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QUASILINEAR ELLIPTIC PROBLEM WITH HARDY
POTENTIAL AND A REACTION-ABSORBTION TERM

SOFIANE EL-HADI MIRI

(Communicated by Claudianor O. Alves)

Abstract. We consider the following quasilinear elliptic problem

w1
—Aputul =A-—=+h inQ,
|x

u>0andu=0 on 0Q,
where, 1 < p < N,Q C RV is a bounded regular domain such that 0 € Q, g > p—1 and % is
a nonnegative measurable function with suitable hypotheses. The main goal of this paper is to
analyze the interaction between the Hardy potential, and the term u?, in order to get existence
and non existence of positive solution. We can summarize our main results, in the two following
points:
(i) If u? appears as a reaction term, then we show the existence of a critical exponent g4 (1),
such that for g > ¢, the considered problem has no positive distributional solution. If ¢ < g4
we find solutions under suitable hypothesis on 7.
(ii) If u? appears as an absorption term, then there exists g. such that if ¢ > g, , the problem
under consideration has a positive solution for all 2 >0 and for all 4 € L'(Q). The optimality
of g, is proved in the sense that if g < g, , then nonexistence holds if A > Ay ;.

1. Introduction and preliminaries results

In this paper we study existence and nonexistence of positive solutions to the prob-
lem

ub~1 .
—Apuj:uq:?LW—i—h in Q,
u=0 on dQ,

(Ps)

where 1 < p <N, Q C RV is a bounded domain containing the origin, ¢ > p — 1 and
h is a nonnegative measurable function, with suitable hypotheses.
Problem (P4 ) is related to the classical Hardy-Sobolev inequality

‘¢|p p oo (MmN
AMP/RNdeg/RNwm dx forall € €5 (RY),
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where Ay, = (%)p is optimal and not achieved, we refer to [14] for more details
about this constant.

In the case where u¢ appears as a reaction term (problem (P_)), then for A >
An.p, a strong local nonexistence result is obtained in [4].

The case p =2 and A < Ay was studied in [12], the authors prove the existence
of a critical exponent g (A) such that existence holds if and only if ¢ < g .

If p#2 and g < p* —1, the problem is widely studied in the literature, we refer to
[2] where the authors got the exact behavior of the solution near the origin and studied
also the case where Q = RV .

In the case where u? appears as an absorption term, then if A = 0, the exis-
tence and uniqueness of “entropy” solution is obtained in [11]. If A < Ay, and

heLr T (), then existence holds in the Sobolev space WO1 P(Q) using variational
arguments. The authors proved that for all 2 € L' (Q), there exists at least one distribu-
tional solution. The regularity of the solution is obtained according to the one of & and
the value of ¢.

If A > 0, the situation is a quite different, in the case where ¢ =0 and p =2,
then an integrability condition on / near the origin is needed to insure the existence of
a distributional solution; see [5] for a complete discussion about this case.

The problem (P_) can also be seen, as the stationary case associated to the parabolic

problem:
~1

‘ ‘ +ul+f,u>0inQx(0,7),

u(x,t) =0 on dQ x (0,T),
u(x,0) = up(x), x€Q,
which will be studied in a forthcoming paper [3]. Notice that for the semilinear case,
some related results were obtained in [7].
Since we are considering solution with data in L', then we need to use a week
concept of solutions. More precisely we have the next definitions.

uy — Apu =

DEFINITION 1. We say that u is a nonnegative distributional solution to problem
(Py) if
171 u”!
|Vu|p S LZOC(Q) and Aw,
X

ul, he L}, .(Q),

and for all ¢ € €;°(Q), we have

/|Vu|1’ 2(Vu,Vo)d / /l—iu’1+h)¢dx. (1.1)
Q
ub=!
In the case where A4 qu,h € L'(Q) we can use the concept of entropy solu-
X

tion.
For k > 0, define

s, if|s| <k
Ti(s) =
Ws) ke, if]s) > ks
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then we have the following definitions.

