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EXISTENCE OF POSITIVE SOLUTIONS FOR A SINGULAR
PROBLEMS OF CAFFARELLI-KOHN-NIRENBERG-LIN TYPE
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(Communicated by Dongsheng Kang)

Abstract. In this paper, we study the existence of nontrivial critical points of the functional

Jpu(uy) = %/RN(H)C\*“V]‘M}IJ7)lf(x)“x\*(“+k)u|p)dx+;/RN(“X‘—avkv}q

g )l [ o) o,

related to the Caffarelli-Kohn-Nirenberg inequality and its higher order variant by Lin.

1. Introduction

The aim of this paper is to establish the existence of nontrivial solutions to the
functional

1
7 ’ :_/ —ayk, |P_ 5 —(a+k), |P d
Pul) = L (R VEu]” = 2ol Dul")dx
1
+_/ 7avk q__ —(a+k) l]d
7 Je (VAT = g )l 70| )
= [ ORI B P (L)
R

in an appropriate function space. Here p,q > 1, A >0, u >0 and

vk (—A)g - if k is even,
V(-A)T, if k is odd,
N N
o<a<b<a+k<min{—,—}. (1.2)
P 9q
We will assume that f and g satisfies
N N
f,820, feln(RY[x]™) and geLw(RY,[x") (1.3)
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with

po=pla+k—>) and qo=qg(a+k—b), (1.4)
and c satisfies

he CRYYNL®(RY), h(x) >0 forsome x,

h(0) <0, h(ee):= )gllglmh(x) <0. (1.5)

To solve problem (1.1) variationally, we need some inequalities. The well known
Caffarelli-Kohn-Nirenberg inequality in [9, 18], is characterized by

E
(/ MF%WEdaég(%%/|ﬂﬂwww%u forall ueCy(RY),  (1.6)
RN T JRN

where

M
N—p(l4+a—b)

N_
l<p<N, —ow<a<—2L a<b<a+1, &=
p

Now, by the Sobolev interpolation in [13] and iteration of the Caffarelli-Kohn-
Nirenberg inequality, we have (See the Appendix A in [15])

_b _
CllldPullpr < 3 Nl ~“D%ull, (1.7)
|or|=k

for some positive constant C, for all u € C7 (RN ),
N

l<p, 0<a<b<a+tk<—, and p*=
P

It is clear that nontrivial critical points of the above functional will correspond to
solutions of a nonlinear partial differential equation of order 2k. As a particular case,
it will that the system

A(|x| 7P| Au|P=2Au) — A f (x) x| = (0P || =2

= (04 1)h(x)|x| (OB o=y y BT x e RV,
A(|x| 74| Av]T72Av) — g (x) x| (@ TR |v] a2y

= (B + 1)h(x)|x| B2 ot y[f=1y, - x e RY,

(1.8)

has a nontrivial solution. This corresponds to the case k = 2.

In recent years, several authors have used the Nehari manifold to solve semilinear
and quasilinear problems (see [1, 4, 8, 6, 7, 10, 17] and references therein). Brown and
Zhang [5] have studied a subcritical semi-linear elliptic equation with a sign-changing
weight function and a bifurcation real parameter in the case p =2 and Dirichlet bound-
ary conditions. Exploiting the relationship between the Nehari manifold and fibering
maps (i.e., maps of the form ¢ +— J, (tu) where J; is the Euler function associated with
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the equation), they gave an interesting explanation of the well-known bifurcation re-
sult. In fact, the nature of the Nehari manifold changes as the parameter A crosses the
bifurcation value. Also, some authors also studied the singular problems with Hardy-
Sobolev critical exponents ([2, 1 1, 12] the references therein).

In [15], Waliullah studied the existence of critical points for the following func-
tional,

Iy (u) = /RN (})O\x\_“Vku|p—lh(x)|\x\_(“+k)u|p) - éQ(x)Hx\_bu’q>dx. (1.9)

In this work, we give a variational method which is similar to the fibering method
(see [15]) to prove the existence of at least two nontrivial nonnegative critical points of
functional (1.1). Since the doubly critical phenomena appear in (1.1), we have to over
come more difficulties caused by the critical terms.

This paper is divided into three sections, organized as follows. In Section 2, we
give some notations, preliminaries, properties of the Nehari manifold and set up the
variational framework of the problem. In Section 3, we discuss the case A < 4(a),
W < pi(b) and show how the behavior of the manifold as A — Ay(a)™, u — w (b))~ .
In Section 4, we discuss the case A > Aj(a), u > u;(b) and obtain a new interpretation
of 0, 0.

