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POSITIVE SOLUTIONS FOR BOUNDARY VALUE PROBLEMS
INVOLVING NONLINEAR FRACTIONAL ¢-DIFFERENCE EQUATIONS

WENGUI YANG

(Communicated by Eduardo M. Hernandez)

Abstract. In this work, we investigate the eigenvalue intervals of nonlinear boundary value prob-
lems involving fractional g-difference equations by means of the properties of the Green func-
tion and Guo-Krasnosel’skii fixed point theorem on cones. Furthermore, some sufficient condi-
tions for the nonexistence and existence of at least one or two positive solutions for the boundary
value problem are established. As applications, some examples are presented to illustrate the
main results.

1. Introduction

In the past serval decades, boundary value problems for nonlinear fractional dif-
ferential equations have gained considerable popularity and importance due to their ap-
plication in many engineering and scientific disciplines as the mathematical modeling
of systems and processes in the fields of physics, chemistry, aerodynamics, engineer-
ing, signal and image processing, and so on. In consequence, the existence of solutions
to fractional boundary value problems have been of great interest; for example, see
[2,3,4,5, 18,24, 25, 21] and the references therein.

In [14, 15], Jackson firstly introduced the g-difference calculus or quantum calcu-
lus. For details, basic definitions and properties of g-difference calculus can be found
in the book mentioned in [16]. Later, the fractional g-difference calculus has been
proposed by Al-Salam [6] and Agarwal [1]. Recently, maybe due to the explosion in
research within the fractional differential calculus setting, new developments in this
theory of fractional g-difference calculus have been addressed extensively by several
researchers. For example, some researcher obtained g-analogues of the integral and
differential fractional operators properties such as the g-Laplace transform, ¢-Taylor’s
formula, Mittage-Leffler function [7, 22, 23], and so on.

More recently, many people pay attention to boundary value problems involv-
ing nonlinear fractional g-difference equations. There have been some papers deal-
ing with the existence and multiplicity of solutions or positive solutions for bound-
ary value problems involving nonlinear fractional g-difference equations by the use of
some well-known fixed point theorems. For some recent developments on the subject,
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see [9, 10, 11, 19] and the references therein. EI-Shahed and Al-Askar [8] studied the
existence of multiple positive solutions to the nonlinear g-fractional boundary value
problems by using Guo-Krasnoselskii’s fixed point theorem in a cone. Ma and Yang
[20] considered the existence of solutions for multi-point boundary value problems of
nonlinear fractional g-difference equations by means of the Banach contraction princi-
ple and Krasnoselskii’s fixed point theorem.

Ferreira [12] studied the existence of positive solutions to nonlinear fractional g-
difference boundary value problem as following:

{(Dguxt) + f(t,u(r)
u(0) = (Dgu) (0) =

)=0, O0<r<l1,
Oa (un)(l):ﬁ >0a

where 2 < o0 < 3, Dg‘ is the Riemann-Liouville fractional g-derivative, and f: [0,1] x
R — R is a nonnegative continuous function. By using the properties of the Green
function, they obtained some existence criteria for one positive solution for nonlinear
fractional g-difference boundary value problems by means of the Krasnosel’skii fixed
point theorem in cones.

To the best of author’s knowledge, there is very little known about the existence
of positive solutions for the following nonlinear boundary value problem of fractional
q-difference equation:

{(D,‘;‘u)(t)—i-)tf(u(t)):o, 0<r<l, 0
u(0) = (Dqu)(0) = (Dgu)(1) =0,

where 2 < o < 3, Dg‘ is the Riemann-Liouville fractional g-derivative, A is a positive
parameter and f :[0,1] x R — R is a nonnegative continuous function.