DEFINITION 2. Let u be a measurable function, we say that u € Z)l’p (Q) if

Ty (1) € Wy P (Q) forall k> 0. Let F € L'(Q), then u € 7,7 () is an entropy solution
to

—Apu=F inQ, (1.2)
”|BQ = 07
if for all k > 0 and all v € Wy ”(Q) NL=(€), we have
/\Vu\p_2<Vu,V(Tk(u—v)))dx:/FTk(u—v)dx. (1.3)
Q Q

Hence we say that u is an entropy solution to problem (P+) if

p—1

At he LN(Q)
|x|?
and the above definition holds with
ub~1

From the results of [10], we know that if u is an entropy solution, then |Vu|P~! € L*(Q)
for all s < % Hence, we conclude that if u is an entropy solution, then u is also a
distributional solution.

We recall the following existence result obtained in [10].

THEOREM 1. Assume that 1 < p and F € L' (Q). Let {f,}» C L”(Q) be such
that f, — F strongly in L'(Q). Consider u, € Wol’p(Q), the unique solution to problem

—Apuy = fr in Q,
u, =0 on 0Q,

then there exits u € %1,17 (Q) such that u is the unique entropy solution of (1.2),
T (un) — Ty (u) strongly in Wol’p(Q), ul ™t = uP=1 strongly in L (Q) forall 6 < e
and |Vu,|P~1 — |Vu|P~! strongly in L*(Q) for all s < 7.

The paper is organized as follows. In Section 2 we deal with the problem (P-). In
Subsection 2.1 we prove the existence of a critical exponent ¢4 (A4) such that a strong
non existence result holds if ¢ > ¢+ (A). As a consequence we prove some complete
Blow-up results for approximated problems.

The case g < g+ (A) is treated in Subsection 2.2, then, under suitable hypothesis
on &, problem (P-) has a positive solution. This prove the optimality of g4 (A).

The case of absorption term is considered in Section 3, we find an exponent g
such that if ¢ > ¢, then problem (P;) has an entropy solution for all A > 0 and
hel'(Q).
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Notice that, without the absorption term u9, existence holds if and only if A <
An,p with strong condition on 4. Thus this show the strong effect of the absorption

ul~
\X\” '

The optimality of ¢, is proved by showing that if g < g, then for A > Ay,
problem (P4 ) has no positive solution. Some extensions are given at the end of the

section.

term u? in order to break down any resonant effect of the reaction term 44—

2. Problem with reaction term
In this section we consider the next problem

ul’ .
—Apju=27A x ‘p +ul+h inQ, @.1)

u=0 on 0Q,

where Q is a bounded domain of R" containing the origin, 1 < p <N and ¢ >p—1.
First, let us consider the equation.

—Apw = xwppl . 2.2)
By setting w(x) = C|x| ™%, there results
-1 =2 1 n—1) 1
v (|w |I7 w'rl 1) = AwP~r,
Hence, we get the next algebraic equation
Da)=(p—1)a’ —(N—p)a’ ' +1 =0 (2.3)

Under the hypothesis 2 < Ay, = (N —p)/ p)". equation (2.3) posses exactly two
solutions o < (N — p)/p < o (see the computation details in [2]).

Since A > 0, then using the strong maximum principle and a suitable comparison
function we can show that u#(x) — oo as |x| — 0. The next result give a more precise
information about the behavior of any supersolution of (2.1) near the origin, the proof
can be seen in [2].

LEMMA 1. Assume that u € W-" (Q) is a nonnegative supersolution to problem

loc

(2.2), then if u# 0, there exist a positive constant C and a small ball By (0) CC Q
such that

u>Clx|~* in By (0) (2.4)

where o is defined above.
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2.1. Nonexistence results: the optimal exponent.

Assume that A < Ay, we look now for radial solutions to the elliptic equation

p—1
—pr:/lvTxT—f—wﬂxeRN. 2.5)

Then by setting w(x) = |x| %, it follows that
(p= D)o = (N = p)a?™ — Ay elw=p = e (2.6)

so by identification, one have that

N —
a=—2L  4g>p-1, and a<—2.
l+g—p p—1
Since
wh! 1 1
‘x‘p ELZOC(Q) and quLloc(Q)a

then by the result of Lemma 1 we obtain that oy < @ < op which is equivalent to

P P

— —l<g<— -1, 2.7

o +p <5 +p (2.7)
We set

=L vp_tandg- (1) =L+ p-1, 2.8)
o (05
then
p—1<q-(A)<p"—1<q(R).

with p* =Np/(N — p).