2. Preliminaries

We define the Sobolev spaces ¥, = Di”(RV) and ¥, = Di*(RY), which are the
completion of Ci (R") equipped with norms

1 1
_ —avgk, |P r _ —avgk, |9 q
lullp = ([ w75 upax) s blly = ([ [evs|fax) "
Then we define W =Y, x ¥, and for (u,v) € W,
[ Gy )[ = el 5+ 1I[1G-

The paper is organized in the following manner. We first show that

= S Hx\_“Vku’pdx

0 fe £l -l dx @1

is strictly positive and attained.
Now we state the assumptions of this paper:

Hh)letl<p<a+1,1<g<pB+1and
d=(a+1)(B+1)—(a—p+1)(B—qg+1)>0;

(H2) let
N—pla+k—>b)

p

N—q(a+k—D0)

(c+1)+ (B+1) <N,
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which implies that oc + 1 < p*, B+ 1 < g*, where

N N
. p and g — q

P = N platk—b) N—qlatk—b)

are the well-known critical exponents;

(H3) the functions f(x), b(x), c(x) are smooth functions which change sign in R .

Next, define

7L
F(x,u,v) = p Hx\ (atk) u|p+ zg ||x| “+k)u}q
+h(x)\x|_b(a+ﬁ+2)\u|a+lMﬁﬂ

and again J ;, : W — R be defined by
I u(u,v) = l/ Hx\_“Vku|pdx+l/ Hx\_“Vkv}qu—/ F(x,u,v)dx. (2.2)
HAT p JRN q JRN RN T

Then we introduce the following notation: for any functional f: W — R we de-
note by f(u,v)(hi,h;) the Gat€aux derivative of f at (u,v) € W in the direction of
(hl,hz) e W, and

SOy = f(u+ehy,v)le—o, [ uv)hy = f'(u,v+ 8h2)|5--

Let

1 2
Sn = {(wv) €W J5  (wv)(,v) = (131 (,v)u, I, (e, v)v) = O}

It is clear that all critical points of J; , must lie on S ;, which is known as the
Nehari manifold (see [14, 16]). We will see below that local minimizers of J; ,, on
Sy are usually critical points of J; .

We simplify the notation by using

L(u) = / (|13 ="V u]” = A £(x) x|~ dx
R(v) = / (|IxI~ ”Vkv|q—[.1g ()| x|~ “+k)v|q)dx
Gu,v) = /RN B() ] PO B |y 0 B g
It is easy to see that (u,v) € S ,, if and only if
/RN x|~V u|Pdx = XANf(x)||x|_(“+k)u|pdx+ (@+DGwy),  (2.3)

/RN x| ~eV|? = /RN g ()|~ dx + (B + 1)Glu,v). (2.4)
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It is useful to understand Sy ,, in terms of the stationary points of the form
I(t,s) = Jy p(tu,sv), t,5 > 0.

We will refer to such maps as fibering maps. It is clear that if (u,v) is a local
minimizer of J?L,u , then I has a local minimizeratt =1, s=1.

THEOREM 1. Let (u,v) €W, u#0, v#0 and t,s > 0. Then (tu,sv) € Sy , if
andonlyif%zo, % =0.

Proof. The result is an immediate consequence of the fact that:

% = J&{L(Zu,sv)u = % Q(L{L(tu,sv)tu,
? = J)(Lzzl (tu,sv)v = %Jﬁi (tu,sv)tv.
S bl k]

Thus points in S ,, correspond to stationary points of the map I(z,s) and so it is
natural to divide S, ,, into nine subsets. We have

al _ a _ —(a
5 = P I/RN | |x] Vku|pdx—?tt1’ 1/RNf()c)||x| ( +k>u|pd)c
— (o4 D)e%sPH G (u,v), (2.5)
al _ —a _ —(a
P s I/RN |[x] Vkv|q—[.1sq 1/]Rl\lg()c)||x| ( +k)v|qu
—(B+ D" P Gu,v). (2.6)
Moreover

021 - —a - —\a
= =02 [ eV — (=022 [ )]l as

—a(o+ 1) PG u,v),
0% - —a - —\a
o= =02 [ VS = (g Dust 2 [ g(o]af |
—B(B+ 1) PG u,v).
Thus,
9%l

W (1,1) = (p_ 1)/RN(||.X|_‘1Vkulpdx—z,f(x)||x|—(a+k)u|l7)dx

—o(o+1)G(u,v),

and
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%1

PRl 1) [ (V] = )]~

—B(B+1)G(u,v).