On the one hand, the boundary value problem in [12] is the particular case of prob-
lem (1) as the case of A = 1. On the other hand, similarly as Ferreira discussed in [12],
we also give some existence results by the fixed point theorem on a cone in this paper.
The main purpose of this article is, by applying the properties of the Green function and
Guo-Krasnosel’skii fixed point theorem in cones, to establish the eigenvalue A inter-
vals of the nonlinear fractional g-difference boundary value problem (1) such that, for
any A lying in this interval, the problem (1) has existence and multiplicity on positive
solutions. Moreover, some sufficient conditions for the existence and nonexistence of
at least one or two positive solutions for the boundary value problem are established.
As applications, some examples are presented to illustrate the main results.

2. Preliminaries

For the convenience of the reader, we present some necessary definitions and lem-
mas of fractional g-calculus theory to facilitate analysis of problem (1). These details
can be found in the recent literature; see [ 16] and references therein.

Let g € (0,1) and define
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The g-analogue of the power (¢ —b)" with n € Ny is

n—1
(a—b) =1, (a—b)("):H(a—bqk), neN, a,beR.
k=0

More generally, if a € R, then

oo

a—bq"

bY@ — go T 404
(a ) :Oa_banrn

Note that, if » = 0 then a(® = a®. The g-gamma function is defined by
(1-g)*Y
(I—gp=1’

and satisfies T'y(x+ 1) = [x],T'y(x).
The g-derivative of a function f is here defined by

f(x) = flgx)
(I—q)x
and g-derivatives of higher order by

(Dof)(x) = f(x) and (Djf)(x) =Dy(Dy ' f)(x), neN.
The g-integral of a function f defined in the interval [0,5] is given by

Iy(x) = xeR\{0,—1,-2,...},

(Dgf)(x) = » (Dgf)(0) = im(Dy f)(x),

oo

- /Oxf(t)dqt=X(1—Q)Ef(xq")CI", x€1(0,0].

n=0

If a € [0,b] and f is defined in the interval [0,b], its integral from a to b is defined by

/ahf(t)dqt = /Ohf(t)dqt — /Ouf(t)dqt

Similarly as done for derivatives, an operator I;’ can be defined, namely,

(I0f)(x) = f(x) and (I'f)(x) =I,(I"' f)(x), nEN.

The fundamental theorem of calculus applies to these operators /;, and Dy, i.e.,

(Dqqu) (x) = f(x),

and if f is continuous at x = 0, then

(IgDqf)(x) = f(x) = £(0).

Basic properties of the two operators can be found in the book [16]. We now point
out three formulas that will be used later (;D, denotes the derivative with respect to
variable )

lalt =) = a%(— )9, Dylt— ) = o]yt — )@,
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( /fxtdt) /quxt)dt+f(qxx)
We note that if o >0 and a < b <1, then (t —a)® > (t —b)(® [11].

DEFINITION 1. ([1]). Let & >0 and f be function defined on [0,1]. The frac-
tional g-integral of the Riemann-Liouville type is 11(1) f(x) = f(x) and

(IZf)(x) = %/Ox(x—qt)(“_l)f(t)dqt, a>0,xel0,1].

DEFINITION 2. ([23]). The fractional g-derivative of the Riemann-Liouville type
of order o > 0 is defined by Dg f(x) = f(x) and

o _ —o
(Dg f)(x) = (DI~ " f)(x), a>0,
where m is the smallest integer greater than or equal to ¢.

LEMMA 1. ([11]). Let o« > 0 and p be a positive integer. Then the following
equality holds:

— YE—ptk
(IEDEf)(x) = (D2I%1) Z k=)

(DEf)(0).

LEMMA 2. ([12]). Let y € C[0,1] and 2 < o < 3, the unique solution of

{Dg‘u(t) +y(t)=0, 0<t<1,
u(0) = (Dqu)(0) = (Dqu)(1) =0,

is given by
1
u(t) :/ G(t,qs
0
where
11 —s)(o‘_z) — (t—s)(o‘_l), 0<s<r<l,
G(1,9) a1 (a-2) @)
" (1 —5) , 0<r<s<l.

The following properties of the Green function play important roles in this paper.

