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OSCILLATION OF DELAY DYNAMIC EQUATIONS
WITH OSCILLATING COEFFICIENTS

BASAK KARPUZ AND OZKAN OCALAN

(Communicated by Ondrej Dosly)

Abstract. In this paper, we study the following delay dynamic equation
A1)+ p(t)x(z(t) = 0 for 1 € [to,%),

where 79 € T, supT = e, p € Cyq([to,°°)1,R) alternates in sign infinitely many times and
7 € Cra([to,o0)T,T) is a strictly increasing unbounded function satisfying 7(¢) < for all ¢ €
[to, )T . Our results extend recent results for arbitrary time scales.

1. Introduction

In 1988, Hilger introduced the theory of time scales in order to unify continuous
and discrete calculus in his Ph. D. thesis (see [9]). This theory received attention by
the researchers studying differential and difference equations. For the fundamentals of
the time scale theory the readers are referred to the books [3, 4], which summarize and
organize much of the time scale calculus.

In the papers [2, 5, 6, 7, 10, 11, 16], the readers may find studies on the oscillation
and nonoscillation of the following type of delay dynamic equations

A1) 4 p()x(z()) = 0 for ¢ € [y, )T, (1)

where 19 € T, supT = oo, p € Ciq([tg,>0)T,RT) and 7 € Ciy([tg,o°), T) is a strictly
increasing unbounded function satisfying 7(r) <t for all 7 € [fg, o).

If T =R, then x2 = X’ (the usual derivative), while if T = Z, then x® = Ax
(the usual forward difference). On a time scale, the forward jump operator and the
graininess function is defined as follows

o(t) :=inf(t,0)r and u(t):=o(r)—1,

where (¢,00) := (t,0)NT and r € T.
A function f: T — R is called positively regressive if f € C4(T,R) and 1+
w(t)f(t) >0 forall + € T, and such a function is represented as f € Z*(T,R). Itis
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well known that if € 21 ([ty,)r,R), then there exists a positive function x satisfy-
ing the initial value problem

K1) = f()x(r) with x(19) =1,

where 7) € T and ¢ € [tg, )T, and it is called the exponential function and denoted by
ef(-,19), another definition for the exponential function is

t
es(ts)i=exp [ Gun(r(m)an )
where s,t € [tg, o)1 and the cylinder transformation is defined by

A, h=0
1
zLog(H—h?L), h>0

for A € R and h € R™. For useful properties of the exponential function, the readers
may refer to [3, Theorem 2.36].

Unlike the previously mentioned papers, in this work, we study (1) with the fol-
lowing primary assumptions:

(H1) 7:[tg,o°)r — T is a strictly increasing unbounded function, which satisfies 7(¢) <
t forall ¢ € [tg, )T,

(H2) p € Cu([to,°)T,R) is allowed to oscillate,

(H3) {O%}rez, {8 }rez C [to, o) are strictly increasing divergent sequences satisfying
the following three conditions:

(i) p(t) =0(z0) forall t € Uien [0, G,
(i) p(r) <O forall 7 € [tg,%0) 1\ Ujen (0, &),
(iii) supl; = oo, where

oo

Lee=J[t(%), 8] forkeN and 7 %:=1'or
i=k

The three properties in (H3) imply that §; € [0, Oy 1] and O € [&, &t hold
for all kK € N. From now on, we always suppose without furthermore mentioning that
(H1)-(H3) hold.

For delay differential equations with oscillating coefficients, the readers are re-
ferred to the paper [13], and for delay difference equations with oscillating coefficients,
the readers are refereed to the papers [12, 14, 15].

Set r_; := 1(fp). As is customary, by a solution of (1), we mean a real valued
rd-continuous function, which is defined on [f_j,e°)r and has a rd-continuous delta-
derivative on [f,) and identically satisfies (1). A solution is called oscillatory if it
alternates in sign infinitely many times; otherwise, it is called nonoscillatory.
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2. Main Results
In this section, we give our main results.

THEOREM 1. Assume that
o(t)

lim sup p(n)An > 1, (2)

k—eoyeq J1(1)

then every solution of (1) is oscillatory.

Proof. Suppose that x is a nonoscillatory solution of (1), which can be assumed to
be eventually positive without loss of generality since (1) is linear. Let x(¢),x(7(z)) > 0
for all ¢ € [t,o0) for some fixed 7| € [fg,°)T, and pick k; € N satisfying

oo

U [0 &ilr C [11,00)7.

i=k,

From (1), we get

xA(t) =—p(t)x(z(r)) <0 forallz e D (%, GilT, 3)
i=k|

which indicates that x is nonincreasing on [, ]t for all k € [kj,e)z. For any
k € [ki,o)z, let t € Iy, , then we learn that x is nonincreasing on [t2(¢), 7(t)]r since

[Tz(t),‘[(t)]jr - [172(19]()7&(]1‘ C [ﬂk,ck]jr and p = 0 on [T(l‘),lh‘ C [172(19]()7&(]1‘ C
[O%, &k]T. Therefore, integrating (1) from 7(r) to o(r), where ¢ € I, for some k €
[k1,00)7,, we get

o(r)
0 =x(a(t)) —x(z(1)) + / , PX(E)an
3 o)
Do)+ ( 7 ptman - 1)x<r<z>>,

()

which proves

o(r)
/() p(n)An <1 forallt € I,. 4)
Tt

Clearly, (4) contradicts (2). The proof is therefore completed. [J

Next, we give another theorem.