Hence, we define:

Sin= {(u’v) & S 3_;I wy” O g_z o O}’
S = {(%V) ESpu: 3—?21 m <0, g—z w < 0}7
St {(u’v) € Shu 3_;I Ly 0 g_z L O}’
Spu= {(“a") €Sau: 3—?21 an” 0, g—z < O}.

i +0 0+ ¢—0 g0— —Q
Similarly, we can ('16ﬁ1'16 S@“ , S/l,p’ Shu’ Shu and Shu' Since (u,v) € Saus
(2.3) and (2.4) hold, which implies
Sin= {(u7v) ESipu:

(a4 1)(p— 1= @)G(u,) > 0,(B+1)(g— 1~ B)G(u,v) > 0}.
Since p—1<ao,qg—1<p,
SIJ/; = {(M7V) € S}L7[L : Gu,v) < 0}.
Similarly,

S = {(u7v) €Syt Glu) > 0}7

e e5us: ctun -0}

; +0 0+ ¢0 (0— o+
Moreover, since p—1 < o, g— 1 < 3, then SML s S?L.,/J’ S?L.,/J’ SML’ SML and
S, are empty. Thus, S; , is divided into three subsets S; 7, S, and Sg(.,)u' We
denote these simply as S; e S)_L’ u and S%’ u respectively. Then we have

al
=0V, 5 = O.
(L) Il

The following lemma shows that minimizers on Sy ,, are usually critical points for
Ju-

Furthermore, similar to the argument in Brown and Zhang [[5], Theorem 2.3] (or
see Binding, Drabek, and Huang [3]), we can conclude the following result. We have

LEMMA 1. Let (u,v) €Sy . Then %
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LEMMA 2. Assume that (ug,vo) is a local minimizer for Jj ¢ on S) g and that
(u0,v0) ¢ 9 4. then J o(uo,vo) =0 in W~

It is easy to see that (2.5) and (2.6) are equivalent to

% = tp_lL(u) —(a+ l)to‘sﬁHG(u,V),
% = sq‘lR(v) —(B+ l)taHsﬁG(u,v).

al __ dl __
Ifm—m—o,then

o (M7V)

Pt (a+1)sP*! L)
i a1 Gu,v)
s717P = (B4 1) ! RO)

Thus, if L(«), R(v) and G(u,v) have the same signs, then I(z,s) has exactly one
turning point at

t

)

_ (o + P R(v) P! a

a <(B + 1)13+1‘G(u,v)|q\L(u)|/3—11+1)
(B+ 1)* P |L(u)|*+ )

<(O£+l)a'H‘G(u,v)|P|R(v)‘a—p+l) ’

s 2.7)

where d = (a+1)(B+1)—(a—p+1)(B—g+1)>0. By calculation, 7 and s have
the following property:

1 1
t(myu,mpv) = m—lt(u,v)7 s(myu,myv) = m—zs(u,v)7 my,nip > 0.

Thus,
(t(myu,mov)myu,s(myu,myv)mov) = (¢ (u,v)u,s(u,v)v),

which play important role in our main results.

If L(u), R(v) and G(u,v) have opposite signs, then I(¢,s) has no turning points.
To get our results, we just verify that L(u), R(v) and G(u,v) have the same signs.

We define

AT ={(u,v) €W [Jull, = ]vlly =1, L(u) > 0,R(v) > 0},
A®={(u,v) €W [ullp = ||vllg =1, L(u) = O,R(v) = 0},
A ={(u,v) €W [lullp, =[Ivllg =1, L(w) <O0,R(v) <0},

and

BT = {(u,v) €W [[ullp, = [Wllg =1, G(u,v) > O},
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B’ = {(M7V) ew: HMHP: HVHq: L, G(M7V) :0}7
B™ = {(u,v) eW: [[ul[, = [v|lg =1, G(u,v) <0}

Thus, if (u,v) € AT NB*, I(t,s) > 0 for 7,s small and positive but I(r,s) —
—oo as t — o and s — oo; also I(¢,s) has a unique (maximum) stationary point at
(t(u,v),s(u,v)) and (¢ (u,v)u,s(u,v)v) € Sy, - Similarly, if (u,v) €A~NB~, I(t,s) <0
for 7,5 small and positive but /(z,s) — oo as 1 — oo and s — oo} also I(z,s) has a unique
(minimum) stationary point at (r(u,v),s(u,v)) and (¢(u,v)u,s(u,v)v) € SLL.

Thus, if (u,v) € W and u# 0, v # 0, then:

(i) a multiple of u and a multiple of v liein S if and only if ( I\Mu\lp , H"V|q) EATNBT,

(ii) a multiple of u and a multiple of v lie in SIH if and only if (W, HVVHq) €EATNB~;

(iii) when (u,v) is neither in AN B* norin A~ NB~, no multiple (u,v) liesin S ;.

3. Existence of at least one nontrivial critical point

Suppose that A < A;(a), u < ui(b). It is easy to deduce by contradiction with
the first eigenvalue that there exists &y, d; > 0 such that

L(u) = &olulll,  R(v) = &i[[v][g,  (u,v) eW.

Thus A~ and A° are empty and so SLL is empty and S%“ ={u=v=0}. More-
over,

Sou= {(t(u,v)u,s(u,v)v), (u,v) €BT}, S 4= Siu US%JL'

THEOREM 2. Assume that A < Ai(a), w < uy(b). Then (1.1) has at least one
critical point.