LEMMA 3. ([12]). Let Function G(t,s) defined by (2) satisfies the following con-
ditions:

(A1) G(t,qs) =20 and G(t,qs) < G(1,qs) forall 0 <t,s < 1;
(A2) G(t,qs) = g(t)G(1,qs) for 0<t,s <1 with g(t) =1%"1.
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The following lemma is fundamental in the proofs of our main results.

LEMMA 4. ([13, 17]). Let X be a Banach space, and let P C X be a cone in X.
Assume that Q,€ are open subsets of X with 0 € Q) C Q) C Qy, andlet S: P — P
be a completely continuous operator such that, either

(B1) [[Sw]l < [jw

(B2) [[Swl| = [jw
Then S has a fixed point in PN (Q\ Q).

, wEPNIQy, and ||Sw|| > ||w

, wEPNIQ, or

, weEPNIQy, and ||Sw|| < ||w

, WEPQ&QQ

Let E = C[0, 1] be the Banach space endowed with the norm |[ul| = sup;¢ g 1) [u(?)]-
Define the cone P C E by

P={ucE:ut)>g(t)|ull,r [0,1]}.

Suppose that u is a solution of boundary value problem (1). Then from Lemma 2,
we obtain

1
—2 /O G(t,45)f (u(s))dgs, 1€ 0,1].

We define an operator S, : P — E as follows:
(Spu)(t k/ G(t,gs)f(u(s))dgs, te€0,1].
By Lemma 3, we have
1
IS5 < x/ G(1,q5) £ (u(s))d,s.

(530(0)> 4 [ 80)G(1,45)£(u(5))dys > g0l
Thus, S, (P) C P. Then we have the following lemma.

LEMMA 5. S : P — P is completely continuous.

Proof. The operator S : P — P is continuous in view of continuity of G(z,s) and
f(u(r)). By means of the Arzela-Ascoli theorem, S, : P — P is completely continuous.

3. Main results

In this section, we establish some sufficient conditions for the existence and nonex-
istence of positive solutions for boundary value problem (1).
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For convenience, we denote

= lim sup f(u)7 Fo= lim sup——+= f(u)

u—0+t u u—>+°<> u

fo= timinf2% £ — fim 1nff ()
u—0t u U—r+oo0

C, = /qus s, Gy = /g G(l,gs)d

THEOREM 1. [fthere exists 1 € (0,1) such that (1) f=-Cy > FoC holds, then for
each

A€ ((g(1) f-Ca) L (RC) ), 3)

the boundary value problem (1) has at least one positive solution. Here we impose
(8(1)fC2) ™ =0 if foo = Fo0 and (RoCy) ™" =+ if Fy =0

Proof. Let A satisfy (3) and € > 0 be such that
(g()(f—€)Ca) ' KA < ((Fo+€)Cr) 4
By the definition of Fj, we see that there exists r; > 0 such that
flu) < (Fo+¢€)u, for 0<u<r. %)
So if u € P with ||u|| = ry, then by (4) and (5), we have
1
IS2l < 2 [ G(1as)f(u(s))dys
< A/Ol G(1,qs)(Fo+ £)ridys
=A(Fy+&)rC <r=ul.
Hence, if we choose Q) = {u € E : |ju]| < r }, then we get
(|Saull < |lul|, for wuePNIQ. (6)
Let r3 > 0 be such that
fu) = (fo—€)u, for u>r3. 7
If u € P with ||u|| = r, = max{2r;,r3}, then from (4) and (7), we obtain
1,ull > (Syu0)(l )L/ G(1,qs) £ (u(s))dys

> [ 660451 (uls))dys
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> A / 2(1)G(1,qs)(foo — €)u(s)dys
> A / 2(D)g(5)G(1,qs)(foo — &) |ulldys
— A&()Ca(fuo — &) Jul| > ||u].

Thus, if we set Q) = {u € E : |ju]| < r2}, then we get
[Saull = [lull, for uePNIQ;. (8)

N_ow, from (6), (8), and Lemma 4,we guarantee that S, has a fixed-point u € PN
(Q2\ Q) with ry < |lul| <7y, and clearly u is a positive solution of (1). The proof is
complete.

