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THREE POSITIVE SOLUTIONS OF STURM-LIOUVILLE
BOUNDARY VALUE PROBLEMS FOR
FRACTIONAL DIFFERENTIAL EQUATIONS
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(Communicated by Sotiris K. Ntouyas)

Abstract. We establish the results on the existence of three positive solutions to Sturm-Liouville
boundary value problems of the singular fractional differential equation with the nonlinearity
depending on Dg+u

D& u(t) + f(t,u(t), D5, u(t)) =0, 10, ) l<a<?2,
alim;_o 127‘1 (1) — b lim,—o [g ]/ =fo Los, u(s),Dgtu(s))ds,
¢ Dy u(l )+du( ) = Jo hs,u(s), Df. u(s))ds

Our analysis relies on the well known five functional fixed point theorems. An example is given
to illustrate the efficiency of the main theorems.

1. Introduction

There have been many papers concerned with the existence of positive solutions
of boundary value problems for fractional differential equations see [1, 3, 4, 6, 7, 8,
10, 13, 11, 12, 15, 17, 19, 20, 22, 23, 24]. The interpretation and applications of the
fractional differential equations can be found in [9, 18, 16].

In [23, 24], the authors consider the existence and multiplicity of positive solutions
for the nonlinear fractional differential equation boundary-value problem

Dy u(t) = f(t,u(t)), 0<t<1
() ()=
u(l)+u'(1) =

where 1 < o < 2 is a real number, and Dg‘ g is the Caputo’s fractional derivative, and
f:[0,1] X [0,400) — [0,+o0) is continuous. By means of a fixed-point theorem on
cones, some existence and multiplicity results of positive solutions are obtained.

(1.1)
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In [6, 8], the authors study the existence of solutions of the following more gener-
alized boundary value problem

Dy u(t) = f(t,u ()) t€[0,7],
u(0) +u'(0) = fy g(s,y)ds, (1.2)
w(T) +u/(T) = Jg hs,y)ds,

where T >0, 1 < o <2 is areal number, and Dg‘ . is the Caputo’s fractional derivative,
and f,g,h:[0,T] x R — R is continuous.

In [2, 21], boundary value problems for fractional differential equations with the
the Caputo fractional derivative CDO‘ of order o were discussed where the boundary
conditions

%(0) = A4x(T) 4 i, ¥(0) = Ao (T) + ta, x(0) = 2(0) = x(1) — Bx(1) =

with A1, A, U1, R, T >0, n€(0,1), 0< fn < 1, were involved.
For the fractional differential equation D, u(t) = f(t) with Riemann-Liouville
fractional derivative of order o € (1,2), it is well known from [7] that

t(+_ o\o—1
ult) = = [ e s et e,

where c1,c; € R. One sees that u is not continuous at # = 0 if ¢; # 0. Hence the
boundary condition u(0) 4 «/(0) = [ g(s,y)ds doesn’t make any sense.

n [14], Liu studied the solvability of the following boundary value problem for
the nonlinear fractional differential equation with the nonlinearity depending on D{f, u

DY [p(1)®(Dg. u(t ))} +q(0)f(t,u(t),Dg u(t)) =0, 1€(0,1),

limy o'~ %u(t) + XLy aiu(&;) = fo 8(s,u(s), D, u(s ))ds

limy_o® (118 p(1))DZ, u(t) + X1 biDE, u(&) = fo his,u(s), Dpuds
is discussed. Here 0 < o, < 1, Df, (or Dg+ ) is the Riemann-Liouville fractional
derivative of order o (or B ), ®(s) = |s|P~2s with s > 1 is called one-dimensional
p—Laplacian, its inverse function is @' (s) = [s[?"%s with $+7=1,0<& <& <

<&, <1, a;,bi(i=1,2,---,m) are nonnegative numbers, p € C°(0,1) is positive

and satisfies that there exists o1 € R such that 61(¢g—1) < o and ¢! Pp(t) > 1% 1 €
(0,1), g defined on (0, 1) is nonnegative and satisfies that there exists 6, > —f such
that Iéiq € C00,1], q(¢) <t°2,t€(0,1), f,g,h defined on [0,1] x R x R are non-
negative Caratheodory functions.

As far as we know, there has been no paper concerned with the existence of three
positive solutions of Sturm-Liouville boundary value problems for fractional differen-
tial equations with Riemann-Liouville fractional derivative.

Motivated by the reason mentioned above, in this paper, we discuss the existence
positive solutions to the Sturm-Liouville boundary value problems of the nonlinear frac-
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tional differential equation with the nonlinearity depending on Dg‘f Tu

u(t)+ (t u(t), O+u( ))=0, r€(0,1),1<a<2,
ahmt_>0 ®u(t) —b lim;_g [I g ]/ = fo g(s,u(s ),Dg+u(s))ds, (1.4)
¢ Dy u(l )+du(1) Jo hs,u(s), 0+u( 5))d

where a,b,c,d € [0,0), Dg, (or Dg+ ) is the Riemann-Liouville fractional derivative
of order a (or ), u € (0,00 —1) and f,g,h defined on (0,1) x [0,00) X R are
nonnegative Caratheodory functions that may be singular at # =0 and # = 1. We obtain
the results on the existence of at least three positive solutions of BVP(1.4). An example
is given to illustrate the efficiency of the main theorem.

The remainder of this paper is as follows: in section 2, we present preliminary
results. In section 3, the main theorems and their proof are given. In section 4, an
example is given to illustrate the main results.

2. Preliminary results
For the convenience of the readers, we firstly present the necessary definitions

from the fractional calculus theory. These definitions and results can be found in the
literatures [3, 11, 4, 15, 10].

DEFINITION 1. The Riemann-Liouville fractional integral of order ¢ > 0 of a
function g : (0,00) — R is given by

1 !
I$ g(t :—/ r— )% g(s)ds,
O+g() F((X) 0( ) g()
provided that the right-hand side exists.