Since we are considering an equation with right hand side in L!, then we will use
the concept of entropy solutions given in Definition 2

We are now able to prove the next nonexistence result.

THEOREM 2. Assume that ¢ > q+(A) = (p—1)+ p/oy. Then for all A >0, the
problem (2.1) has no positive entropy solution.

To prove this theorem we need the following well known inequality [8].

THEOREM 3. (Picone inequality) Ler v € W, ¥(Q) be such that —A,v =0 is a
bounded Radon measure v > 0, then for all u € Wol’p(Q),

P
/\Vu\%z’x}/%(—Apv)dx.
Q Q
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Proof of Theorem 2.

If A > An,p, then the nonexistence result is obtained in [4]. Let us consider the
case A <Ay,p.

We argue by contradiction. Let u be an entropy solution to (2.1), then using an
approximation argument as in [4], we get the existence of a minimal entropy solution
obtained as a limit of approximation problems. We note u the minimal solution. Let
¢ € 65°(Br(0)), then using Picone inequality of Theorem 3 to u, it follows that

- lol”
Py > qg=p+1|p|P
B, (0 B,(0) ul~ x
/()\qu|dx//() —2et P x/ d +/ WP | dx
lel” Iqol”
2 A’ ‘x‘p +/ |x|O(| q— p+l

If g > q4+(A), then o (q— p+1) > p, thus we get a contradiction with the Hardy
inequality, hence non existence holds.

REMARK 1. Since the arguments used in the proof of the nonexistence result, are
local, then we conclude that problem (2.1) has no non-trivial supersolution in the sense

up~! . . . .
that A —— +uf € L},.(Q) in any domain containing the origin.

[P

THEOREM 4. Assume that g : R — [0,0) is a continuous function such that g(s) >
0ifs>0and
liminf =—= g(s)

=c¢ >0 for some g > q1(1).
§—00 59

Then we have:

(1) if g(0) = 0, then the unique entropy solution to problem

upl

—Apu= +g(u), in Qupq =0, (2.9)

| 14
isu=0;
(ii) if g(0) > O than problem (2.9), does not admit any entropy positive solution.

As a consequence we get the next blow-up result.

THEOREM 5. Fix q > q+(l) and A < Ay p. Define

an(x) = min{n } and Dy(s) =min{n,s?}, s > 0.

Let {hy}n C L™(Q) be such that h, >0 and h, T h € L'(Q). Let u, be the minimal
solution to problem

—Aputy = kan(x)ufffl + gn(un) +hy in Q,
Uy >0in Q, (2.10)
u, =0on 0Q.

Then uy,(x) — oo as n — oo uniformly in x € Q.
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We first recall the following Lemma proved in [4], which will be useful in the
proof of Theorem 5.

LEMMA 2. Let u be the unique positive energy solution to problem

—Apu=finQ,
u>0inQ, 2.11)
u=0ondQ,

where f € L*(Q) and f > 0. Then for all ball B, C Q such that By, C Q, there exist
a positive constant ¢ = c(r,N, p) such that,

ur ! (x)
@x.092)7 1~ € I,

Proof of Theorem 5.

Since A < An,p, then we get easily the existence of a minimal solution u, €
L*(Q) OWOI”’(Q) to (2.10). Using the fact that Aa,(x)ul " + g, (1,) + h, is increasing
in n, then we conclude that {u,} is an increasing sequence in n.

Assume by contradiction that there exist xo € 2, such that sup, u,(xp) = co < oo,
then using Lemma (2) for a ball satisfying 0 € B,, C £, we obtain that

f(y)dy forall x € Q. (2.12)

/ (Aan(xX)uP ™' + g (1) + hy)dx < ¢ for all n.

r

Since Fy(x) := Aan(x)ul " + gu(un) + hy is increasing we obtain that F, — w, n — oo
in L'(B,,) to some w > 0. Starting from vy = 0, we define the sequence,

{—Apvnﬂ — A1 (D 4 gn(v) + B in By, (2.13)
Varilon, = 0.

Since Aay(x)sP~! + gu(s) + hy, is increasing in n, by comparison we obtain that v, <

Vn+l-

Claim: v, < uy, in B,(0) forall n € N.