THEOREM 2. [fthere exists 1 € (0,1) such that (1) f=-Cy > FoC holds, then for
each

A€ ((g)fC) ™" (FaCr) ™), 9)

the boundary value problem (1) has at least one positive solution. Here we impose
(g(1)foCa) ™' =0 if fo = +oo and (FuCy) ™' = +oo if F = 0.

Proof. Let A satisfy (9) and € > 0 be such that
(g)(fo—&)Ca) ' <A < ((Fute)Cy) L. (10)
From the definition of f;, we see that there exists »; > 0 such that

fw) = (fo—¢eu, for O0<u<n

Further, if u € P with ||u|| = r;, then similar to the second part of Theorem 1, we can
obtain that ||Syu|| > ||u||. Thus, if we choose Q; ={u € E : ||lu|| < r1}, then

(|Saull = |lul|, for wuePNIQ. (11)
Next, we may choose R > 0 such that
fu) < (Fo+¢€)u, for u>Ry. (12)

‘We consider two cases.

Case 1. Suppose f is bounded. Then there exists some M > 0, such that
flu) <M, for ue(0,+oc0).

We define r3 = max{2r;,AMC;}, and u € P with |lu|| = r3, then

1
ISal < & [ G(1as) (u(s)dys
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1
< JLM/ G(1,gs)dys
0
= AMC) < r3 = ||ul|.
Hence,

1Syull < |lul|, for wueP,={uecP:|ul|<r}.

Case 2. Suppose f is unbounded. Then there exists some r4 > max{2r;,R;} such that

flu) < f(ra), for O<u<ry

Let u € P with [Ju]| = r4. Then by (9) and (12), we have

1

15l < /1/0 G(1,45) £ (u(s))dys
1

<A [ G(1as) (Pt e) lulldys

0

= AC (Foo 4 &) [|ual| < u].

Thus,
[Saull < [lull, for we Py ={ucP:u] <ra}.
In both Cases 1 and 2, if we set Qy = {u € P: ||lu|| < rp = max{r3,rs}}, then
(Saull < |lul|, for wuePNIy. (13)

Now that we obtain (11), (13), it follows from Lemma 4 that S, has a fixed-point
u€ePN(Q\ Q) with r; < |lu|| < rp. Itis clear that u is a positive solution of (1).
The proof is complete.

THEOREM 3. [fthere exists 1 € (0,1) and ry > ry > 0 such that g(1) > ri/r» and
f satisfy

I

. )
min u) = , max f(u —_—
g(l)rlgugrlf( ) JLg(l)Cl 0<u<r2f( ) ACl
the boundary value problem (1) has a positive solution u with r; < ||ul| < ry

Proof. Choose Q) = {u € E : ||u]| < r}; then for u € PNJQ;, we have
15| > (Spu0)(7 )L/ G(1,qs) £ (u(s))dys

> 2 [ G145 uls))dys
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On the other hand, choose Q = {u € E : ||lu|| < rp}; then for u € PNIQ;,, we
have

1
ISpl < 2 [ G(1as) (u(s))dys

1
<A /0 G(1,qs) max f(u(s))dys

0<u<nr
1)
< ACIA—CI =r = HMH

Thus, by Lemma 4, the boundary value problem (1) has a positive solution u with
r1 < ||u|| < ry. The proof is complete.
For the reminder of this section, we will need the following condition.

(H) (mingefo(y f(u))/r >0, where [ € (0,1).

For convenience, we denote

r y 2,2211" r

- . (14)
r>0 Cy minye(g(r),y) f (1)

AM=sup————
>0 Crmaxeo,) f(u)

In view of the continuity of f(«) and (H), we have 0 < A} < +eo and 0 < Ay <
oo,

THEOREM 4. Assume (H) holds. If fo = fe = +oo, then the boundary value
problem (1) has at least two positive solutions for each A € (0,1;).