DEFINITION 2. The Riemann-Liouville fractional derivative of order o > 0 of a
continuous function g : (0,o0) — R is given by

Loamt o g(s)
d
D0+g( ) l—*(n _ a) dthrl /O (t _S)chrH»l 85

where n— 1 < o0 < n, provided that the right-hand side is point-wise defined on (0,).

DEFINITION 3. A function F : (0,1) x [0,00) x R — R is called a Caratheodory
function if F(t,1% e, tH+2~%e) : R? — R is continuous for each 7 € (0,1) and for
each r > 0 there exists ¢, € L'(0,1) such that |F(z,t% 2u,t* H~2v)| < ¢,(¢) for all
t€(0,1) and |u|,|v| < r.

As usual, let X be a real Banach space. The nonempty convex closed subset P of
X is called aconein X if axe P and x+y € P forall x,ye P and a > 0; x € X and
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—x € X imply x=0. A map y: P — [0,c0) is a nonnegative continuous concave ( or
convex ) functional map provided y is nonnegative, continuous and satisfies

ytx+ (1—1)y) = (or < )ry(x)+(1—1)y(y) forall x,y € Pt €[0,1].

An operator T : X — X is completely continuous if it is continuous and maps bounded
sets into pre-compact sets.

Let cy,c2,c3,c4,c5 > 0 be positive constants, ¢, 0 be two nonnegative contin-
uous concave functionals on the cone P, By, ., 33 be three nonnegative continuous
convex functionals on the cone P. Define the convex sets as follows:

Pes ={x€P:|lx[]| <cs},

P(B1,04;5c2,¢5) ={x€P:oy(x) = ca, Bi(x) < s},
P(B1,B3,015¢2,c4,¢5) ={x €P: oy (x) = ca, B3(x) < ey, Pi(x) <est
O(B1.B2:,c1,05) ={x € P: Bo(x) < cr, Pilx) <esh,
O(B1, B2, i c3,¢1,¢05) ={x € P aa(x) = c3, Bo(x) <1, Pi(x) Ses)

LEMMA 1. ([[5]:Five functionals fixed point theorem) | Let X be a real Banach
space, P be a cone in X. 0,0 be two nonnegative continuous concave functionals
on the cone P, Bi,Ba,Bs be three nonnegative continuous convex functionals on the
cone P. There exist positive numbers ci,cp,c3,c4,¢5 with ¢ < ca. Then T has at
least three fixed points yy, y» and y3 such that

B2(y1) <1, ou(y2) > 2, Ba(y3) > c1, e (y3) <2
if
(Bl) T: X — X is acompletely continuous operator;
(B2) there exist constant M > 0 such that
o (x) < Ba(x), ||x]| < MBy(x) forall x € P;

(B3) it holds that
(i) TPC5 C PC5 N
(it) {yeP(Bi,Bs,0u5c2,c4,¢5)|01(x) > 2} # 0 and

01 (Tx) > ¢y for every x € P(By, B3, 015¢2,¢4,¢5);
(iii) {y S Q(ﬁl,ﬂz,062;03,01,05)”32()6) < Cl} 7é 0 and
B2(Tx) < cy for every x € Q(B1, B2, 025 ¢3,¢1,¢5);

(iv) o (Ty) > cp for y € P(B1,a1;¢2,¢5) with B3(Ty) > ca;
(v) Ba(Tx) < cy foreach x € Q(P1, Basci,cs) with 0p(Tx) < c3.

LEMMA 2. ([11]) Let n—1< o <n, uc C°0,0) (L' (0,00). Then
I8 DG u(t) = u(t) + Crt® '+ Cot* 2 4. 4 Cu™ ",
where C;eR, i=1,2,...n.
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It is easy to know for o > 0, p > —1 that [6]

Iu+1) (o Dgit’“‘: I(u+1) o

Ig+tu:
INu+oa+1) Nu—o+1)
bet T(a—1) T(a—1) I
o— o —
o —b6m+bd+acr(a_”) +ada_ l.

LEMMA 3. Suppose that § # 0. Given h € L'(0,1) and k,l € R, the unique so-

lution of
D, u(t) +h(t)=0,0<t <1,
alimy_o 12 %u(t) — b lim—g [12%u(t)] =k, (2.1)
cDg+u(1)—|—du(l)=l7
is
1 at® '+ (o0 —1)bt* 2
= [ Glt,5)h(s)d
u(t) = [ Gl 9h()ds+ T
%2 o—1 Aro—2
G (a——u—l_t> +m(1—f)k .
(a—1)o (&
where
(l*-\')OFI act®! bet®—2 (17.\')“*“*1
(o) +<(a[—1)8+ 5 Tla—n)
da71 bda—2 1— o—1
+<(aail)5+ 5 ) ( rfL) S,
Glt,s) = (md% et (1_g)—H-1 (2.3)
st s ) o—x)
(O! ) udta71 bdir®—2 (l_s)a—l <
+<(a—1)8+ 5 ) Tla) » [ S5

Proof. We may apply Lemma 2 to reduce BVP(2.1) to an equivalent integral equa-

tion
u(t) = —/t wh(s)dﬁclt“‘l et 1€ (0,1)
0 F(a) i 9’

forsome ¢; € R, i=1,2. We get

2Cu(t) = — /0 '(t = $Yh(s)ds+ e T(a)t + cal (@ — 1),

25 %u(r)] = /0 "h(s)ds+eiT (@)

and
t(f— g)0—H—L B
DHu(t) = _/0 %h(s)ds—l—cl%ﬂ—ﬂ—l +02%ﬂ—u—2.
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From the boundary conditions in (2.1), we get al'(at — 1)c, — bI'(at)c; =k, and

(c% —|—d> e+ (Cir(l;(?)”) +d) c1
_ / ) : h(s) ds+d/01 %h(s)ds—f—l.

