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POSITIVE PSEUDO-SYMMETRIC SOLUTIONS FOR A
NONLOCAL p-LAPLACIAN BOUNDARY VALUE PROBLEM

L. X. TRUONG, P. D. PHUNG AND B. T. QUAN

(Communicated by Johnny Henderson)

Abstract. This paper is devoted to the study of the following nonlocal p-Laplacian functional
differential equation
' Af(t,x(t), ¥ (1))
7(¢p()‘1(t ) = 1, o
(]0 f(s,x(s),x' (s))ds)
subject to multi point boundary conditions. We obtain some results on the existence of at least

one (when n € Z") or triple (when n = 0) pseudo-symmetric positive solutions by using fixed-
point theory in cone.

0<r<l,

1. Introduction

Multi point boundary-value problems for second-order ordinary differential equa-
tions have many important and interesting applications, for details, please see [2, 4, 5,
6,7, 8, 14, 15, 16] and the references therein.

In [3], Avery and Hederson introduced the definition of pseudo-symmetric func-
tion and discussed the existence of three positive pseudo-symmetric solutions for the
problem

(6 (¥ (1)) +a(t) f(1.x(1) =0, 1 € (0,1),
u(0) =0, u(1) = u(n),

where ¢, (z) = [z|” %z, p> 1 and n € (0,1). Next, by using the monotone iterative
technique, Ma and Ge [ 1 1] proved the existence of positive pseudo-symmetric solutions
for the problem (1.1). This technique is also used successfully by Sun and Ge [12] for
the following problem with nonlinear term involving derivative

(0p (X (0))) +a(t) f(1,x(2),¥' (1)) =0, 1 € (0,1),
u(0) =0, u(l) =u(n).

Mathematics subject classification (2010): 34B07, 34B10, 34B18, 34B27.
Keywords and phrases: boundary value problem, pseudo-symmetric solutions, p-Laplacian, Leggett-
Williams fixed point theorem, Guo-Krasnoselskii fixed point theorem.
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These results were considered more fully in [13].

The purpose of this work, motivated by the references [3, 11, 12, 13, 17], is to
consider the existence of pseudo-symmetric positive solutions of the following nonlocal
p-Laplacian boundary value problem

Af(tx(), X (1))

— (1) =7 7 0<i<l, (13)
(fo F(s,x(s),x/ (s))ds)
together with the boundary conditions
x(0) = 0)+ Z o’ (1), (1.4)
and
Bx(1m) — 1’ (1) = Bax(1) + (1), (1.5)

where m > 1, 0<771 <M< <NMu<l;on>0,0=>0,Vi=12,--m and
B,y=>0, B2 + 79> #0. The equations of the form (1.3) occur in many application
models, see [1] and references therein. In the special case of n = 0, we obtain that
there exist at least triple positive pseudo-symmetric solutions to problem (1.3)-(1.5).
When 7 is a non-negative integer number, the result on existence of at least one positive
pseudo-symmetric solution is proved by using Guo-Krasnoselskii’s fixed point theorem.
The main difficulty arises from the presence of the nonlocal term. In our opinion, the
monotone iterative technique is not suitable to be used.

2. Hypothesis and statement of results

Throughout, E = C! ([0,1];R) is the Banach space of all continuous function x
from [0,1] into R endowed with the sup-norm

(1] 1 _max{omax lx(®)], > Bax Y (1 }}, X€E.

We recall that (see [3]) a function x € E' is said to be pseudo-symmetric about 1),, on
[0,1] if x is symmetric over the interval [1),, 1], that s,

x(t) =x(14+nu—1), Vt € M, 1].
By P we denote the cone in E defined by

X(O) ( )+zl l(xl ( i):
P={xckE:
x is nonnegative, concave and pseudo-symmetric about 1, on [0, 1]

In order to convenience to presentation later, we give here some notations needed

- 0" = (141m)/2
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- p=max{l,6"+ 3" " o}

- B= M+ T X0

- Mo = (Mm00) / (1C™)

- m(f,r) =min{f(t,z,w) : (t,z,w) € [0,1] X [or,r] x [=r,r]}
- m(f,r) =min{f (t,z,w) : (t,z,w) € [0,1] < [0,r] x [=r,r]}

- M(f,r) =max{f(t,z,w) : (t,z,w) € [0, 1] x [0,r] X [=r,r]}
-Q={xeP:|x||,<r}, 0 ={xeP:|x||,=r}

- If 0 is a nonnegative continuous concave function on P and r,R (r < R) are two
positive constants, we set

Q(6,nR)={xeP:6(x)>rand ||x||, <R}.

