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COMPOSITION CONDITIONS FOR
TWO-DIMENSIONAL POLYNOMIAL SYSTEMS

M.A.M. ALWASH

(Communicated by Vesna Zupanovié)

Abstract. Several papers published recently about the center composition condition of Abel dif-
ferential equations and two-dimensional polynomial systems with homogeneous nonlinearities.
We give necessary and sufficient conditions for the existence of composition centers for general
two-dimensional polynomial systems.

1. Introduction

Consider the system

- dx 1
i = —y+ Y pi(x,y),
2
n (1)
. dy
y= =X+ a;(xy)
! 2

where, p; and g; are homogeneous polynomials in x and y of degree j. Recall that
the center problem is to characterize the coefficients that imply the origin is a center. In
polar coordinates, the system becomes

dr_ Sf06)
do  1+X5ri"1g;11(0)

2)

with
fi+1(0) =cosO p;(cosB,sinO) +sinBO g;(cos B,sin O)

gj+1(0) =cosBg;j(cosB,sin@) —sin6 p;(cosO,sin0).
In the case of homogeneous nonlinearities, the system can be transformed to Abel dif-
ferential equation

dR 3 )
75 = AR +BOR, &)
where,

R=r"' (147" g(0)) ",
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and
A(8) =—(n—1)f(0)g(6),B(6) = (n—1)£(8) —£'(6).

The origin is a center for the two-dimensional system if and only if all solutions of the
Abel equation starting near the origin are periodic with period 27 . In this case, we say
that R = 0 is a center for the Abel equation. The origin is a center when the coefficients
satisfy the following condition

A(6) =u'(0)A1(u(0)), B(6) =1/ (0)B (u(6)), )

where u is a periodic function of period 2w, Aj,B; are continuous functions. This
condition is called the composition condition. However, it was shown in [3] that the
converse is not true; there are centers in which the coefficients are trigonometric poly-
nomials and do not satisfy the composition condition. For the case of polynomial coef-
ficients, the problem is still unsolved. The problem is considered in several articles and
in particular its relations with the moments of polynomials and universal centers; see,
for example, [2], [5], [6], [7], [8], [10], and [14]. In a recent paper [9], Cima, Gasull,
and Manosas characterize all the centers in which the coefficients satisfy the composi-
tion condition for Abel differential equaltion. It came to our attention that a paper of
Al’muhamedov [1] published in 1949 contains a characterization of composition cen-
ters for general polynomial systems and the results are not restricted to systems with
homogeneous nonlinearities. A counterexample is presented in Section 3 to show that
the result about the relation between stable centers and composition centers is not true.
We give a similar result in this paper. In Section 2, we prove the results related to the
composition condition. Section 3 contains the counterexample and the result related to
stable centers. We use the same approach of [1]; the first four theorems are essentially
given in [1]. We present complete and clear proofs to the results. Finally, we relate the
stable centers to the result in [9].

2. Composition conditions

To distinguish a center from a focus, we look for a closed curve defined by the
equation

p+p%u1(0)+pur(8) +---=e¢, (5)
where, u; are trigonometric polynomials and € is a sufficiently small positive number.
If j—g — 3—5 has a constant sign at r = p, then the origin is a focus. Therefore, the origin

is a center if and only if 45 — 96 =0 at r = p. Now, we compute 55 — %5 at r=p.

drdp _ 351 fi TG

d6  do  1+X5r g T+ )i,

The condition j—g — j—z =0,r = p implies that

k
= fira+ 2k = j+2) firathjsr — g1ty jy]-
2
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Therefore, the functions u;, are trigonometric polynomials if and only if the integrals
of the right hand side in this recursive formula vanish for all k£ > 1. This proves the
following result.

THEOREM 1. The origin is a center for the system (1) if and only if

2 k
/0 [fiet2 +§,((k_j+2)fj+1”k—j+l —gj1t_js1)]dO =0,k > L.

The recursive formula in Theorem 1 is linear and the number of terms does not increase
when k increases. The values of the integrals are the Poincare-Liapunov constants and
were obtained in [4] using Liapunov functions. Theorem 1 is given in [1] with a mistake
in the sign. The following corollary follows directly from Theorem 1.

COROLLARY L. If (fin+1,8m+1) IS the first non-zero pair, then
u§{:071 <k<m—2,
u;{:fk+2,m_ 1<k<2m—-3.
Now, we write the polynomials in (2) in the form

g

fi(0) = (axje® + byje 1),
(6)

gk(0) = Y (cije’® +dpje™°).
J=0

With this form, integration and manipulating trigonometric polynomials become much
easier. The integral of an exponential function is one term, and the integral of

cost Osin" %6

has n terms. In particular, the center conditions in Theorem 1 are simply the constant
terms in the integrand. Since f} is a homogeneous polynomial in cos8 and sin6 of
degree k, ayj = byj =0 when k and j do not have the same parity.