It follows that

5)%H — a
ac Jy U h(s)ds +ad [} U h(s)ds+al + (el + d) g
o T o
bcr(afi‘lll) +bdr(( )) +acr(( ) m) +ad
__k
(o)’
—_s oa—p—1 _s —1
be Jof UEr i h(s)ds + bd [y Ll h(s)ds + bl + (cr{;ﬁl) +d) b
Cr = T(o—1 T(o—1 ’
be et +bd + ac o= + ad L

Therefore, the unique solution of BVP(2.1) is

_s)oc—l _s)oc—u—l

_ [t 1 (1
u(t) = _/() Wh(s)ds+m<00/() Wl’l(é‘)dd‘
(1 —s)o! o) ak "\ o
+ad/0 i) h(s)ds+al + (CF(a—u) +d> bl“(a))t !

ko o 1 L (1 —s)2k-1
i )t 1+3<b0/0 Ma—p "W
I'a) k o
+bd/ )ds+bl+< r(a_”)+d>r(a)>t 2

o ata 1+( —1)bt* 2
_/0 G(t,s)h(s)ds + RO !

T <r<aciau2— 5 (@) *%“ )k

Here G is defined by (2.3). Reciprocally, let u satisfy (2.2). Then

.o . - /
atlglalé “u(t)y—>b tlg% [Ig+ “ut)]" =k, ¢ D u(l)+du(l)=1,
furthermore, we have DJu(t) = —h(t). The proof is complete.

REMARK 1. Itis easy to see that if u is a solution of BVP(2.1), then

HH24 DRy (1)
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Lt —s) it r I(o—1
——t“+27°‘/ 70 ) h(s)ds+ c (@) t+co (@—1)
0

(o —p) (o —p) Mo—p—1)
_ 2—o ! (t _S)aiuil
tHht /07(06_”) h(s)ds

(o)t acfo #h(s)ds—kadfol %h(s)ds
Mo— ) @=1

(a)t [“”( rac t4) sl ]
Mo—p) (a-1)3 b0

Fla—1) belo URlrn(s)ds +bd f3 Ll n(s)ds
INo—u—1) 0

Ma-1) b+ (et +d)
MNoa—u—1) 0

bdT (e —p—1) (5 —1) + bl (o 1)(1—z)k
béT (o —u)I'(o0—p—1)

1
_ 2o / H(t,)h(s)ds +
0

b T(a—1) aT(o—1)
+( = + < )1,
oT(a—u—1) oT(a—u)
where
pH+2=o(gyo—p—l +hc (( ))(1 $)4 1= pd(1—5)% 1
N (o rfl)) 1 §(a—1)T (la u=T)
ac /o= )(l ) H rtad(1—s5)* 1
H2H (1) = e e o Osssisho g
’ be (( ))(1 §)0 M= (1) )
5(0:1_(1)) (a—u—1) 1 :
ac 1—s)* H Yt rad(1—s5) 't
+ ””(é(a)fl)r(af”)( ) ,0<1<s<1

REMARK 2. One sees that

lac+be(or—pt— 1)) pi2 4 §(cr— 1)
6(a—1D(o—p—-1)r (a p—1)
ad+bd(oa—pu—1)
S(a—D(a—pu—1I'(ee—pu—1)

(1—s)% K11

M (1 s)| <

(1—s5)%"1

_|_
Hence
1
t“+27a\D”u(t)\ <TI (/ ( (1 _s)afufl + _5)0!*1> h(s)ds+k+l) ,
0

where
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H_max{[ac+bc(a u—1>]( (—1)
S(a—1)(—p—1)T (a p=1)
ad+bd(ot— 1 —1)
S(o—(o—pu—Di{o—pu—1)
bdT (oo —pn—1)+bcT' (o) b T(o—1) al(a—1)
b&(a— N(o— )T (oe—pu—1)" T (a—p—1) Er(a_u)}'

REMARK 3. Itis easy to see that

sup t“T2% DRy (1)
1€(0,1]

> lim 2| D r)|

a—1

_g)ou-1 _
Tla—1) befo Srammh(s)ds+bd Jy h(s)ds
MNoa—u—1) 1)
N1 Y+ (erafn +4) o
MNa—u—1) o

max{bc Do) = _bd

= 5r((_ )710; }/ol<(1_s>a_”_l+(l_s)a_l>h(s)ds

bF(a—l) l+F(a—1) (C—F(Oﬂlfy)_kd%)k
ol(a—pu—1) ol(aa—pu—1)

> A (/01 ( (1—s)*H1y(1 —s)“*) h(s)ds+k+l> ,

where
(a1
A~ min max{bcl"((gfp))’%} bT(0r—1)
B ST(a—pu—1) S(a—u—1)

(o —1) (cw +d%> }

ol(a—pu—1)

LEMMA 4. Suppose that § > 0. Then

t2ac<t,s><< ac +@>(1—s>°‘“1+<(aad +y><1—s>;”

(a—1)0 0o INa—u) -6 o INa
(2.5)
and
be(oe—1—(a—pu—1)t) (1—5)*H* 1 bd(or—1)(1—1)(1—s5)*"
Gle.5) 2 CENE Tla—p) T (@a-D)5 T
(2.6)

hold for all t € (0,1), s € [0,1].
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Proof. One sees from (2.3) that

2—a —s a—1 ac c —§)0— —1
A L R YIS e

adt bd\ (1—s)o"! act be\ (1—s)eH-1
*(w—n6+ﬁ>(r&> (w—w6+§>(n;—w
adt bd\ (1—s)*1
*(w—n6+3> C)
(1 —s)%Hu-1 ad bd\ (1—s)%1

g(wfba+%) Mo~ 1) *(m—n6+3) (o)