Hypothesis

In the sequel, we alway use the following hypothesis

H) neZmeZ"\{0}, 0<m<m<--<Nu<l; ap>0, 06 >0, Vi=
1,2,---,m and

B.y=0.8+7 #0,
(H2) f:]0,1]x[0,4e<) x R — R is continuous function which satisfies the condtions:
(i) f(t,z,w) >0, forall (z,z,w) € [0,1] x [0, +o0) X R,

(i) forevery (z,w) € [0,+e0) x R, the function f (-,z,w) is pseudo-symmetric about
Nm on [0, 1] which means that f(7,z,w) = f(1 4 Nm —1,z,—w) forall (£,z,w) €
[Mm, 1] X [0,4e0) x R.
Main results
We can now state the main results of this paper. First, in the case of n =0 we

obtain the following theorem.

THEOREM 1. (Triple solutions) Let (Hy),(H;) hold. Let n = 0. Suppose there
exist positive constants a,b,c with a < b < % < ¢ and the positive constants Ay, By, Cy

such that
* * A
(Z)p(ﬁa ) e <min{—0,@}.
IJTIm G* - nm B() BO

If the function f satisfies the following growth conditions

(A1) f(t,z,w) < op(c)/Co for (t,z,w) € [0,1] x [0,c] X [—c,c];
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(A2) f(t,z,w) < @p(a)/Ag for (t,z,w) € [0,1] x [0,a] X [—a,al;
(A3) f(t,z,w) > ¢, (D) /Bo for (t,z,w) € [Mm, 1] x [b,b/ o] x [~/ o, b/ o] ,

then, for each A satisfies

B() o* 1 1 .
<A<, (=) = min{dy, G}, 2.1
o (Hw) O (u) g min {0, Co} @b

the boundary value problem (1.3)-(1.5) has at least three positive pseudo-symmetric
solutions x1,xp,X3 satisfying

[x1]l; <a, b< min x;(t), a < ||x3]|; with min x3(z) <b.
1€[Mm,1] 1€[nm,1]

In general, for non-negative integer values of n, we establish an existence result
of at least one pseudo-symmetric positive solution.

THEOREM 2. (one solution) Letr (Hy) and (H») hold. Assume that there are pos-
itive constants a,A,b,B such that

(@) § (A"A}E%)))n - (c*—nﬂl—nmy“% (%>

(b) f(t,zw) <Y forall (1,z,w) € 0,1]  [0,a] x [~a,d],

A
(c) ft,zow) =20 forall (t,z,w) € [0,1] x [ob, b] x [~b,B].
B

Then, for every A satisfies

Amin = M% (i) <A< Al(fal (1 _nm>n¢p (1) i= Amax
i u

OF — M o*

the problem (1.3)-(1.5) has at least one positive pseudo-symetric solution.

3. Preliminaries results

‘We start this section with some useful lemmas.

LEMMA 1. (see [3]) Forall x € P, the following statements are true:
(i) max,cpo x (1) =x(0%),
) x(1) = min{r,14n, 1}, 1 €[0,1],

(i) x(t) > Lx(0%), t € [N, 1].

LEMMA 2. Forall x € P, the following statements are true:
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(i) max,co ) o ()] =+ (0)
(i) [lx[|; < px'(0)
(i) x(t) = polx|ly, t € M, 1]

here we recall that

Mm 0o

pu=max{l,0"+3>"0;} and o = o

Proof. (i) By the definition of cone P, it is clear that x’ (¢) is decreasing function
on [0,1]. Further, it follows from (i) of the Lemma 1 that x’ (¢*) has to be zero. So
X (t)>0,vt€[0,0%] and ' (¢) <0,Vt € [0%,1],
which implies

tlggulg] | (1)| = max {|x' (0)|, |¥' (1)] } -

On the other hand, because x is pseudo-symmetric about 7, we have

x (0) >x (Mm) = —x/(l).