Proof. We investigate the behavior of J; , on §; . Clearly Jy u(u,v) =0 if
(u,v) € Sy, and so Jj u(u,v) is bounded below by 0 on S5+ We now show that

inf  J(u,v) >0.
(u,v)eS;#

Suppose (u,v) € S, . Let u = m, V= m, then (@,v) € AT NB" and u =
t(u,v)u,v = s(u,v)v, where ¢ and s are determined by (2.7).

Now, we claim that, there exists a positive constant C; such that
G(@,v) = /N h(x) x| =@ % |x PP e < [l 9] B
R

Indeed, by condition (H2) we have

Np Ng

(@t DIN—platk—0b)] Ng—(B+DN—qlatk—5)] "
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So, there exists po such that

Np Ng

0P < I DN _platk—5) Ng—(BIDIN—qlatk_b)

which implies

B+ D" —polat1) Ng —
p¥—(po+1)(a+1) N—q(a+k—b)_q'

Then, by using the Holder inequality and the Appendix A in [15], we get,

o+1
. opol@rT)
G(u,v) <C (/N[|x|hﬁ°‘“]_a”“_”°dx> =po
R
P*—(po+D(ot1)

~po(at) T —polerrT]

a+1 B+1
q

—bp ’ —bs1q
<C ||lx| |’ dx ||x|“v|9dx
RN RN

< Clf@l| e plET = .

Hence
(@) T (RE)
Ty, v) =Ty (@, v)a,s(@,v)v) = K (G(E,V))% ;
where
((OC+1) ﬁ+1 p (ﬁ‘i‘l) Df+l —p)q 1 )
K= - glat1) p(B+1)
p(B+1)" gla+ )" T (a+ )" T ()"

x sign(G(#,V)).

Since (#,v) € ATNBT, we have K > 0 and thus

(8“7 (p))

q

o

/3+1)

J;w(u,v) >K

Hence, inf, , Vesy, Jy u(u,v) >0.
‘We now show that there exists a minimizer on S which is a non-trivial criti-

cal point of J; ,(u,v) in (1.1). Let {(un,vn)} € S be a minimizer sequence, i.e.,
limy, e Jy, i (U, V) = inf(u,v)GS;ﬂ Jju(u,v). Since

1 1
S u(tn,vn) = l—)L(u,,) + ER(V,,) — G(up,vn)
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_ (O‘_“ LBEl 1>G(un,vn)

p q
1 +1 1
::(_+_li________>wa
p qla+1l) o+1
1 B+l 1
> (st - — ,
Qf+ﬂa+l) a+1>%WMW
and, similarly,
1 oa+1 1
J nyVn :<_ 7_—>R n
N VAT VR Ea Y
1 a+1 1
> (—+——=—5—)6||vll?,
(Gt s~ Fr) Bl

then (uy,v,) is bounded in W ; we can pass to a subsequence if necessary and have that

{(un,vn) — (up,vo), weaklyin W,

Up — Ug, Ve — Vo, ae. in RV,

and
G(uy,vn) — G(ug,vo).
Now,
1 1
0 < lim Jy , (up,vn) = (ﬂ + prt_ l) lim G(uy,vy)
n—oo 77 p q n—s00
oa+1 +1
= (——l——ﬁ —l)G(uo,Vo)
P q

andso u#0, v#0. Since A < Ay(a), u < ui(b), we have
L(up) >0, R(vg)>0.
Hence, a multiple of ug and a multiple of vy lie in AT NB*. Now we prove that
(tty,vn) — (uo,vo), strongly in W.

Supposing the contrary, by the lower semi-continuity of norm, then either the lower
semi-continuity, ||ug||p < 1imy—.e||un|]p. [[Vo|lq < limy—e |[va||4 and so

L(up) — (o + 1)G(ug,vo) < r}g{lc(L(Mn) — (ot + 1)G(up,vy)) =0.

We will obtain a contradiction by considering the fibering map (7,s). We have

dl

Z (171) = L(I/LO) - ((X+ l)G(u07vO) < 0.
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Then, there exists (xo,yo) # (1, 1), such that

dl al

at RGN =0 ie. (xouo, ST
tliowe) 0 9slxom) i.e., (Xouo,yov0) € Sy,

Now, (xoun,yovn) — (xouo,yove) in W. Moreover, as (u,,v,) € S;’u’ the map 1(z,s)
attains its maximum at t = s = 1. Hence,

Jl,p(XOMOJOVO) < r}im Jl,p(xoum)’OVn) < nlim Jl,p(”n»"n) = ( l)ng Jl,p(”ﬂ’)
oo oo uv)esy,

and this is a contradiction. Then (u,,v,) — (up,vo) in W . It follows easily that
L(uo) — (ot +1)G(uo,v0) =0, R(vo) = (B+1)G(uo,v0) =0
and so (up,vp) € Sy - Also

Jy u(o,vo) = lim Jy  (un,v,) = inf Ty, (u,v)
n—ee (u,v)ES;L#

and so (ug,vo) is a minimizer on S .- Since

G(uo,\/o) > 0, (uo,Vo) ¢ Sg’li
and by Lemma 2, (uo,vo) is a critical point of J; , (u,v). Since
Tnu ([l V) = Jp (),

we may assume that (ug,vg) is positive critical point of (1.1).