On the other hand, we have from (2.3) that

2—o _soc—l ac c _ 50— -1
P G(s) = ) +<(at +b—>“ il

adt bd\ (1—s)*1 act be\ (1—s) K1
Qa—n6+3> (o) Qa—n6+3> XCEI)
adt bd\ (1—s)*1
*(m—n6+?) C)
12701 (] — gyt act be (1 —s)%#-1
T Tw *(m—m6+ﬁ) XCE
adt bd\ (1—s)%"!
Qa—n6+3> (o)
B act be\ (1 —s)% k-1 adt bd (1—s)2!
‘(w—w6+3> o —p) *(w—w6+3"*> (o)
B act be\ (1 —s)% K-l
‘(w—w6+ﬁ> Ta—u)
adt bd t (1—s)%!
*(w—n6+?‘rm0 I(e)

b (o —1)(1 1) — ac o2t — be g et (1 — g)a-1
+ @—1)8 (o)
:< act +@> (L) bd(a—1)(1-1) (15"
(¢—1)0 0o a—u) (—1)0 I'a)
oottt e
(a—1)0 INa)

act be\ (1—9)*H =1 bd(o—1)(1—1) (1 —s)*!
><w—n6+ﬁ> Mo—p)  (@-03  Ta)
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(a—1)0 INa)
Cbe(a—1—(o—p— 1)) (1—s)*H# 1 bd(or—1)(1—1) (1—5)o!
- (@—1)8 Ta—p) | (@05 T(a)
> 0.

Then both (2.5) and (2.6) hold. The proof is completed.
Choose 0 < () < up < 1. Let

be(o—1—(a—pu—1p) 1 bd(oa—1)(1—pp) 1 }
(¢—1)8 C(oe—p)’ (a—1)8 NGB

<o (55 e (@) )

¢ o—1 d
Ar =min{a“1+(a_1>b W(a——u—l_.’h)"‘m(l—#z)},

A= min{

(a—1)s (a—1)8

D — e d @@= b m(off—[ﬂl—“ﬂﬂ‘r(a{n(l—“l)
2 (a—1)8 (@—1)8 :

_ min{Ay, Ay}
~ max{ITy, T}

LEMMA 5. Suppose that § >0 and h € L'(0,1) is nonnegative. Then the unique
solution of BVP(2.1) satisfies

min 2" %u(t) > o sup 1> %u(r). (2.7)
1€y, o] 1€(0,1]

Proof. Tt follows from Lemma 3 that

at+(a—1)b
@—1)5
Mo i=T) (agﬁl—l _’> + r(oil) (1—1)
=15

1
2—o o 2—o
2%u(r) = /0 270G (1, s)h(s)ds + !

_|_

Lemma 4 implies that
1 1
min 2" %u(r) > Al/ (1—s)“—”—1h(s)ds+A1/ (1—9)% " h(s)ds + Aok + Asl,
1€ 1) 0 0

1 1
sup 127 %u(r) < Hl/ (l—s)o‘_’“‘_lh(s)ds—i-l'[l/ (1—5)% " h(s)ds + Tk + 1,1
1€(0,1] 0 0
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It is easy to see that
min{A;, A
min >~ %u(r) > min{Ar, Ao} sup 127 %u(r). (2.8)
1€, 1) max{ITy, T} 1€(0,1]
The proof is complete.

REMARK 4. If u is a solution of BVP(2.1), then Remark 3 and the proof of
Lemma 5 imply that

max{Il;, Il
sup 127 %u(r) < max{lly, [} sup t“"““HDSﬂu(l)\.
1€(0,1] 1 1€(0,1]
For our construction, we let

x € C(0,1],
Dy.x € C°(0,1],
X =4 x:(0,1] = R there exist the limits
lim, o2~ %x(t),
lim, o ## 27Dy, x(r)

For x € X, let

ol =max { sup - 1x), sup 142 1Dfx()
0<r<1 0<r<1

Then X is a Banach space. We seek solutions of BVP(1.4) that lie in the cone

P={ueX: min > %) >0c sup >~ *u(t)], u(t) >0,0<r<15.
1€ur. 12 1€(0,1]

Define the operator 7' on P, by

1
Tu(t) = /O G(t,5) (s, u(s), DL u(s))ds

at* 4 (o —1)bt*2 ! p
e Tie M) D u(s))ds
a2 a—1 122
To—p—1) (OHH _t> + fa=n (1 —1) /1 .
+ (a_1)5 o g(S,M(S),DO+u(s))ds.

LEMMA 6. Suppose that 6 > 0 and f,g,h are Caratheodory functions. Then T
is completely continuous.

Proof. For u e P C X, we have u(t) > 0 forall ¢ € (0,1] and

l|u|| = max{ sup 12~ %u(t), sup t”+2_“|Dg+u(t)} =7 < oo,
0<t<1 0<t<1
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Hence there exists ¢, € L'(0,1) such that
0 < f(s,u(s), D u(t)), g(t,u(t), D= u(t)), h(t,u(t), DG u(t)) < 9:(t),1 € (0,1).
Then Lemmas 3 and 4 imply that
0 < 12 *(Tu)(r)
- / ltz‘“G(t,s) F(s,u(s), D2 u(s))ds

at+

/ h(s,u(s), D Yu(s))ds

+r(a—u—1) (a——u(—al__i?(s / g(s,u(s), D% u(s))ds

<t [ e s [ (19 o (s)as
1
421 [ gr(s)as

On the other hand, from Remarks 1 and 2, we have
42 D (Tu) (1)

=2 [ H0,5) (05, D)) ds

bdT (00— —1) (g =) +bel (o — 1)(1 1) .
b8T (o — u)F(a u—1) /gsu ),D§ ‘“u(s))ds
b F(OC—I) ar(a_l .
* <3F(a—y—1) +3F(a—u)t)/0 h(s,u(s), DS u(s))ds

<1 / ( )t (1= ) f(s,u(s), DG u(s)) + g(s,u(s), DG uls)
+h(s,u(s), D lu(s)))ds
<[ (109 (9 0s) 420005 ) s

It follows that (Tu)(t) is nonnegative, 12~ *(Tu) € C(0,1], t*72~*DF, Tu € C(0,1] and
there exist the limits

lim#s>~%(Tu)(t), }EI&I”+2_&D8+(TM)(I).

t—0

Since

1
min 2" %Tu(r) > Al/ (1—8)* M1 f(s,u(s))ds
€Uy, 1] 0
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[ (19 s uts))as

—|—A2/01g(s,u(s))ds—|—A2/Olh(s,u(s))ds,

1
sup 2~ %u(r) <TI, /O (1= )% 41 f(s,u(s))ds

1€(0,1]
1
+n1/0 (1— )% f(s,u(s))ds
—|—H2/01g(s,u(s))ds—|—l_[2/01h(s,u(s))ds.