Therefore max;c(o 1 |[¥' (t)| = |¥' (0)] = x'(0).

0) —l—/oo*x/ (s)ds

'(0)+ Y, o’ (m7) +/G X (s)ds (3.1)
i=1 0

(ii) For x € P, we have

which follows

m G*
x(1) <x(0*) o [¢(0)]+ Y o | ()| +/0 ¥ (s)|ds
i=1
< (o* m o / .
<(o +2,:0061)01;15%)(1 | (1)], t€0,1]
Hence
el = max { max 0] s [ 0]} < e} (0]
(iii) It follows from (3.1) and [Lemma 1, (ii)] that, for ¢ € [N, 1],

nﬂ’l * nﬂ’l(x() nm(x()
£(0)> Phx(o") > 0N (0) > A o

This ends our proofs.

Now we consider an existence result for auxiliary linear problem.
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LEMMA 3. Let h:[0,1] — R be a continuous, nonnegative and pseudo-symmetric
about My, function, h(t) £ 0 on any subinterval of [0,1]. Then the boundary value
problem

(9 (@) =h(1), 0<r<1,
x(0) = ax'(0) + XL, 06’ (1ms), 3.2)

Bx(Nm) — v’ () = Bx(1) + y'(1),
has a unique positive pseudo - symmetric solution u which is given by the integral
representation formula
At Ji g ([0 n(r)dr) ds,0 <1 <07,
x(t)=Ah(t) = (3.3)
1~\+f,1 Oq ([5<h(r)dr)ds,o* <1 <1,

A = od, (/Oc*h(r)dr> +iilai¢q (/T:*h(r)dr>

K=A+/Onm¢q ([0*h(r)dr)ds.

Proof. First, it’s not difficult to check that the function x () given by (3.3) is a
solution of the problem (3.2). Conversely, let x € E be a solution of (3.2). Then, by
h is nonnegative, we deduce from (3.2), that

where

and

(9, (¥ (1)) <0, Ve € (0,1).

So x/(¢) is monotonically decreasing on [0,1]. We shall show that there exists ¢ €
(Nm, 1) such that x’ (¢) = 0 by using the boundary condition (3.2);. Indeed we con-
sider the following cases.

Case I (y=0): In this case our affirmation is evident by x (1) = x(1,,)

Case 2 ( = 0): The boundary condition (3.2); becomes x’ (1) +x’(n,,) = 0 which
implies

X (1) X () <O.
Hence by X’ (1) is continuous on [1,,, 1] we deduce that there exists 0 € (1), 1) such
that X' (o) = 0.

Case 3 (3,7 # 0): Assume by contradiction that x’ () > 0, for all z € (1,,,1). This
follows that x(¢) is strictly increasing on [n,,, 1]. Hence

Bx(nm) — v (1) < Bx(1) =y (1) < Bx(1) + x'(1),
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and we get a contradiction due to (1.5). Similarly, if x’ (z) <0, forall 7 € (1,,,1) then
x (1) is strictly decreasing on [1,,, 1] which leads to an other contradiction:

Bx(Nm) = 1 () > Bx(1) + v’ (M) > Bx(1) + 7' (1).
Next by integrating the equation (3.2) on [s, 0] we get
00 (¥ (5)) =0, (¥ (@) + [ ()

which implies
x(1) :x(O)—i—/Otx/ (s)ds
= opx'(0) —|—l§1a,-xl (ni) _|_/O[ 9, (/Sch(r)dr) ds

— 09, (/Och(r)dr) +ga,-¢q ( T:h(r)dr) +/Ot¢q </Sch(r)dr> ds,

for all 7 € [0,1]. On the other hand, as Bx(1,) — y*' (M) = Bx(1) + yx/(1), o has to
be a solution of the following equation

¥, (0) = ¥, (), (3.4)

where

¥ (0) = B n;""’ (/fh(r)dr)ds,

w20 = oy ( [10ar) —o, ( [har)].