The final result of this section examines the behavior of

inf Jp, asA—Ai(a)”, u—w(b)".

(u,v)eS;‘H
THEOREM 3. Suppose that
[ BB g P
R

Then

lim inf  Jy ,(u,v)=0 and lim inf  Jy ,(u,v)=0.
A=h(a)” (uv)esy , #l) u=p (D)™ (uv)esy u(v)

Proof. Without loss of generality, we assume that ||¢||, = ||y, = 1. It is clear
that (¢, y) € B". Since A < A;(a), u < u1(b), we get (¢p,w) € AT and so (¢,y) €
At NBT. Hence,

(1(¢:¥)9,5(9, )W) €5, ,
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and

J}L7ﬂ(t(¢vll/)¢a5(¢’llj)w)
— K(fRN (A'l - 2f)f()C)||)(;|_(a+k)(z)|I7dx) (O‘Zl)q

(G(o,y)) @
X (/RN(M —.u)g(x)“xr(wrk)w}qu) (B0

(a+1)g (B+Dp

=K(M—A) T (m—p) 4
U P[99 )7dn) ™0 (fy gl
(G(9. )7

ﬁH)

—0

as A — Ai(a)™, o — i ()~
Since 0 < inf(u,v)eS;L# I u(uv) < Ty (t(9,9)0,5(0, w)y), it follows that the

conclusion is true.

4. Existence of a second critical point

In this section we show that conditions A~ N B+ = 0 and Sj{ u allow a second

critical point of J; ,, # 0 to exist in Sj{ 0 Our first objective will be to show that such
a situation can indeed occur.
If A > Ai(a), u > ui(b), then we have

L) = [ (b1V¥0 " = (ha(a) ~ A)1 ()] lf~**0|)dx < 0,
ROp) = [ (=54 w|” = (u (8) = w)glo) |~y ax <.

Thus, (¢,y) € AT, Hence, if G(¢,y) <0, then (¢,y) €A~ NB~ and so S+ is non-
empty. Thus, §; ,, may consists of two distinct components in this case Wthh makes it
possible to prove the existence of at least two critical points by showing that J; , (u,v)
has a minimizer on each component.

LEMMA 3. Assume that conditions (1.3), (1.4),(1.5) hold and G(¢,y) < 0. Then
there exists § >0, ¢ > 0 such that A~ BT = 0 whenever Ai(a) < A < Ai(a)+6,

pi(a) <p <m(b)+o

Proof. If there is no such &, then there exists sequences { (A, n)} and {(uy,vn)}
such that |[us||, =1, [|vallg =1, 4s — Ai(a)™, Wy — w1 (b)" and

L(un)—/ (Hx\ WV, ’p Af(x) ||x| “*ku| dx <0, 4.1)
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ROw) = [ (bl V5| = g0 le =, |)ax <, (42)
Glitn, V) = / ) B g oy, B > 0, 4.3)
R

Since {(uy,vn)} is bounded, we may assume that

(tty,vn) — (ug,vo), weaklyin W,
Uy — Uo, vy — Vo,  a.e. in RY,

and
G(uy,vn) — G(ug,vo).

Supposing the contrary, by the lower semi-continuity of norm, then either the
lower semi-continuity, ||uo||, < lim,—e ||s||p, |[vo|lg <1im,—e||v4||4 and so by (4.1),

0 < L(up) < lim L(uy,) <0.

n—o0

which is impossible. Hence, (u,,v,) — (10,v0) in W holds and so ||u||, = |[vol|g =1.
From (4.1)- (4.3), it follows that

L(up) €0, R(vp) <0, G(ugp,vo) =0.

The first two inequalities imply that uy = k1 ¢, vo = ko . But from the last inequality
and the condition G(¢,y) < 0, we deduce that k; =0 or k, =0 or k; =k, = 0. It is
impossible for ||ug||, = |[vo||q = 1. so there are § >0, o > 0 as require.

The condition A~ NBT = 0 guarantees that the Nehari manifold has several desir-
able properties, which we state in the next proposition.