We prove the claim by induction. We have —A,v; = h; < —Apu; and since u1|93r >
0= o8, we conclude that vi <u;. Suppose v, < u,. Recall that u, < u,y1, then
using the fact that

_ —1
Adp 1 (x)vh ! +gn(vn) +hn < an+l(x)“5+1 + gn(Un+1) +hus1,
we conclude that
—AanJrl < —Apun+1 and Up1 > Vp41 ON 8Br

Thus v, 41 < uy4+1 and the claim follows.
Moreover we have

LIV Pdx <k [ (e (] i)+ )dx <
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Therefore we reach that Ti(v,) is bounded in WO1 P(B,) for all k > 0. Thus Ty(v,) —
Ti(v) weakly in W, (B,)

Since {T;(vy)}n is increasing in n, then using a simple variation of the compact-
ness argument of [10] we can prove that and then T;(v,) — Ti(v) strongly in WO1 7(B,).
Hence, v is an entropy solution to problem

vpl
Apy =A-——+VvI+h inB,,
il 2.14
v>0in B, and v #0, (2.14)

V|BBr =0

with g > g4 (A). This is a contradiction with the nonexistence result of Theorem (2).
Hence for all xg € Q, up,(xp) — o as n — oo and the proof is complete.

2.2. Existence result for g < g, (1).

To show the optimality of the exponent g+ (A) we will prove the next existence
result.

THEOREM 6. Assume that A < Ay, and q < q+ (L), then:
@) if g<p*—1and A < Ay, then for h =0, problem (2.1) has a positive solution
ue W, (Q);
() if g < p*—1 and A = Ay p, then for h =0, problem (2.1) has a positive solution
ue WOI’S( ) forall s < p;

(i) if p*—1<¢g< q+(l) and A < Ay, then there exists a positive constant ¢ such
that if h(x) < P then problem (2.1) has an entropy positive solution u such that
Ti(u) € W, P (Q) for all k > 0.

Proof. We divide the proof in several steps.

The first case: g <p*—1and A < Ay p.

In this case problem (2.1) has a variational structure in the space WO1 P(Q), then
we can find a solution as a critical points of the functional

1
/|V | dx ——/de—— qux
x| q+1)

By a direct application of the Mountain-Pass theorem [9], we reach the existence of
positive solution as a mountain pass point.

The second case g <p*—1 and A = Ay p.

To get the existence result in this case we use the following improved Hardy-
Sobolev inequality obtained in [1], for any s < p, there exists a positive constant C =
C(N,p,s,Q) such that

|ul? -
P > P . :
!<|Vu| Aol )dx/CHuHWOLs(Q) for all u € €7(Q) (2.15)
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Let now {A,}, be a strictly increasing sequence of positive constants, such that
Au T An,p as n — oo, Using the result of the first case, we reach that the problem

p—1
u
— Apl/in = A,n&v

has a positive solution u,, obtained using the Mountain-Pass Theorem [9]. Notice that

T, (1n) = ——m /|V n|Pdx—— /

+ul, in Qu, € WyP(Q). (2.16)

‘”n‘

where
C, = inf J
inf max. 2, (Y(1))
with
1,
I'={ye%([0,1,W,"(Q)), y(0) =0, y(1) = v}

and v € W, ”(Q) is such that

1
—/|Vv\pdx— / qux <<0.
p

Q

It is clear that J;, (v) << 0 uniformly for A, € [0,Ay p]. If y(z) =tv, then y€ T, and

C, < max J; (1v) <A,
t€[0,1]

A= max( /\Vv|pdx——/ ‘Hldx).
re[0,1

Hence we conclude that

) (oo an= [ as) <.

Now using the improved Hardy-Sobolev inequality stated in (2.15), it follows that

Hu,,H";/OM(Q) < C forall s< p andforall n> 1.

Since g+ 1 < p*, we get the existence of 1 < 59 < p, such that

where

N
q+1<s$st0

_SO.