THEOREM 2. Assume that
1
lim inf inf —— > > 1, 5
et A {Aelp(tﬁ(t))} )
—ApeZ*([t(t))r.R)

then every solution of (1) is oscillatory.



334 BASAK KARPUZ AND OZKAN OCALAN

Proof. Suppose that x is a nonoscillatory solution of (1), and without loss of gen-
erality let x be an eventually positive solution. Say x(¢),x(t(r)) > 0 forall # € [t;,e0)7
for some fixed #, € [to, )T, and let k; € N satisty U, [0, & C [t1,%0)r. From (3),
we learn that x is nonincreasing on [, §]r for all k € [kj,e)T. Set

x(z(1))

Y=

forz € Jy,, (6)

where -
Ji = U[T_l(l%‘),ci]jr forke N
i=k
Then, from (1) and (6), we get
XA+ p(t)y(t)x(t) =0 forallr € Jj,. @)

Integrating (7) from 7 to o(t), where 7 € Ji, , we see that
0= x(0 (1)) —x(t) + H(OP(yOx() > —x(O)[1 —nEyOP@)].  ®)
which proves —yp € Z* (Ji,,R). From (7), we see that
x(t) =e_yp(t,1)x(ty) forallz € Jy,. )
Substituting (9) into (6), we obtain

1
y(l) = m forallz € Jkl' (10)
Now, set
z(t) :=inf{y(n):n € [t(t),t)7} fort €I, (11)

where 7, € [t71(#1), %) and I, C [t2,%0)7. Itis obvious that —z(t)p € Z*([z(¢),1)1,R)
for all ¢ € Iy, . We deduce that

(10),(11) 1 1
yit) = = z(1) (12)

holds for all # € I, . Now, we prove

lim inf y(¢) = oo. 13
kgggglky() (13)
Note that
liminfinfy(z) > liminfinf y(£) > 1 14
imin tlglky() imin tlgjky() (14)

holds because of the nondecreasing nature of x on [, ]t forall k € [kj,e°)y and the
definition of y in (6). Clearly, if

lim infy(t) < o (15)

k—oot €I
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holds, then we obtain

o .. . 1
lim infy(s) > lim inf

k—ootEl} k—oot€l} (Z(Z)ez(t)p(t,f(t))Z(t)>
1
< 1im i ..
- (;352)21{ z(t)ez(,)p(tﬁ(t))) (;3523?{1(’ >>

anf .. . 1 im i
D yiminf— " V{ fiminf 16
(kgr:ctlglk Z(Z)e_z(t)p(t77(t))> (kﬂflflgzkﬂt)) (16)

which yields
(14)>7(16)1. - 1
> liminf ————F———
k—oot €I Z(l‘)e,z([)p(l‘, T(t))
1
> lim inf inf EPEETAT 17
pming it { s )

—ApeZ*([z(t)1)1.R)

This indicates that (13) holds since (17) is contradicts (5).
To complete the proof, it suffices to prove that (15) holds. Consider (5) and let
t € Iy, , where ky € [ki,o0)z satisfies Iy, C [t2,0)T and
1

eplet) ”° "

for some fixed real o > 1 since z(¢) > 1 holds by the nonincreasing nature of x and
this implies —p € 2" ([t(¢),#)1,R). From (18) and [5, Lemma 2], for all 7 € I, , we
get

/t()p(n)An>2[3, where 3 ::l<l—l>. (19)
T

2 o

Foreach k € [ky, )z, let t € [T72(%), &]r, and define the function ¥y : [1(¢),0(¢))r —
R* by

‘ﬂ@%=L;Mnﬁn—ﬂ (20)

Therefore, there exists ¢ € [7(t),0(¢)) such that ¥¢(g) > 0 and Wi (g) < 0 hold
for all k € [ky, )z and all t € [T-2(%), & . Then, we see that

o(gk)
Am p(n)An > B 1)

and

o(r) o(r)
L7 pman® [ pmian — (¥i(s0+B) 2 2B~ (Vul)+B) > B @)

Gk Tt
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hold for all 7 € I, . Moreover, for each k € [ky,oo)n and all 7 € [T72(%), &1, we see
that x is nonincreasing on [t2(¢),7(¢)]r since

[72(1),7(t)]T C [O%, (&)t C [B%, G-

Thus, for each k € [ky, o)y and all ¢ € [t72(%), &, we can deduce

o(r) o(r)
x(gk) = x(gr) —x%(t) = — A(man 2 / p(m)x(t(n))An
Sk Sk

3 a(r) (22) o
ZX(T(t))/g p(m)An > Bx(z(t)) > B(x(t(r)) —x° ()

k

3) o(sk) 21 2
> pr(r(a)) [ pman > Ba(e(e), @3
which indicates that
6),23) 1
y(g) < 5 forallz € Iy,. (24)

Clearly, (24) proves (15) but this contradicts (13). This completes the proof. [

3. Applications

In this section, we give some applications to illustrate the applicability of our re-
sults.