By & is pseudo-symmetric about 1, and B2+ 7> # 0, we can verify that 6* = %

is the unique solution of (3.4). So

o=o0"

and we conclude that if ¢ € [0,0*] then

(1) = 00, (/Oc*h(r)dr> +iila,-¢q (/T:*h(r)dr) +/Ot¢q ([G*h(r)dr) ds
:A+/0’¢q </Sc*h(r)dr) ds,

andif # € [0*,1] then

x(t):A—i—/Onm(Pq (Ac*h(r)dr> ds
+/tl¢q (/Gih(r)dr)ds+ n;q)q ([c*h(r)dr)ds
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:A+/O"'"¢q (/Sg*h(r)dr> ds—l—/th)q (/;h(r)dr) ds

thanks to the relation | X
(o2
/ (Pq( h(r)dr)ds:O
Nm s

which is a consequence of pseudo-symmetric about 1, property of the function /.

Finally, if x; and x, are solutions of problem (3.2) then, by using the above
arguments, we have x| () = x2(¢) = Ah(r),Vt € [0,1]. This shows the uniqueness of
solutions. The proof of this lemma is complete.

LEMMA 4. A: P — P defined by (3.3) is a completely continuous operator.

Proof. Tt follows from lemma 3 that Ah € P, for all & € P. On the other hand,
a standard argument by using Arzela - Ascoli theorem allows us to conclude that A is
completely continuous.

Now, for each x € P, we denote

F)(1) = Af(t,x(1) (/fsx )s)_n,te[&l}. (3.5)

From the assumption (H2), we deduce that the operator F : P — C ([0, 1];R) is contin-
uous. Moreover F(x) is positive on [0, 1], and pseudo-symmetric about 7. So the
operator

T=AoF:P—P

is also completely continuous by using lemma 4. It is also note that each nonzero
fixed point of the operator T is a positive pseudo-symmetric solution of the problem
(1.3)-(1.5).

Finally, in order to prove our main results we need to use the following fixed point
theorems

THEOREM 3. (Leggett-Williams, see [10]) Let K be a cone in the Banach space
|1), ¢ > 0 be a constant and define the set

(E,

K.={xeK:|x| <c}.

Let T : K. — K. be a completely continuous map. Suppose there exists a concave
nonegative functional 6 defined on K and there are numbers a,b,c with 0 < a < b <
d < ¢ such that

(a) {x€S(8,b,d):0(x)>b} #0 and 6 (Tx) > b, for x € S(0,b,d), where

S(6,nR)={x€P:6(x)=>rand ||x| <R},

(b) ||Tx|| < a, for ||x|| < a and
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(¢) 6(Tx)>b, for x € S(8,b,c) with |Tx|| > d.
Then T has at least three fixed points, x1,x; and x3 satisfying

x|l <a, b<d(x2) and ||x3]| > a, with & (x3) < b.

THEOREM 4. (Guo-Krasnoselskii, see [9]) Let E be a Banach space and let K C
E be a conein E. Assume that Q,Q, are open with 0 € Q,Q; C Qy, and let

T:KN(Q\Q)) — K

be a completely continuous operator such that either
) [|Tx]| < ||x[|, x € KNIy, and || Tx|| = ||x]|, x € KNIQy, or
@) |Tx|| = ||Ix|l, x € KNIy, and || Tx|| < |jx]|, x € KNIQy,.
Then T has a fixed point in KN (ﬁg\Ql).

4. Proofs and corollaries of main Theorems

First we will discuss the criterion for existence at least three positive pseudo-
symmetric solutions of problem (1.3)-(1.5) by using Theorem 3.

Proof. [Proof of Theorem 1] We shall apply Theorem 3. For this we define the
nonnegative continuous concave function on P by

0 (x)= min x(z).
t€[Mm,1]
Obviously, 0 (x) < ||x||, forall x € P. Let A satisfy (2.1).