PROPOSITION 1. Suppose that A~ N\B+ = 0. Then
(i) 85, =1{(0,0)};
(ii) for any (0,0) ¢ Sy and S is closed;
(iii) SJr ﬁS* =0,
(iv) S+-u is bounded.

Proof. () If (u,v) €83\ {(0,0)} but u# 0, v# 0. Then

(o ) cA’NB’ CA-NBT =0
and this is a contradiction.
(ii) Assume that (0,0) € S’ . Then there exists {(un,va)} C S , such that

(ttn,vn) — (0,0) in W. Thus we have
0 < L(un) = (B + 1)G(un,vn) — 0,
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0 <R(vy) = (0 +1)G(up,vy) — 0.

=
[[vallg

are such that

We may assume that 7, =

u _
= and v
[[unllp "

U, — U, weakly in Y),,
Vi — Vo, weakly in Yy,
Ty — Uy, ¥y — vy, ae. inRV.

Clearly, as n — oo,
0< L) = (o4 D5 [ HGOJ| @D 2 P dx — 0, (4.
0< R@:) = (B+ DIl 170 [ h)Jal 22 |41 5, P — 0.
Since |[i,||, = ||Va||q = 1, we deduce that

0= lim L(z,) =1 — A lim f )|~ ‘Hku’pdx

—1-2 / f(x)“xr ()0 |P g,
RN
and

0= limR(F,) =1-plim [ g(x)|[x|“™5,|%dx

n—oo n—eo RN
= l—u/ |x| (a+h) vo’qu
and so ug # 0, vo # 0. Moreover,

L(up) < lim L(u,) =0,

which implies

L =ovE 8 P g o] Py <0,

luol|p luo] |
—a Vo (a+k) Vo q
(|| — g (x) x| )dx < 0.
/RN | ||V0||q} | HVOHq}

We conclude that ( ) € A~ . On the other hand, by Fatou’s lemma,

HMOHP’ HVOHq
< lim G(uy,v,) = hm/ (x) x| BBy, [y, [P gx
n—?oo

+ lim h(x)|x|7h(a+ﬁ+2)|un|a+l|vn|ﬁ+ldx

n—= Jp(x)>0
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</ ( )|x|7h a+ﬁ+2)‘uo|a+l|\20‘ﬁ+ldx
h(x)<0
+/ ‘x‘ —b(a+p+2) ‘uo‘a+l|\)0‘ﬁ+ldx
>0

/

_ /RN h(x)\x\_b o+p+2) ‘uo‘a+l|V()‘ﬁ+ldx.

( o Y0 )eB_+.
[uollp " [Ivollq

Therefore, we have the contradiction

Consequently

< uo Vo

—,—) €A-NB+.
lluollp " [vollg

It follows that (0,0) ¢ Sy, - By the assertion (i),
S‘ C Sy US)  =CS; ,u{(0,0)}.

Since“(.(),O) ¢ S/{#‘, Whif:h impl.i.es that S/{# = S/{#, ie., Si“ is closed.
(iii) By assertions (i) and (ii), we have

e U " 0
Saun VS0 = Siu N Sip €S2 N (81, YUShu)

_ (¢ + — 0
- (SMI OSMI) = (Shu OSMI)
:07

and so Sj{# ns; =0
@v) If S+u 1s unbounded, then we can fined a sequence {(un,vy)} C SJr
that || (¢, vs)|| — e. There will be three cases that occur:
(a) uy is not bounded in ¥, and v, is bounded in Y,;
(b) uy, is bounded in Y), and Vv, is not bounded in Y, ;
(¢) uy is not bounded in Y, and v, is not bounded in ¥, .

Assume that case (a) occurs. We may assume that u,, = Tanlls -
nllp

L(7i) = (0t + 1) Jun| [ ”/Nh(X)\X\"’(“ﬁ”)IﬁnI““\vnlﬁ“dx<0~

a+l-p

As the left hand side is uniformly bounded but the term ||u, ||, — oo and

629

(4.5)

such

lim L(7,) =1— A lim f )|~ “+kun’pdx—l—7t/ FE)[lxl™ “+ku0’pdx

n—oo n—oo

is finite, it must be true that

lim Nh(x)|x|’h(°‘+ﬁ+2)\ﬁn|°‘+l\vn|ﬁ+ldx:0.
n—eo [,
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‘We now show that if
ol = Tim [l = 1. [[vol g = lim 5]

it follows from (4.6) that <u07 v—“) € BY, which implies that <u07 v—“) € BT . Since

vollg vollg
L(up) = lim L(u,) <0,
R(vo) = lim R(v,) <0,

n—00

we see that (uo, HVVTOH(/> €A~ NB*. Thisis impossible. If the case (b) or case (c) occurs,

we also get a contradiction. Thus, SI_ u is bounded.