Proof. Define
’

alr) = Crmax,eo,.f(u)

By the continuity of f(u) and fy = f.. = +eo, we have that a(r) : (0,4e0) — (0,4-c0)
is continuous and

}gl(l)a(r) = rgl}rlma(r) =0.

From (14), there exists rg € (0,4e0) such that

a(rg) =supa(r) = Ay;
r>0

then for A € (0,A,), there exist constants cj,c; (0 <c) <rg < cp < 4oo) with

a(cr) =a(cr) =A;
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Thus,
¢
<—, f € 0,c1], 15
i) pYe? or u€l0,c] (15)
I
<—, f € 10,c3]. 16
f(u) 7C, or u€l0,c] (16)

On the other hand, applying the conditions fy = f.. = +oo, there exist constants
dy,dy (0<d] <cp<ry<c;<dy<+oo) with

J(u) 1
AN s - o).
v~ goac for we0d)Ulgd,te)
Then
) d;
<

g(l);lllélllgdlf(u) = Ag(hcy’ )
min__ (1) < (1)

o WS e

By (15) and (17), (16) and (18), combining with Theorem 3 and Lemma 4, we can
complete the proof.

COROLLARY 1. Assume (H) holds. If fy = 4o or few = oo, then the boundary
value problem (1) has at least one positive solution for each A € (0, ;).

THEOREM 5. Assume (H) holds. If fo = f. =0, then the boundary value prob-
lem (1) has at least two positive solutions for each A € (A, +e0).

Proof. Define
- r
Crminge o). f(u)

b(r)

By the continuity of f(u) and fy = f.. =0, we can easily see that b(r) : (0,+e) —
(0,+4-o0) is continuous and

limb(r) = lim b(r) = +eo.

r—0 r—oo
From (14), there exists rg € (0,+o0) such that

b(ro) =supb(r) = Az;

r>0

then for A € (0,1,), there exist constants dj,d, (0 <d; < ro<d, < +o0) with

b(di) =b(d2) = A;
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Therefore,
dy
f(u) S W, fOI' uec [g(l)dl,dl], (19)
fu) < _h g e [g(1)da,d) (20)
~ Ag(l)Cf 2,U2].

On the other hand, applying the conditions fy = 0, there exist constants ¢; (0 <
cp < dl) with

fw) _ 1

Tgl—c‘l’ for ME(O,Cl).
Then
i
< —4. 21
omax f(u) pYe) 1)
In view of f.. = 0, there exists a constant ¢; € (da,4o°) such that
1
@gx—q, fOr ME(C2,+°°).
Let M = maXo<u<e, f(1), ¢c2 > AC1M. It is easily seen that
]
<= 22
omax flu) < 56 (22)

By (19) and (21), (20) and (22), combining with Theorem 3 and Lemma 4, we can
complete the proof.

COROLLARY 2. Assume (H) holds. If fo =0 or f.. =0, then the boundary value
problem (1) has at least one positive solution for each A € (A, +).

By the above theorems, we can obtain the following results.

COROLLARY 3. Assume (H) holds. If fo = +o0, feo =d or foo =00, fo=d,
then the boundary value problem (1) has at least one positive solution for each A €
(0,(dCy)71h).

COROLLARY 4. Assume (H) holds. If fo =0, fo=4d or fuo=0, fo =4d,
then the boundary value problem (1) has at least one positive solution for each A €
((g(DdCa) ™" +eo).

THEOREM 6. Assume (H) holds. If Fy < 4o and Fo. < oo, then there exists a
Ao > 0 such that for all 0 < A < Ay, the boundary value problem (1) has no positive
solution.
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Proof. Since Fy < +eo and F.. < oo, there exist positive numbers my, my, ry
and rp such that r| < r, and

fu) <mu, for uel0,r]; flu) <mu, for u€ [ry,+o).
Let
m = max {ml,mg7 max ]{f(u)/u}}
ue|ry,rn
Then we have

Su) <mu, for wuel0,4e).