It is easy to see that

in{A[, A
min 2-0Tu(r) > AL Ao} acagy ). 2.9)
€[y, 1o] max{ITy, T}, (0,1]

Hence T : P — P is well defined. We divide the remainder of the proof into three steps.
Step 1. T is continuous.
Let {y.}_, be asequence such that y, — yo in X. Then

r= s Ayl < ee.

n=0,1,2
So there exists ¢, € L!(0,1) such that

LF (3 (0): Dl yn () = [ £(,07202 %y (1), %742 27EDE, 3 (1) < 90 (0),

and
|8 (#,3a(t), Do yu ()|, |1(2,3n(1), D ya(t))| < 61 (t)
holds for ¢ € (0,1), n=0,1,2,---. Then for # € (0,1], we have

27 (Tyn) (t) — (Tyo) (t)]
1
g/(; tz_aG(t,s)|f(s7yn(S)7Dg+yn(s))—f(S7YO(S)7Dg+yO(S))|dS

L [ 05360, DA )~ h(5.3006). Dol s

Moo= (oﬁ—ﬁl—l _f> + m(l —1) y
(a—1)6

1657051, Di n(s)) 5.0(5), Dl ol

_|_

<H1/O (1=5) " H Y f(5,9n(5), Diya(s)) = £(s,30(s), Dl yo(s))|ds
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1 /01<1 = )% £(5.3u(5), DI yu(5)) — F(s5,30(5), Dl yo(s))Ids
112 [ (5360, DA (5)) (53005, Dl o)
+H2/01 (5,7 (), Dy yu()) — g(5,¥0(s), Dy yo(s))|ds
<2 /O 0 (s)ds-+2, /O o(s)ds
+20L /O 1 ¢r(s)ds+ 21, /O 1 r(s)ds
and
£4 29| DR (Ty,) (1) — D (Ty0) (0)]

< 0,505,909, D ) — £ 5,30(5) D v (5) s

bdT (o —p—1) (G5 — 1) +beT (00— 1) (1 —1)
+ boT (0 — )T (0 — i —1) X
)

[ 15,3). Dl 3a(5) — G5, 30(5), D o)

b T(a—1) aT(o—1)
+<3r<a u—1)+3 O u)t>x

16050051, Dl n(5)) (5. 0(5), Dl ol

SH(/O (1—5)% 11 £ (s, }’n(S),Dg+yn(s))—f(s,yo(s),Dg+y0(5))\ds

6060, Dl () — 53009, D v s
(53009, 3a(5) — (53005, D o)) s
[ Te05:306). D5, 36)) ~ g(5.50(6). D ol s
< 2H/ ¢,(s)ds+2H/ Or(s)ds
0 0
1 1
+o1 / 0, (s)ds + 211 / 0r(s)ds
0 0
Since f(t,,-),8(t,",),A(t,-,-) : [0,00) x R — R are continuous, we have ||Ty, — Tyo|| —
0 as n — co. Then T is continuous.
Step 2. T maps bounded sets into bounded sets in X .

It suffices to show that for each » > 0, there exists a positive number L > 0 such
that for each x e M = {y € X : ||y|| < r}, we have ||Ty|| < L. By the assumption, there



STURM-LIOUVILLE BOUNDARY VALUE PROBLEMS 141

exists ¢, € L'(0,1) such that

£ (e,3(0), DG y(0)], 18(t,3(6), DG ()1, [h(t,y(t), Do y(2))| < 61(2),1 € (0,1).

By the definition of 7', similarly we get
1 1
AT <[ (1=9* # o ods+ T [ (1=9)" 16(5)ds
1
—|—2H2/ Or(s)ds
0

and
2Dk (1)) < [ (10— 4+ (=9 0, (9)+ 200 (5)) ds

It follows that there exists L > 0 such that ||Ty|| < L foreach ye {y € X : ||y|| < r}.
Then T maps bounded sets into bounded sets in X .

Step 3. Let M = {y € X : ||y|| < r}. Prove that both >~ *TM and t**2~*TM are
equicontinuous on [0, 1].

Let t;,1, € [0,1] with 7y <, and y e M = {y € X : ||y|| < r}. By the assumption,
there exists ¢, € L'(0,1) such that

£ (2,3(0), DG y(0)], 181, 3(0), DG ()1, 1h(r,y(1), Do y(1))| < 64(2),1 € (0,1).