LEMMA 4. Assume that conditions (1.3), (1.4), (1.5) hold and that G(¢,y) <
0, (u,v) € S;”. Then there exists &; >0, & > 0 such that

Lun) = 61|lunllj; and  R(va) = &|vall7,

whenever Aj(a) < A < Ai(a)+98, wi(a) <u<ud)+o.

Proof. The proof is similar to the proof of Theorem 1(iii) in [3].

The following results are the main points of this section.

THEOREM 4. Under the conditions (1.3), (1.4), (1.5) and A, €R, if G(9,y) <
0, then
(i) every minimizer sequence for Jy ,,(u,v) in Sy u is bounded;

(li) inf(ll,\/)esz‘u JA7’4 (M7V) > 0;

(iii) there exists a minimizer of Jy ,(u,v) on S

Proof. (i) suppose that { (u,,vn)} CS; 4 is aminimizing sequence such that {(tn,vn)}
is unbounded. Without loss of generality, we may assume that u, is unbounded in Y,
and v, is bounded in Y. There exist ¢{,c2 > 0 such that

L(up) = (0t 4+ 1)G(up,vy) — c1, (4.6)
R(vy) = (B + 1)G(up,vy) — c2. 4.7)

Let @, = Hul?l\p . Diving (4.6) by ||u,||5, we obtain

L(u,) = (o + l)Huan“_”G(ﬁn,vn) — 0.

But by Lemma 4, L(#,) > 6 ||n||, = ;. This is impossible.
(ii) Obviously, A~ N BT = @ from Lemma 3. Since

o—+1 +1
atl B+l

o u(u,v) = < ) p

1)G(u,v) 20, on S
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so we have inf(u’v)esz‘” Jj u(u,v) = 0. Now, we show that inf(u’v)esz‘” Iy u(u,v) > 0.

In fact, if inf(u,v)ES;L# Ji u(u,v) =0. A minimizing sequence {(u,vn)} C Sy, satisfies

L(uy) = (ot + 1)G(uy,vy) — 0,
R(vn) = (B +1)G(up,vy) — 0.

Since (i) asserts that {(uy,v,)} is bounded, we may assume that

(ttn,vn) — (ug,vo), weaklyin W,
Uy — Ug, Ve — Vo, a.e. in RV,

We claim that (ug,vo) ¢ S%ﬂ.

In fact, if (ug,vo) = (0,0), i.e., (un,vn) — (u0,vo) in W, then (0,0) € Sy since
Si u is closed, which is impossible.

If ug #0, vog = 0. By the lower semi-continuity,

L(up) < lim L(u,) = 0. (4.8)

n—o0

By like in the proof of Lemma 3, we can obtain that there exist §,6 > 0 such that
L(up) =0, R(vp) =0 when A(a) <A < Ai(a)+ 6, ui(a) < u < u(b)+o and
(ttn,vn) € e (Un,vn) — (u0,v0). Therefore, |[ug||, = ||un|[, =1 and (uy,v,) —
(uo,v0) € S - This is a contradiction.

Similarly, we can get the contradiction when uy = 0, vy # 0. Then we have
uop 7é O, 140 7é 0.

Since G(ug,vo) = 0 from 4.8, we have (H"’MTOH[?’ HVVTOHq> € BY. Therefore,

(”_07"_0> c BT,
[uollp " [Ivollq

By lower semi-continuity,

L(up) < lim L(uy) =0,
R(vp) < lim R(v,) =0,

which implies

< uo 7 Vo )61?,
[uollp " [Ivollq

(o ) €A NBT.
[luollp " [Ivollg

thus

This is impossible. Therefore, inf, Ves; i u(u,v) >0.
V)ESy A
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(iii) Obviously, A-NBt =0. Once again due to (i), we may assume that the
minimizing sequence {(un,vy)} C S, , satisfies

. N 4.9)
Uy — Uy, vy — vo, a.e.in RY,

{(umv,,) — (up,vo), weaklyin W,
and
G(uy,vn) — G(up,vo).

By like in (4.5) and Fatou’s Lemma,

oa+1 1 oa+1 1
(i + prl_ 1>G(uo7v0) > lim (i + Prl_ 1>G(un,vn)
p q e N p q
— inf  Jy ,(u,v) > 0.
(u,v)ES;L#

Now, by assumption A~ VBT =0 and so B* C A" . Hence,
( uop Vo

SIS PR
lluollp " [vollg

This shows that ((ug,vo)uo,s(uo,vo)vo) € S/{#, where 7, s are given in (2.7). If u, »
up in Y, and v, - vg in Y, then by the lower semi-continuity
ol < tim [fif [, and vl < Tim [[v] -
Then
L(up) < r}gl;L(un) =(a+ l)r}i_I}IgoG(MmVn)) = (a+1)G(ugp,vo),
R(vo) < lim R(v,) = (B +1) lim G(un,vn)) = (B +1)G(uo, v0)-
Thus ((ug,vo),s(uo,vo)) # (1,1). Since
(¢(u0,vo)un,s(uo,vo)van) — (t(uo,vo)uo,s(uo,vo)vo),

and the map (¢,s) — Jj ;(tun,sv,) attains its maximum value at r = s = 1, we have
that