The composition condition for the system (2) is given by

DEFINITION 1. The Composition Condition is satisfied if there exists a trigono-
metric polynomial A(0) such that

fi(0)=1"(0)Y pijrl(0), g(0) = a;A/(6), (7)
for3<k<n+1.

The second result is that the composition condition implies that the origin is a center.

THEOREM 2. If the coefficients in equation (2) satisfy the composition condition
then the origin is a center.
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It follows, inductively, that u;(6) are polynomials in A(68). Therefore, the conditions
in Theorem 1 are satisfied. When the coefficients satisfy the composition condition, the
center is called a composition center.

The next result is a generalization of Theorem 2.

THEOREM 3. Consider the differential equation

dr _ F(r6)
de G(r,0)’
where
1jal Ky my L
F(r,0) =Y quA' /A" + (1+ Y prmit“A )%7

d
G(r0) = (1+ X pntt"A™) 5.

The function A(0) is a trigonometric polynomial and
="+ " (0),n> 0.

The equation has a center at the origin.

Proof. With the transformation r — [, the equation becomes
d_u_&_uﬂ+8_u_3_u(—_F) n
d9  Jrd6 90 Ir G 20’
Substituting the values of F and G and simplifying the fractions give

du  ZTqaAAu!
do 14X pguAkum

This is a differential equation in which the coefficients satisfy the composition condi-
tions. Now the result follows from Theorem 2. [

Theorem 3 is given in [1] without a proof. The following theorem follows from Theo-
rem 1 and Hilbert’s basis theorem.

THEOREM 4. The problem of distinguishing a focus from a center may always be
solved by verifying a finite number of conditions.

It is not clear how to relate the following result of [1] to polynomial systems. We give
an alternative statement with a proof.

THEOREM 5. Consider the differential equation
dr  rf(0)

de  1+rg(9)’
where f(0) and g(0) are trigonometric polynomials of degree n. By adding terms of
higher degree to the functions f and g the origin may always be made into a center,
and for this one requires not more than (2n+ 1)n terms in each of them provided that
f(0) does not contain a constant term.
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We present the following version.

THEOREM 5°. Consider the differential equation
dr  r"f(0)
do  1+r1g(0)

where f(6) and g(0) are trigonometric polynomials of degree n+ 1. If f(6) does not
contain a constant term, then the differential equation

dr _ r"(f(0)+g'(6)+K(6))
do  1+r1(g(0)+f(0)+k(6))

has a composition center at the origin for any trigonometric polynomial k(6). In the
last equation f is the indefinite integral of f.

Proof. Since f does not contain a constant term, A =g+ f +k is a periodic
function. The result follows from Theorem 2 with A = g+ f + k. It should be men-
tioned that in the case of homogeneous nonlinearities, the change of variables 7~ 7~
reduces the equation to the form

dr r£(0)

d6  1+rg(0)
This explains why n =2 in Theorem 5. [

3. Stable centers

In this section, we consider cases in which a center remains a center under certain
changes of some or all of the coefficients in the forms (6). Such centers are called stable
with respect to these coefficients. For example, the composition center is stable with
respect to the coefficients py;,qx; in the form (7). The next result relates composition
centers and stable centers.

THEOREM 6. Consider the system

dr  35UR(6)
do  1+35r2g(0)’

with
nk s s
fi(0) = &;fij(0), fi;(0) = are’® +byje 1°,
Jj=0

nk s s
8(0) = 8gij(0), gij(0) = cyje'’® +dyje1°.
Jj=0

Assume that there exists k such that fiy is not identically zero. The system has a center
at the origin, for all € and O, if and only if the coefficients are of the form

fkj = pkj(lfeije - l’zle_ije), 8kj = fij(l‘{eije + lzje_ije)-
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This center is a composition center. Moreover, all solutions are symmetric about a line
through the origin.
To prove Theorem 6, we need the following lemmas.
LEMMA 1. If the equation
dr "f(0)
do  1+er1g(0)

has a center at the origin for all small values of €, then

2 _ _ 0
f(6)g(0)(£(8))"d6 =0, f(9)=/0 f(u)du,

for all non-negative integers m.

0

Proof. As we mentioned in the proof of Theorem 5°, we may assume that n = 2.
Let r(g,0,c) be the solution that satisfies the initial condition r(€,0,c¢) = ¢. We start
with the equation

( 1 )’ _ f(6)
r(e.0,c)/ — 1+er(e.0,c)g(0)
We integrate both sides over the interval [0,27]. Since the origin is a center, we have

/2” f(6) 0

o l+er(e0,c)g(0) '

Now, we differentiate with respect to € and then substitute € = 0.
2
A f(0)g(0)r(0,0,c)d6 =0.