One sees, for s € [0,#/], from (7) and the definition of H, that

2—o a—1 2—a a—1
t th— —t 1 —
17%G(11,8) =157 Gt 8) = 2 (2 —5) r(a)l (1 —s)

acfty — ) (1 =) H*=1 ad[t; — 1] (1 —5)*!
(a—1)6 T(ot—p) (a—1)6 T(a) ’

and

2— 2—
T  (1y,5) — 2T H (1, 5)

_ té”z =5t R (TR Loy
I(o—p) (o —p)
acr(r( ))(l—s)“ F=1gad(1—s) 1[ ]
+ 1 —t).
8(a— )T (a—p) b

For s € [t1,1;], we have

aclt; —to] (1 —s)%#-1

(¢—1)6 T(o—p)
adlt; — 1) (1 —5)%! N 5%t — )"
(a—1)8 T(a) o) ’

17%G(t1,5) — 13 “G(ta,5) =
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and

2— 2—
T  (1,5) — T H (1, 5)

ac iy (1= 5)% M1 ad(1 —5)*! R A

_ T :
R CET L YR

For s € [f2,1], we have

aclty — ] (1 —)*H*=1  ad[t; — 1] (1 —s5)*!

tlz‘“G(tl,s)—tzz“"G(tz7S)=(a_1)5 T(a—p) (a—1)§ T(a)

and

AT H (1, 5) — 2T H (n, 5)

acr(r( ))(l—s)o‘ =1y ad(1—s)%!
- Sl (a1 b =tal

Then
1T (Ty) (1) — 17 “(Ty) (12))]

< " 139G (01, 5) — £ 9G (12, 5)| f(s.3(5). D y(s))|ds
+ [ G 01,9) =G0, (s.3(5). D () ds
n I\t%—“cm, ) =BG (13, 5)| £ (5,y(), D, y(s))lds

ajty —r,
‘l_lzg/hsu D0+y s))ds

ﬁ‘tl t2|+1“ 1‘51 2]
T 2 T [ als) D ()
-1

L %t — )% — 7% (1) — 5)*
</0 T Or(s)ds

o)

" (r(la) * (or— 1)516"(05—”) _1 5F )/ Or(s)ds

ac ad
+2|t — 1o ((OC— 18T (or—p) t (a0 — I)SF(OC)) 8
V'fac ad(1—s)*!
/(; <§+W> (Z)r(S)dS

alty — 1|
(a—1)6 Jo

T — t2|+1“ ‘tl Bl 1
CaT)) — /O(p,(s)ds.

+ 1 Or(s)ds
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On the other hand, we have

[ 2DE (1Y) (1) — Dl (Ty) (1)
< /0 2 (1)~ 40 (f27 )| £(5,(s), D% u(s))ds

bdT (o — /,L—l)+bc1“ / o1
bar(a ”)( —n| [ g(s,u(s), Dy u(s))ds

\zl zz\/ (s, u(s), D& u(s))ds

< /0 |t{‘“*°‘H<z1,s>—t2 “H(12,5)|f(5.u(). D ) ds
+ / ? 2 H (1, s) — 57 % H (ta,5)| £ (s,u(s), DS us) )ds

+ / 1 P H (11,5) — 47 H (1,5) | f (s,u(s), DS u(s))ds

bdT (o — /,L—l)+bc1“
b6F(a u)( tz‘/ o (s)

+6Fa ,LL tz‘/ Or(s)ds

< [T A e
0 (o —p) (o —p)
I'o) _a—u—1 _o—1
acr(a_u)(l s) +ad(l—s) - .
S(a— DI (o —p) [tl t2] f(s7u(s),DO+ u(s))ds

ac ffis (1= )% 4 ad(1 )07

ol —DINa—u)

[t — 1]

)
_|_/
I

u+2—a _g)a—u—1
= EZ—J) s ) D s
1 ace @ (1 —s)e@ b1 4 gd(1 —5)~!
/m = )6( 1T (a u) |1 — 12| f(s,u(s), DE ' u(s))ds
bdT (ot —u—1) —|—ch
bST (0 — )T (0 1—52‘/ r(s)

o o /0 .(5)ds
o [ et s
~Jo F(a—u) T(o— )
)0‘ Hltad(1—s)* !

laC
+/ 1) (a—u) (Z)(S)ds‘tl_tﬂ

Or(s)ds
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0| ACT oD l—s)a M= 1_|_ad(l—s) (l—s)afﬂfl

+/ — )T —p) TR A
1acra 1_5)06 Bl gd(1—s)2!

+/ 0 T— (a—u) 0, (s)dslr — 1o

bdT (o — /,L—l)+bc1“
b6 MNo—uw)la—u—1)

+5Fa ”/q)r s)ds|ty —12].

As t; — tp, the right-hand sides of the above inequalities tends to zero uniformly.
Therefore, both >~ *TM and t*+t>~*TM are equicontinuous.

The Arzela-Ascoli theorem implies that 7(M) is compact. Thus, the operator
T : P — P is completely continuous.

/ O, (s)ds|ty — 1]

3. Main theorem

Now, we prove the main result. It is supposed that f, g,k are defined on (0,1) x
[0,0) x R and are nonnegative Caratheodory functions, a € (1,2),u € (0,a — 1).
Choose 0 < iy < tp < 1,let Ay, Ay, and IT, 1,1, be defined in Section 2. Denote

F(t,x,y) =[(1=0)" T (1= 0) " f(e,0" 2,174 2y)
+ (1,1 2x, 1O T Ry) (1,10 1Y H ),

THEOREM 1. [f there exist positive numbers ey, e, ¢ and nonnegative function
¢ € L'(0,1) such that

()
C>E>€2>61>O,QZW

(A1) F(t,u,v) < Qo(t) forall t € (0,1),u € [0,c],v € [—c,c];

(A2) F(t,u,v) =Wo¢(r) forall t € [uy,Uz],u € [e2,e2/0],v € [—c,c];
(A3) F(t,u,v) <E@(t) forallt € (0,1),u € [0,e1],v € [—c,c];
where Q,W and E given by

. c c
Q = min i , T ;
{Hfo o(s)ds  max{II;, T} [, q)(s)ds}
J— e2 .
 min{A;, A2} [12 @ (s)ds’
el

- max{l’[hl"[z}fo1 o (s)ds

then BVP(1.4) has at least three positive solutions yi,y2,y3 such that

sup 127 % (1) < ey, inf 2%

ya(t) > ea, (3.1
1€(0,1] 1€[p 1]
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and

2—

sup 127 %(¢) > ey, inf 27 %3(t) <es. (3.2)

1€(0,1] 1€, 1)

Proof. Define the functionals on P — R by

Bi(y) = S(L:)p}t’“‘”_“\Dgw(t)\, YEP,
1(0,1

Ba(y) = sup t* [y(r)], yEP,
1€(0,1]

Bs(y) = sup 1> “[y(r)], yEP,
1€(0,1]

o1(y) = inf 27%y(1)],y€P,
1€(py ]

o(y) = inf 27%y(0)], yeP
1€(py o]

By the definitions, it is easy to see that o, 0 are nonnegative continuous concave
functional on the cone P, B, B, B3 nonnegative continuous convex functional on the
cone P.