Iy u(t(uo,vo)uo, s(uo,vo)vo) < nlEIgoJ,l# (t(u0,vo)un,s(uo,vo)vn)
< lim Jp  (un,vn)
n—>00

= inf Jp u(u,v).
(u,v)eSI\u ’

This is a contradiction. Then we have ||ug||p, = limy—e ||ttn]|p, |[Vol|g = limy—eo | [Va]lg-
So, we can obtain

L(up) = (0t + 1)G(ug, vo),
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R(vo) = (B4 1)G(uo, vo)-
Therefore (ug,vo) € S;, . Since G(ug,vo) > 0, which implies (ug,vo) € Sy - Also

J)L,/,t(MOaVO) = lim J;L’,J(un,vn) = inf J;hﬂ(u,v).
n—eo (ur)ES;,

This shows that (uo,vo) is a minimizer of J; , (#,v) on Siu

THEOREM 5. Suppose that SI_“ +0 and A~ "B =0, then there exists a (ug,vo) €
S;IJ such that leli (uo,v0) = inf(u,v)eszy Jl,u (u,v).

Proof. By definition b := inf(u_v)esz Ju(u,v) < 0. Then by Proposition 1(iv),
| M
SI_ p is bounded, and so b is finite.
We may assume that the minimizing sequence {(un,v,)} C S; u satisfies

(tty,vn) — (up,vo), weaklyin W,
Uy — Uo, vy — Vo,  a.e. in RY,

and
G(uy,vn) — G(ug,vo).
Since

oa+1 1 1 -1

L < lim L = +-— b <0,
1 oa+1 1 -1

R <lmR(v,)=|-+————5—) b<O.

(o) < Jim Row) = (4 275~ 57

and A-NBT =0, G(ug,vy) < 0. So

o £ 0, vo #0, (ﬂv—o) €A NB.
[[uollp " [[vollq

This shows that ((ug,vo)uo,s(uo,vo)vo) € S;f”, where 7, s are given in (2.7).
If u, -+ up in Y}, and v, - v in Y, then by the lower semi-continuity

ol < Tim [fuall, and[volly < lim [[va]
Then

L(ug) < ,}EIOIOL(M”) = (ot + 1) lim G(up,vn)) = (¢ +1)G(ug,vo),

n—o0

R(vy) < Jijr:oR(vn) =B+ I)JiLI:OG(un,vn)) = (B + 1)G(uo,vo).
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Thus ((ug,vo),s(uo,vo)) # (1,1). Since

(t(uo,vo)tn, (10, vo)vn) — (¢(10,vo)uo,s(uo,vo)vo),

and the map (¢,s) — Jj ;(tun,sv,) attains its maximum value at r = s = 1, we have
that

Iy u(t(uo,vo)uo, s(uo,vo)vo) < nlEIgoJ,l# (t(u0,vo)un,s(uo,vo)vn)

< lim Jp  (un,vn) = b.
N—o0
This is a contradiction. Then we have ||ug||p, = limy—e ||tta]|p, |[Vol|g = limy—eo | [Va]lg-
So, we can obtain

L(up) = (0t 4 1)G(ug, vo),
R(vo) = (B +1)G(uo,v0).

Therefore (ug,vo) € Sy - Since G(ug,v) > 0, which implies (ug,vo) € S;{u. Also
J?L,/J (uo,V()) = nlLIIOIOJA# (un,vn) =b.
This shows that (uo,vo) is a minimizer of J; ,(u,v) on Sj{ﬂ .

THEOREM 6. Suppose that G(¢,y) < 0, then there exists 6§ >0, ¢ > 0 such
that (1.1) has at least two critical points whenever Ay(a) < A < Ay(a) + 8, w(a) <
p<wmd)+o.

Proof. When A > Aq(a), i > Ui (a), we easily get (¢, ) €A~ NB~. By Lemma
3, Theorems 4 and 5, we know that there exists 6 > 0, ¢ > 0 such that when A (a) <
A <Ai(a)+6, wi(a) <u<p(b)+o0,J; ,(u,v) has a minimizer in each of Sy and
S;“. As Jy u(|ul,|v]) = J; 4 (u,v), we may assume that these minimizers of J; ,, (u,v)
are positive. From Theorem 1(iii), we get that S/i u and S; y are separated and Sg’ 0=
{(0,0)}. It follows that the minimizers of J; ,(u,v) are its local minimizers in S ,
which do not lie in S% e and so are critical points of (1.1) by Theorem 1.
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