Integrating the differential equation when € =0 gives
¢

r(0,0,c) = ———.
009 =" 56

Therefore,

" 1(0)5(0) 3 (cF(0))d0 = 0.

0 0
The result follows from the coefficients of the power seriesin ¢. [

LEMMA 2. Ifthe equation
dr er" f(0)

o~ 1+ m=1g(0)
has a center at the origin for all small values of €, then
21
| 1(0)(5(6))"d6 =0,
for all non-negative integers m.
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Proof. Again, we may assume that n =2. Let r(e,0,¢) be the solution that satis-
fies the initial condition r(€,0,c¢) = ¢. We start with the equation

3 < 1 )’ _ ef(6)
r(e,0.c))  1+r(e,0,c)8(6)
We integrate both sides over the interval [0,27]. Since the origin is a center, we have
2
/ O gy,
o 1+r(e6,c)g(0)

Now, we differentiate with respect to € and then substitute € = 0.

2 f(6) _
/0 1+g(6)r(0, 67c)d6 =0

Integrating the differential equation when € =0 gives
r(0,0,¢) =c.

Therefore,

™ f(0) _
/O e ="

The result follows from the coefficients of the power series in ¢.

LEMMA 3. Consider the differential equation

dr

i h(0)" +ef(0)",2 <m,2 <n,m#n.

If the equation has a center at the origin for all small €, then
2 _
F(8)(n(6))'d6 =0,
0

for all non-negative integers 1.

Proof. Let r(g,0,c) be the solution that satisfies the initial conditions r(g,0,¢) =

c. The method of proof is similar to that in Lemma 1. We start with
dr
=

(h(0)+er""f(0))do.

Now, we integrate over the interval [0,27] and use r(g,0,c¢) =r(g,2m,¢). This implies
that

/Ozn[h(e) e f(9)]d6 = 0.
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Now, we differentiate with respect to € and then substitute € = 0.

02" P (e.0,¢)£(0)d6 = 0.

But, (0,0,¢) = [(1 —m)h+c'™™] 7 . Substitute this solution in the previous equation

to obtain ) " "
/0 [f(6)<1—(m—cl)cm1h(9)>m }dezo.

Now the result follows from the expansion of this function as a power series around
c=0. O

LEMMA 4. The polynomial
OCn-i-OCrHIﬂ-‘1-0("72[324-"'-‘1-062[3"724-06[3”714-[3"

with o = ¢ can be written as a linear combination of the polynomials ¢/~ (ot + )"~/
where j is an even non-negative integer.

Proof. The the pair of terms o + 3" are obtained from (o + 3)"; the remain-
der of the terms are added to the other terms. Since, the coefficients in the binomial
expansion are symmetric, the next pair is a constant multiple of o' + o ! =
c(a"=2 4 B"~2). Therefore, this pair is obtained from (o + 8)"~2. We continue in this
procedure to write all the terms in the required linear combination. [J]

LEMMA 5. The terms in f; has the form ae'l® +ae=7%  where @ is the complex
conjugate of a. Moreover, if fi has a pair of terms ae'® + ae~"® then gy has a pair of
terms iae'® —iae .

Proof. Assume that f;(8) = ae'/® +be'1% . Since f; is a real function, we have
ae’® 4+ pe 10 = G0 4 peli?.

Therefore, a = b and b = a. This proves the first statement. Now, let a = a; + asi
where aj,a; are real numbers. This implies that

ae’® +ae % = 2a;cos0 —2aysin O,

iae® —iae " = 2a,c080 — 2a; sin 6.
Therefore, the functions p; and g in the system (1) are given by p; = —2ay,q; =
—2a;. Hence, the corresponding terms in g; has the form 2a;cos 6 —2a;sin6. [

Proof. ( Theorem 6.)
If the condition on the coefficients is satisfied then

ny

Epk j 110 7ij0) :pkj(zfleie —2,26 2 z nk l efie)l].
0
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By Lemma 3, the last sum is a linear combination in the factors (1;e'® + A;¢70)!. In
applying Lemma 3, we have ¢ = ;¢/%2,¢7% = 1,1, which does not depend on 6.
Therefore,
[e(8) = (Me®® = 2ae™)P(Ay e + Aae ™),

where P is a polynomial function. Now, the composition condition is satisfied with
A= Aleie + lze_ie .