Assume v(¢) is a positive solution of (1). We will show that this leads to a contradiction
for 0 < A < Ag;= (mCy)~!. Since S, v(t) = v(t) for  €[0,1],

1 1
vl = 1801l < 2 | G1,5)7(0(5)dygs < ma ] [ G(1.as)dys < ]
which is a contradiction. Therefore, (1) has no positive solution. The proofis complete.

THEOREM 7. Assume (H) holds. If fo >0 and f. >0, then there exists a Ay >0
such that for all A > Ay, the boundary value problem (1) has no positive solution.

Proof. Since fy >0 and f.. > 0, there exist positive numbers n;, ny, r; and r
such that | < r, and

Fw) =nu, for uel0,r]; f(u)=nwm, for ué€[ry,+oo).
Let n = min{ny,ny, min,c(,, -, {f(u)/u}}. Then we have
f(u) = nu, for wu€l0,+o0).

Assume v(#) is a positive solution of (1). We will show that this leads to a contradiction
for A > Ao;= (g(1)nCy)~!. Since S;v(t) = v(t) for t € [0,1],

vl = llSavll = l/olg(l)G(l,CIS)f(V(S))dqs > |IvIl;

which is a contradiction. Therefore, (1) has no positive solution. The proofis complete.

4. Examples

In this section, we will present some examples to illustrate the main results.
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EXAMPLE 1. Consider the fractional g-difference boundary value problem

DXu)(t)+Au=0, 0<t<1, a>1,
{( o5u)(1) @3)

1(0) = (Dqu)(0) = (Dgu)(1) =0.

Since o¢ = 2.5 and ¢ = 0.5, we have [12]

G(1 =g q) ! ~ 0.48636
/ 14s)d T Ty(a) T

1
G = /g G(1,qs) qs>/ s*7'G(1,gs)dys

2

> (%) i A G(1,qs)dys

D' (1-g/2)@ - (1-g) Y
> (= =~ 0. .
> <2> 2T, (0) 0.06250

Let f(u) =u®, a> 1. Then from [26], we have Fy =0 and f.. = +oo. Choose [ =0.5.
Then g(0.5) = 0.5' =~ 0.35355. So g(I)Caf.. > FyC) holds. Thus, by Theorem 1, the
boundary value problem (23) has a positive solution for each A € (0,+o0).

EXAMPLE 2. Consider the fractional g-difference boundary value problem

{(Dosu)()Jr/lu 0, 0<r<1, 0<b<l, o

u(0) = (Dqu)(0) = (Dqu)(1) = 0.
Since oo =2.5 and ¢ =0.5, we have C} < 0.48636 and C; > 0.06250. Let f(u) =
u?, 0 < b < 1. Then from [26], we have F., =0 and fo = +oo. Choose [ =0.5. Then

2(0.5) = 0.5'° ~ 0.35355. So g(I)Cafy > F..Ci holds. Thus, by Theorem 2, the
boundary value problem (24) has a positive solution for each A € (0,+e0).

EXAMPLE 3. Consider the fractional g-difference boundary value problem

200u? + u) (2 + sinu)
(Dg3u)(t) +A o 0, 0<t<l, 25)

u(0) = (Du) (0) = (Dgu) (1) = 0.

Since o¢ = 2.5 and ¢ = 0.5, we have C; < 0.48636 and C; > 0.06250. Let

(200u> 4 u) (2 + sinu)

flu) = S

Then from [26], we have Fy = fo =2, F.. = 600, f.. =200, and 2u < f(u) < 600u.
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(i) Choose [ =0.5. Then g(0.5) = 0.5'° ~ 0.35355. So g(I)C>f. > FyCy holds.

Thus, by Theorem 1, the boundary value problem (25) has a positive solution for
each A € (0.22628,1.02805).

(ii)) By Theorem 6, the boundary value problem (25) has no positive solution for all

A € (0,0.00342).

(iii) By Theorem 7, the boundary value problem (25) has no positive solution for all

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]

A € (22.6276,40).
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