 [w(s)|+ b1 [x(s)] +51) dsdo

- a _ b _ ~
<G+ gyl + g xllg- el +3on,

where ¢o1 = ¢1 [, i dsdo and ¢ := |v(10)| + |t — o] - |V (10)| . We obtain

ai by ~
ITi(w,2)llg < 57 [Iwlle + 57 [Ixllg +dot, (5.8)

where 6’12)1 = co+ Co1. Similarly,

a by ~
T2 (w,x)|| < m||w||+§\\x\\+doz, (5.9)

where c%z :=Co+ cp2- (5.8) and (5.9) can be put together and be rewritten equivalently

as
||T1<w,x>||e] ’[”W”e} doy
<M, +~ |-
[HTz(W,X)”e S0 xdlg do
Next, we look for two positive numbers Ry, R, such thatif ||w||y <Ry, |||y < R2, then
IT1(w,x)[lg < Ry, [ T2(w,x)[lg < R
To this end it is sufficient that
{ %Rl + %Rz +doi <R,
aRi+ %Rz +do <Ry,

or equivalently

' [R do
o ] + Lfol

Ry
<[
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whence

Ry AN d~01
R GLONF

Notice that I — M; is invertible and its inverse (I — M;,) has nonnegative elements

since Me converges to zero for a large enough 6. Thus, if

B={(wx) €Clto, 17 [wllg < Ru, g <R}

then T (B) C B and Schauder’s fixed point theorem can be applied.

5.3. Existence and uniqueness results for systems on [0, 1]

Putting together the results from Section 3.1, Section 5.1 and the results from

Section 3.2, Section 5.2 respectively, we obtain the following results for systems on the
entire interval [0, 1]:

THEOREM 5.3. Assume that conditions (3.2) and (5.3) hold. If matrices (3.3) and

(5.4) are convergent to zero, then problem (5.1) has a unique solution in C|0, 1]2 .

THEOREM 5.4. If f,g satisfy conditions (3.7) and (5.6) and if matrices (3.8) and

(5.7) are convergent to zero, then problem (5.1) has at least one solution in C |0, 1]2 .
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