Now, we prove the necessary part. The idea of proof is choosing different values
of & and &;. Each choice determines a pair of coefficients. We choose & = &, =0,
except one pair. That is, we take

f1(0) = j(arje’® + brje19), g1 (0) = &j(crje'’® — dyje ), (arj, br;) # (0,0).

By assumption, the origin is a center for values of &; and &;. The second center
condition in Lemma 1 implies that

fk( )8k(0)d0 = 2¢& ;6 jm(axjdy; — byjckj) = 0.

hk'(,‘k‘
J K] Jpp—
@ Or Crj =

Substituting dy; =

OriCri . .
gkj(0) = ik (ar;€'7® + byje™'19),
A j
if a;; #0, and
‘Skjdkj ijo —ij6
gkj(0) = (agje"? +byje 7)),

kj
if by; # 0. This shows that any pair of functions, with the same j and k, in the coeffi-
cients are of the form given in the statement.
We choose a pair a;; # 0,b;; # 0 and call A; = agy, A = by . If there are more than
one pair then we choose the one with smallest k; we call this integer K. We define
A(0) = A1e® + X270 Lemma 5 implies that if f;; # O then g #0.
Now, we take

fx(0) = el — Me—"f",g,((e) = cKjei9 +bKje_i9,
in the equation
dr eKer‘lfK(O)
40~ 1+rK2g,(0)
The center condition in Lemma 2 implies that
2r

fx(0)(gx(0))"d6 =0,

for all non-negative integers m. We take m = j. The center condition becomes llj dgj—
AJckj = 0. This implies that

(SKJdK,

gK(e) (A/ zj(-)_'_xj —lj(-))

2
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In the case that the terms have different k’s, we take

dr _ _
i exj fi(0)r" ! + fu(0) 1,

fx(0) =21 — 2oe . £i(0) = ayje'’® — byje 0 k > K.
The conditions in Lemma 3 imply that

2 _
[~ 70)(Fx(60))"a6 = 0.
In this case, we take m = j. The center condition becomes a}'( 7brjj — b}; Jaxjj = 0.
Therefore,
fe(8) = —LFL (A0 — 2fe™).
A

Therefore, the composition conditions are satisfied with A = 4% + 7L2_e_i9 . ‘

It follows from the above steps that 7(8) is a function of 1 = Me® 4 Npe= 0 If
o is the angle defined by A;¢'* = A,e™'* then A(ot — 6) = A(a + 0). Therefore the
solution r(0) is symmetric about the line 6 = oz. O
It should be mentioned that Theorem 6 characterizes all composition centers of symme-
try type. Theorem 6 is presented in [1] without the condition that f; has a pair of terms
of the form ae'® + be~ . The following theorem gives a class of systems to show that
the result is not true without this extra condition.

THEOREM 7. The equation

dr

E :rnf(6)7

where
£(0) = &1 (ae’™ +ae 70+ g (bl 4 he= U0 1 g3(celiHHi0 4 g (7440,

has a center at the origin for all €,€&),€ and fixed coefficients a,b,c. Moreover, if
either ¢ = a and b* is not a real number, or ¢ #a and b? is a real number; then terms
of f(0) do not satisfy the conclusion of Theorem 6.

Proof. The origin is a center because f02” f(0)d6 = 0. Now, assume that there

exists A; such that
a=AM b=BA? e =A™,
for some real constants A, B,C. This implies that
» Ab  Bc
' Ba~ Cb’
Therefore, ACh?> = B2ac. This contradicts the conditions on a,b, and ¢. O

The following interesting result is given recently in [9]. The result characterize all
composition centers of Abel differential equation.
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THEOREM 8. [9] The Abel differential equation

dr

— = A(6)r +B(8)r?

o =A(0)7 +B(0)

with trigonometric polynomials coefficients has a composition center at the origin if

and only if

j_; = (gA(0)+ 823(9))r3 + (£3A(0) +£4B(9))r2

has a center at the origin for all &,k =1,2,3,4.

The following particular case of Theorem 6 gives a similar result for general two-
dimensional polynomial systems.

COROLLARY 2. Consider the differential equation

Z—g =2 f1(0) + 7 f(0) + -+ f,1(0),

with
nk .o s
fi(0) = &;fij(0), fi;(0) = arje’® +byje "1°.
=0

If the origin is a center for all & and there exists K such that fx; # 0, then the
composition condition is satisfied with A = fx1, and r =0 is a composition center.

REMARK 1. The conditions for composition centers in Corollary 9 can not be
satisfied by a two-dimensional polynomial system (1). It follows from Lemma 5 that
gr1 7 0 when fi1 # 0. This is the only result in this paper that deals with equation (2)
and not with equation (1).

Acknowledgements. 1 would like to thank Dr. Vidya Swaminathan for a very
fruitful discussion.
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