Fix so to get the above estimate, then ||u,||” < C. In the same way and using

1,5
Wy "0(Q)
(2.15), we get the existence of a positive constant a such that J; (u,) > a. This follows
using the fact that a” — Ca*! > 0 if a is small enough.
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Hence we get the existence of 1o € W, *(Q) such that u, — u weakly in W, (€)
and u, — u strongly in LI*1(Q).
Since

(11 g+1 1 / g+1
i) = —qH)!(un)+ di— (- —q+1)9<uo>+ dx,

then up = 0 and ug solves

up~! .
—Apu = AMPW +ul inQ, u, € Wy(Q)

at least in the distributional sense. Il is clear that, by the above computation, uy €
WO1 *(Q) for all s < p. Hence the existence result follows.

The third case q—(A) < q < q4(A) and A < Ay p.

Recallthat p—1<g_(A) <p*—1<g+(A).Let R> 0 be such that Q CC Br(0),
then using a dilatation argument, without loss of generality one can put R = 1. Assume
that i(x) < ¢/[x|?, where ¢ > 0 will be chosen later.

By a continuity argument, we get the existence of A; > A such that g_(4;) < ¢ <
q+(A1). Define

_ . 1%
w(x) = |x|"*—1 forx € B{(0), with ¢ = ————,
(x) = (0) PR
then
wP—1
4 ¢ LV (B, (0
|X|p +whe ( l( ))
and w solves
1)P-1
—APW:M%—F(W—FIV in 7'(B,(0)).

Using the fact that A < A; we get the existence of a positive constant ¢; > 0 such that

(w+ )Pt >7pr_1 c1

W7 T T

A

Choosing ¢ < ¢y, then we obtain a supersolution to problem (2.1).
Let wq be the unique solution to the problem

{ —Apwo = hin Q, 2.17)

wo = 0 on dQ,

it is clear that wy is subsolution to problem (2.1) with wy < w. Thus using a mono-
tonicity argument we get the existence result.



QUASILINEAR ELLIPTIC PROBLEM 121

3. Problem with absorption term: breaking of resonance

In this section we deal with the existence of a nonnegative solutions to the problem

ub~1 .
—Apu—+ul :lW +h inQ,

u=>0 on dQ.

3.1)

THEOREM 7. Assume that q > q, = N[(\,p__pl), then for all A > 0 and for all h €

LY (Q), problem (3.1) has a minimal positive entropy solution.

We will also need the following comparison principle, proved in [4]

THEOREM 8. (Comparison Principle) Assume that 1 < p and let f be a nonneg-
ative continuous function such that f(x,s)/sP~! is decreasing for s > 0. Suppose that

u,v € Wy (Q) are such that

{_4M>ﬂ&w,u>0m97 (3.2)

—Apy < f(x,v), v>0inQ.
Then u>v in Q.
Proof of Theorem 7. Let

1

hn = Tn(h) and a,,(x) = W

Using the sub-supersolution argument, we get the existence of a unique positive solu-
tion to problem
1,
—ApWn + Wi = hy,wy, € Wy P(Q).

Notice that the positivity of w,, follows from the strong maximum principle obtained in

[16], moreover the uniqueness is obtained using the comparison principle of Theorem

8. We claim that the approximated problem

—Aputy +ufh = lan(x)Tn(uﬁ_l)—th, 3.3)
u,,EW()l7p(Q), u, =0 ’

has a unique positive solution u,, such that u, < u,; forall n > 1. Let us begin by
showing the existence. Define v, as the unique positive solution to problem

— A = nAan(x) + gy v € Wy P (),

then v, is a supersolution to problem (3.3). Since u = 0 is a subsolution to (3.3), then
using an iteration argument, we get the existence of a solution u, such that u, < v,.
The positivity of u, follows using the result of [16]. To get the uniqueness we use
Lemma 8. Let D, (x,5) = Aa, (x)T;,(sP~ 1) + h,(x) —s9, s >0, it is clear that, for s >0,
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D, (x,s)/sP~! is a decreasing function, then the uniqueness result follows. Using the
fact that D, (x,s) < Dyy1(x,s), it results that u,; is a supersolution to (3.3), thus
u, < uy41 and the claim follows.

Let k > 0 fixed, using Tj(u,) as a test function in (3.1) we get

/|VTkun\p dx+/ ulTyuy, dx
Q
Q

—l/ an(x) T, (uh™ )Tk( dx+/ Iy (x) Tiuy, dx.