One gets that oy (x) < Ba(x) easily for all x € P and Remark 2.4 implies that

[[x]| < max{l,%}ﬁl(x) forall x € P.

Lemmas 5 and 6 imply that TP C P, x = x(¢) is a positive solution of BVP(1.4)
if and only if x(¢) is a solution of the operator equation x = Tx in P, T is completely
continuous.

Hence (B1) and (B2) of Lemma 1 are satisfied.

Corresponding to Lemma 1, choose

€2
cp=e1, C2=e3, C3=0¢y, C4=E7 Cs =cC.

Now, we prove that (B3) of Lemma 1 are satisfied. One sees that ¢ < ¢, since e] < e;.
The remainder is divided into five steps.

Step 1. Prove that TP., C P, ;

For y € P.,, we have ||y|| < c. Then

0<% () <e, —e <" |DE y(r)| < c forallr € (0, 1).

So (A1) implies that
F(1,5(1), D, y(t)) < Qo(t), € (0,1).
Hence
sup 472 |DE (Ty)(t H/ F(s,y(s),Dp. y(s))ds
1€(0,1]
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< c.

Since Ty € P, we have

AT O] < max{TTy T} [ F(s(6), Dl (s))ds

C.

1
< max{l'[l,Hz}Q/O o (s)ds
<

It follows that

Tyl = maX{ sup 2~ %(Ty)(t)|, sup t“+2‘°‘D§+(Ty)(t)} <ec.
1€(0,1] t€(0,1]

Then T (P.,) C P.,. This completes the proof of (B3)(i) of Lemma 1.
Step 2. Prove that {y € P(Bi, 3, a1;¢2,¢4,¢5)|00(x) > c2} # 0 and

04 (Tx) > ¢, forevery x € P(By, B3, 01;¢2,¢4,¢5);

From the definitions of f;, 83 and o, one has that

ar(y) = inf 27%(1) > e,
1€y, 2]
2—o €
Bs(y) = sup 7 %y(t) < =,
1€(0,1] o
Bi(y) = sup t*72 Db y(r)| <c.
t€(0,1]

It is easy to see that {y € P(Bi, B3, a1;c2,ca,¢5)|00(y) > 2} # 0.
For y € P(Bi,B3,0u5¢2,¢4,¢5), then

e <P < e gl #DL(0]| <
Thus (A2) implies that
F(t,y(t),Dg.y(t)) > Wo(t), 1 € [w, ).
Since Ty € P, we get from the definition of 7' that

o (Ty) = inf tz_a(Ty)(t)
e[y, 1)

1
inf (zH / G(t,5)f(s,u(s), Dl u(s))ds

>
€[y, 2]

+ta1+ _1 /hsu L u(s))ds
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< ozl p(1—1)
+r(a ) <a “((;_135 / g(s,u(s), Dy u(s))ds

1
> min{AhAz}/ F(s,y(s)7Dg+y(s))ds
0
M2
> min{A;, Az} F(&y(s),DSﬂy(s))ds
H

2
>min{A;, A2} [ Wo(s)ds
My
> e).

It follows that o (Tx) > ¢, for every x € P(Pi, B3, 1;¢2,¢4,¢5). This completes the
proof of (B3)(ii) of Lemma 1.

Step 3. Prove that {y € Q(Bi, B2, p;c3,¢1,¢5)|B2(x) < c1} #0 and
B2(Tx) < ¢y forevery x € Q(Bi, B2, 025 ¢3,¢1,¢5);

From the definitions of o, 3> and B, one has that

o(y) = inf 77%(1) > e,
1€y, uz)

B(y) = S(Lépl]fz_%(f) <ci,
1e(0,

Bi(y) = S(L:)p]t“+2_“IDS’+y(t)\ <es.
1€(0,1

It is easy to see that {x € P(f1,2,00;¢3,c1,¢5) : a(x) <c1} #0.
For y € Q(B1, B2, @23 ¢3,¢1,¢5), Then

0<% () <er, 72 DEy(r)[ <c, t€(0,1].
Thus (A3) implies that
F(1,y(t), Dy, y(t)) EQ(1), 1€ (0,1).
Then

27|(Ty)(1)] < max{ITy, TTo} / F(5,y(s), Dl y(s))ds

< max{Hl,Hz}E/ o (s)ds
0

<el.

It follows that 3,(Ty) < ¢; . This completes the proof of (B3)(iii) of Lemma 1.
Step 4. Prove that o (Ty) > ¢, for y € P(By,01;¢2,¢5) with B3(Ty) > ¢4
For y € P(Bi,a1;¢2,¢5) with B3(Ty) > ca, we have that
oy (y)= inf 27¢

yt) = ea=e
1€y, 2]



148 Yuit Liu, TIESHAN HE AND HAIPING SHI

Bi(y) = sup t*T27%Df, y(1)| < cs

1€(0,1]
and
Bs(Ty) = sup 2~ %(Ty)(t) > 2 = c4.
1€(0,1] o
Then

oy (Ty) = inf 27%(Ty)(1)
r€(py 1]

>0 sup 1 %(Ty)(1)
1€(0,1]
€2

G_
o

= €3 = ().