¢ First we prove that T : Q. — Q.. In fact, for x € Q., we have 0 < x(t) < c and
|X' (#)| < ¢, forall 7 € [0,1]. So it follows from condition (A1) that

Agp(c)

Fx(1) = Af(t,x(6),x' (1)) < G0

forall 7 € [0,1]. Using the lemma 2 and the definition of T we deduce

I1Tx]ly < | (Tx) (0)] < py (/ F(x )

S UG (A )¢q< )C<c

Hence Tx € Q.. By an analogous argument as above, it follows that ||Tx||; < a, for
|lx|l; < a,i.e. the condition (b) of theorem 3 is satisfied.
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¢ To fulfill condition (a) of theorem 3, we consider the function

K(t+Y0004), t €[0,1m],
xo (1) =

— 1N 2
k(F+ ) - 25 =07 1 € 1],
where K is a constant satisfying

b
uomax{l,ﬁ—k 1_4”'" }

b
= <K<

We can check that x; is a member of

Q (5,b,£) = {xGP: 8(x)=band x|, < 2}
Ho Ho

without difficulty. Further

0 (xp) = min xq(z) =Kl > b.
t€[NMm,1]

This shows that the set {x € Q(8,b,b/uo) : 8 (x) > b} is non-empty. Next, let x €
Q(8,b,b/1p). Then

Tx(c™) = oy ( nc F(x)(7) dr) +§a,-¢q ( : F(x)(7) dr)
+ /0 " 6, ( nG*F(x) (1) dr) ds, 4.1)
where Lo (b
F(x)(t) = Af(t,x(t),x () > Q;I’io(),w € [Nm,07]. 4.2)

Combining (4.1) — (4.2) and (iii) of Lemma 1, we get

Nm

8 (Tx) = min{Tx(1) :1 € [, 1)} > 22 Tx(0")

> “ﬂ’"%(l)% (G ;n’”> b>b, Vx € Q(8,b,b/ ).
0

¢ Finally, we exhibit condition (c¢) of theorem 3 is also satisfied. To this end, let
x€Q(8,b,c) with ||Tx||; > b/uo. An application of (iii) in Lemma 2 yields

O0(Tx) =min{Tx(t):t € My, 1]} > o || Tx||, > b.

The proof is finished by an application of theorem 3.
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EXAMPLE 1. Consider the following problem
— (W (O)1x (1)) = Af(t,x(1),' (1)), 0 <1 <1,
x(0)=x'(0), 2x(3)—x(3) =2x(1)+X (1),

where
. (3¢ "
f(t,z,w) = |1+sin TZ p (z,w), forall (z,z,w) € [0,1] x R" x R,

with
107 T e (z,w) € [0,1] x [~10,10],
p(zw) =< (V30—1/8) (z— 1)+ 1/40+ o, (z,w) € [1,6/5] x [~10,10],

Vit e (z,w) € [6/5,10] x [—10,10].

In this case we have
1
p:3a n:O,m:l, a():l; (xlzoan1:§7

and so
G*—2 5 _ 4 3
—3,“—3,“—3,“0—10

Take a=1, b=6/5,c=10 and Ay =48/5,By=19/25,Co = 200/13. Then we have
a<b<b/uy<cand

o 00, (O™ /INm) (0% —Nw) =25/2 < min{Ay/By,Co/Bo} =~ 12.632
o f(t,z,w) <6.3746 < 6.5= ¢, (c) /Co, for (t,z,w) € [0,1] x [0,10] x [-10, 10],
o f(t,z,w) <0.1 < @p(a)/Ag=5/48, for (t,z,w) € [0,1] x [0,1] x [-1,1],

o f(t,z,w) > 1.9117 > ¢, (b) /By ~ 1.8947, for (t,z,w) € [1/3,1] x [6/5,4] x
[—4,4].

This shows that the conditions of Theorem 1 hold and we can conclude that, for every

A € [5.13,5.184], our problem has at least three positive pseudo-symmetric solutions
X1,X2,x3 such that

6 6
bl €1,6(2) > 5.6 () < . sl > 1.

Proof. [Proof of Theorem 2] Let A € (Amin, Amax) - It is clear that Q,, Q, are
open bounded subsets of E and

0eQ,Q, and (ﬁh cQ, orQ, C Qb) .
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For x € PN0dQ,, we have

{ 0<x(t) < maxep |x(1)| < [[x], = a,

W ()] < max;e o1 ¥ (1)] < [Ixl], = @,

forall r € [0,1]. Further x(z) > to ||x||; = Hoa, Vt € [N, 1]. It follows from (3.5) and
the assumption (b) of Theorem 2 that

M2 ©) A2 (1)
(J6 (.50 90)ds) " (U, Fls.2(5). (5))ds )

Aoy (a)
S Alm(f.a)]" (1 nm)

By the definition of operator 7' and the lemma 2

Fx) (1) =

=Vt €[0,1].