EXAMPLE 1. Let T=7Z, t(t) =t —1,and p(5k) = —1, p(5k+1)=p(5k+2) =

0 and p(5k+3) = p(Sk+4) =3/4 for k € N in (1) to obtain the following delay
difference equation

Ax(t)+ p(t)x(t—1)=0forr € N. (25)

For this equation, letting 9% = 5k+ 1 and {; = 5k+4 for k € N, we see that all
assumptions of Theorem 1 hold. In fact, we have

t Sk+4 3
lim sup Y p)=1lim Y pi)=>>1
k= el | [5k+3,5k-+4]7, = 1 k= 543 2
Thus, every solution of (25) oscillates.

EXAMPLE 2. Let T=R, 7(t) =¢— /3 and p(r) = sin(r) in (1) to obtain the
following delay differential equation

X (t) +sin(t)x(t —n/3) =0fort e RT. (26)
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For this equation, letting ¥ = 2k and § = 2km+ 7 for k € N, we see that all as-
sumptions of Theorem 2 hold since

1 t
li inf inf ¢ — l/ d
kLHolozeU}"’:k[2kﬂJ:I217r/3,2k7t+7r]RAHGIR { A exp{ tfzr/3p(n) n } }

1
= lim inf e/ d
kl—mteU‘;":k[2k7r-il-27r/3,2k7r+7r]R t—n/Sp(n) 1

i 2kn+m d e
= lime =—>1.
k—seo /2k7:+27r/3p(n) =3

Thus, every solution of (26) oscillates.
EXAMPLE 3. Let g € (1,00)g, T = ¢”U{0}, 7(t) =1/q and

p(q*)=—a/((q—1)q™), p(¢*") =0,
p(@* ) =a/((g—1)g""?), p(¢g™") =0 fork € Ny,

where « is a positive constant, in (1) to obtain the following delay g-difference equa-
tion

Dy x(t) + p(t)x(t/q) =0 fort € P (27)
where () —x(0)
_ x(qt) —x(t
qu(l) = W

For this equation, letting ¥ = ¢g**! and { = ¢**3 for k € N, we deduce

1
lim inf inf }
U s N PR JE A(l=A(g—1)ep(t/q)/q)
= lim inf !
ke ax0 | A(1=A(g— 1)g™Hp(g%+3/q)/q)
1—aA>0

1 1
= inf —— > inf{ ——— > =4do
A% {?L(l—a/l)} x“lo{x(l—az)}
1-aA>0
Therefore, by Theorem 2, every solution of (27) oscillates provided that o« > 1/4.

4. Final Comments

In § 2, we extended the results in [5, 6, 11, 16] to (1), where p alternates in sign
infinitely many times. However, when p is eventually positive, we see that (H3)(iii)
does not hold. In such a case, we see that Theorem 1 reduces to [1 1, Theorem 2.4] and
Theorem 2 reduces to [5, Theorem 1], [6, Theorem 2(ng = 1)] and [16, Theorem 1].
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It must be mentioned here that the respective conditions
t t 1
limsup/ p(n)dn >1 and liminf/ p(n)dn > -
t—eo (1) e Ja() €

of Theorems 1 and 2 for the case T =R with p(z) > 0 for ¢ € [tg,~)r are known
to be critical (see [1, Theorem 2.9]), i.e., for any constant ¢ € (1/e,1), there exists a
nonoscillatory solution of (1) for the case T =R with p(z) > 0 for ¢ € [tg,e°)r such

that
t

sup [ p(n)dn =c.

1219 /(1)

The monotonicity of the delay function in the proof of Theorem 1 is essential since
we require the monotonicity of xo 7, when the nonoscillatory solution x is monotonic.
However, this can be removed by using the technique introduced in the recent paper [8]
for differential and difference equations.

In the paper [2], the results in [5, 16] for (1) are extended to following type of
delay dynamic equations including several coefficients:

X))+ ip,-(t)x(ri (1)) =0forz € [ty,°)T, (28)
i=1

where p; € Ciq([tg, o)1, R") and 7; € Crq([tg, )T, T) are strictly increasing unbounded
functions satisfying 7;(z) < for all # € [tg,e)r and all i € [1,n]z. One can easily
extend our results in § 2 given for (1) to (28), where p; are allowed to oscillate for all
i € [1,n]z, by applying very similar arguments to that in the proofs of our main results.
In this case, the results may require the maximal delay (Tmax () := maX;—1 ..., (),
t € [to, )T ) together with a common interval of positivity of all coefficients.
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