This completes the proof of (B3)(iv) of Lemma 1.
Step 5. Prove that ,(Tx) < ¢; foreach x € Q(B1,B2;c1,¢5) with 0p(Tx) < ¢3;
For y € Q(B1,Br;c1,c¢5) with o (Ty) < c3, we have that

Bo(y) = sup 1>~ %y(1) <ey

1€(0,1]
and
Bi(y) = sup t*T27%Df, y(1)| < cs
1€(0,1]
and
o (Ty) = inf >7%(Ty)(t) < c3 = Uey.
€[y, 1)
Then

0<* %y(t)<ep=cy, —c< t“+2*aDg+y(t) <c,te(0,1].

Using (A3) and the methods in Step 3, we get

Ba(Ty) = sup " *(Ty)(r) <c1.
1€(0,1]

This completes the proof of (B3)(v) of Lemma 1.
Then Lemma 1 implies that T has at least three fixed points y;, y» and y3 such
that

Ba(y1) <er, ou(y2) > e, Ba(y3) > e1, ou(y3) <ea.

Hence BVP(1.4) has at least three positive solutions yi,y, and y3 such that (3,1) and
(3.2) hold.
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4. An example

In this section, we give an example to illustrate the main theorem (Theorem 1).

EXAMPLE 1. LetA > 0. Consider the following BVP

1 1 3 4
3 t 8 f0<12u(t)>+f1 14D u

)
Dg,u(r) + =0, r€(0,1),

(l—t)%+(l—t)zl(

limt_>olo%+u(z) —lim, o {Ioau(t)} = folt‘§ fo (ﬁu(t)) +fi (t%Déu(I))} dt,
Dl u(1)+u(1) = [l [fo (t3u()) + z%D§+u(t))]dt7

4.1)
where fp, f1 : R — [0,e0) are continuous functions such that fy(x) > 0 for all x # 0 and
0< fi(x) <1 with

2.4076, x € [0,10],

2.4676 4 BBL24676(, _ 10), x € [10,100],
Sox) =1 23682, x € [100,10],

28682 x 107 x € [105,00).

Corresponding to BVP(1.4), we find that o = %, a=b=c=d=1,u= 4 and

ISt

h(t,x,y) =17+ [fo (I%X) +fi (f?_‘)’ﬂ .
It is easy to see that f,g and h are Caratheodory functions, and

F(t,x,y) = [(1=0) " 4 (=) f (1,0 2,01 2y) 4 g (1,0 Px, 1% 71 2y)
+ h(t,1% 2, 1R 2y)
=375 [fol¥) + A))-

1

ool

Choose [t = 3,1l =3, ¢(t) =3t75. ['(1/2) ~ 1.7725 and T(1/4) ~ 3.6526 imply

that
B INoa—1) INa-1) 1
6_bcr(a—[.1— 0 —|—bd+acr(a_”) +ada_l
—34 552 s 4060,

I(1/4)
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be (o — 1— (o — #—1)#2) 1 bd(a—1)(1—up) 1
mm{ Mo—p)  (a—1)38 Hw}
30(1/4) N
mm{6r 1/4 +10r (1/2) 2r(1/2)[3r(1/4)+5r(1/2)}} ~0.1559,
1 ad  bd\ 1
m“{ ) u)(W—D5+3>fﬂﬁ}
_ 6I°(1/4) N
max{3r (1/4) +5r 12y (1/2)[3r(1/4)+5r(1/2)}} ~0.6057,
mln{au1+a 1)b l"ocp )(apll ”>+1‘( )(l ”2)}
’ (a—1)6
30(1/4) (1/4)+5T(1/2) B
{23r (1/4)+50(1/2)] 2 (1/2)[3r(1/4)+5r(1/2)}}”0'2765’
a+ (o — lb T(a— u )(agp—l_!'“)—’—m(l_”l)
’ @—1)0
30(1/4) 70(1/2) +30(1/4) N
{ 3T(1/4) +51(1/2) 2r(1/2)[3r(1/4)+5r(1/2)}}”0'5531’
lac+ be(or— i — 1)) fatks + 8(cr — 1)
= Im“{ CE u—l)(a Ty
ad+bd(a u—1)
§(o— (o —pu—D(o—pu—1)
bdT (oo —pu—1)+bcT (o)
bé(o— Do —w)M(oe—p— 1)’
b T(@—1) aT(a—1)
ST(a—u—1) gl"(a—u)}
B 6I(1/4) +201(1/2) 10
m { T(1/#)[3I(1/4) 1 50(1/2)] 3T(1/4) + 5T(1/2)’
AT(1/2) +8T(1/4) 5I(1/2)
T(1/4)[3T(1/4) 1 50(1/2)] 3T(1/4) + 5(1/2) }
~0.7927,
~ min{Ay, Ao}
o= m ~0.2573.

Choose e; = 10,e5 = 100,c = 10°. Then Q,W and E are defined by

c

0= min{ : ¢ , T
I fy ¢(s)ds max{T1;,TI>} [y ¢(s)ds

r— 62 ~ .

Y A et T

} ~36794.0792;
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E— 1 1 ~ 4.8153.
max{I1;,T12} [y ¢(s)ds

It is easy to see that
€3
C>g>€2>€1>0, o=>w

and
(A1) F(t,u,v) < Q¢(t) forall t € (0,1),u € [0,10°],v € [-10°,10°];
(A2) F(t,u,v) = W¢(t) forall z € [0.25,0.75],u € [100,388.6513],v € [-10°,10%];
(A3) F(t,u,v) <E¢(t) forall t € (0,1),u € [0,10],v € [-10°,10°];
Hence Theorem 1 implies that BVP(4.1) has at least three positive solutions yy,y2,V3
such that

1 1
sup 12y(t) <10, inf 2y,(¢) > 100, 4.2)
1€(0,1] © 1€[1/4,3/4] )
and . .
sup t2y(z) > 10, inf £2y3(¢) < 100. 4.3)
1€(0,1] © 1€[1/4,3/4] )
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