Using Holder inequality we reach that

p—1 g—(p—1)

A/Qan(x)Tn(uﬁ,’1)dx<l</uﬁdx)7</ﬁdx) !

Q

N(p—1) 22
Recall that g > N=p , then - < N, hence

A/Qan(x)r( o /uqu pT.
Q

Thus

p-1
/|VTku,,\1’ dx—|—/ ulTiuy dxéCk?L(/ude k| |R|
Q ¢ Q

Notice that

/uZTkun dx}/ ul dx —C(k).
Q Q

Hence
/\VTkunV’ dx+/ uh dx < C(k, A, ||h|11)-
Q
Q

Therefore we conclude that

/ uldx < C uniformly in n,

Q

/ an(x) T, (uP ") dx < C uniformly in n.
Q

Using the monotonicity of the sequence {u,}, we get the existence of a measurable
function u such that

p—1
wltu and  ap(x)T(ul™ )1 ITXT strongly in L'(Q).

Setting f, = a,(x) T, (uﬁffl) —u}, then f, — f = wl a4 strongly in L!(Q).

— kP
Thus following the arguments of [10], we reach that u is an entropy solution to (3.1). It
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is not difficult to show that if v is another positive entropy solution to (3.1), then v > u,
forall n >0, thus v > u.

To show the optimality of the condition imposed in the Theorem 7 we prove the
next non existence result.

THEOREM 9. Assume that q < q«. If A > Ay, then problem (3.1) has no very

weak positive supersolution in the sense that ul,u?~' /|x|P € L} (Q) and

1
/((—Apu)¢+\u|q¢>dx>l/uTx‘p¢dx+/h(x)¢dx, forall ¢ € 6=().

Proof. Without loss of generality we can assume that & € L”(Q). We argue by
contradiction. Suppose that for some A > Ay, ,, problem (3.1) has a nonnegative very
weak supersolution u in the sense defined above. Let Q| be a regular domain such that
Q) CC Q, then u is a supersolution to problem (3.1) in ;. Thus using an iteration
argument we get the existence of #;, the minimal entropy positive solution to (3.1) in
Q. Ttis clear that «? ' € L’(Q,) forall s < N/(N — p).

Let By (0) CC Q; where 7 is a small constant to be chosen later. Consider ¢ €
¢y (By(0)), since u; > 0 in By (0), then using Picone inequality it follows that

P
/ \V¢\de>7L/ %dx—/ =7 Vg|r. (3.4)
By (0) By (0) || By (0)

Since g < g+, then

p*_Np-1)
g—(p—1))=—< ;
e
thus using Holder and Sobolev inequality inequalities we obtain that

L * piop
a=(P=D|p|Pdx < / P ax) / (@ (P15 1) 7
/B,,(m” opraes ([ lovan)” ([ x)

* P-p

<S71/ VolPd / @=(r=D0)F= ) 7
no) A By(0) )

n

Using the fact that

there result that

/ Rty (3.5)
Q
‘We claim that X
lim WP g — 0., (3.6)
=08, (0)

To prove (3.6), we set




124 SOFIANE EL-HADI MIRI

then

p* p*

by <d TPV and lknl o q,) < H“(q_(p_l))ﬁHLl(gl)
forall n << 1.
Using the fact that ky — 0 a.e. in Qy, then by the dominated convergence Theo-
rem we reach that
kyn — 0 strongly in L'

Hence the claim follows.
Since A > Ay p, we get the existence of € > 0 such that choosing 1 small enough
we obtain that

A
5 > 1\1\/717 +E.

1+S—1</ u(q—(pfmpf—i,,dx)T
Bn(0)

Hence, back to (3.4) we obtain

P
/ Vo|Pdx > (AN_,,+s)/ 1o 4
By (0) ' B p

n(0) 1]

a contradiction with Hardy inequality.

REMARK 2. Fix ¢ > p—1 and let g be a measurable function such that g > 0
q
and ga-»-1 € L!(Q), then using the same arguments as in the proof of Theorem 7 we

can prove that problem

—Apu~+u? =Ag(x)u+h(x)in Q,
u>0inQ, (3.7
u=0o0ndQ,

has an entropy positive solution for all A > 0 and for all 4 € L'(Q). In this case we
say that g is an admissible weight related to the problem (3.7).
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