7l < (72 0) <oy ( [ F 0 (1)

G*
ga A’ ( A~ n }’l)
)0\ Al (=)
<a= x|,
Now, let x € PNJQ;,. By Lemma 2 we have
{uob < Mo [|x[[y < x(2) < [lx]ly = b,

X ()] < [lxll, =,
for all # € [Ny, 1]. This implies from the assumption (c) that

MOOX0) 2oy
(i £(sx(s).x (s)yds)" ~ BIMF)]

So using lemma 1 it follows

F(x)(1) = =Vt € M, 1].

|Tx]ly > max [Tx(r)| = Tx(c™)
1€[0,1]

)

> a0d, (/n:*F(x) (1) dr) +§1a,-¢q (/n:*F(x) (1) dr)
+ /O " ¢q< :*F(x) (T)dt) ds

m

> 010, (1) 00 ()

> b= x|,

Applying theorem 4 we deduce that the operator 7' has a fixed point in Q.\Q, or
Q,\Q,. So our result is completely proved.
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COROLLARY 1. Let (HI) holds. Assume that
& a,b,A,B are four positive constants satisfy a > (§ob) /&1 and

A 2
Co <z <Clb2,

where

_ o "
G e and 0= \/(c*—nmﬂl—nm)""” (£)

¢ 0:[0,1] — R* is continuous, pseudo-symmetric about Ny, on [0,1] and satisfies

0< (¢ = 0(r) < et_9<1
$1=,min 6(1) < max 6(1)

¢ ¢:[0,a] — R* is a continuous function such that

2 a2
. <%
zer[?t(l)gu Pz ( ) BC ZI;I(E)D;] ¢ (Z) A
Set _
a? (1 — 9)

ft,z,w) :9(t)(p(z)+T (l—sm2 na )

Then, for every A satisfying the condition

B (1) cr AR 2]

the boundary value problem

HA (1)) = M 0X0)
— (| ()| (1)) = st 0 <1< L

x(0) = oox' (0) + XL 0ax' (i) ,

Bx(Mm) — ¥ (M) = Bx(1) +x'(1),

has at least one positive pseudo-symmetric solution.

Proof. Tt is clear that f is continuous on [0,1] x (0,4c0) x R and satisfies the
condition (H2). On the other hand we have

— a2 a2(1—§) a?
<0 —+——7—><—,
M(f,b)<6 A+ 1 "

and
b2

ma (f,a) > C;. mi ) > —.
g (f,a) > & Zer[gégﬂ]w&) 7
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So, we can obtain the following estimates

A (f,a) A2b2 o o* o (E)
BM, (f,b) ~ Bzaz (0" =) (1 =7) "\

[\S]

f@mw<%NQLMEmﬂdexF@¢
2
Ft2w) > 5 ¥ (2w € [0,1) [ob,b] x [b,b],

which means that the conditions of Theorem 2 are satisfied. Therefore, our conclude is
proved.

EXAMPLE 2. Let

-m=1/4, m=2/3, =2, a1 =3, 0, =1,{;, =5/18
-a=30,b=2,A=122,B=2

< e = [ - 097 (get ¥) + 85 (1 -sin” 5)
In this case we have
0" =(1+nm)/2=5/6, XLy =7/2,
u=max{l,0"+X" o} =13/3,

= nm+ X004 =25/6,

Lo = 12% — 24 /65,

po*

_ * __ 26
Go= \/(c*—nf)(l—n_m) 9p (%) =5VIS.

On the other hand
395977
M(fvb) —max{f(t,z,w) . (tvsz) € [07 l] X [072] X [_272]} - Wa
and
144 654
m(f,a) :min{f(t,z,w) s (t,z,w) €10,1] x {F,C%O] x [-30 30}} 5"

It is not difficulty to check that the conditions of corollary 1 are satisfied. Conse-
quently the following boundary value problem

vy - A Ex@.20)
(KO O) = w e
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£(0) = 2¢ (0) + %x’ (%) + (%) ,

(2)2¢(2) = 2etn,

has at least one positive pseudo-symmetric solution for every A satisfying

4751724 1436184
. N A ——— &5, .
4.9854 953125 A 274625 5.2296
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